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1 Introduction

Static single assignment form, or SSA, rapidly became the dominant compiler intermediate rep-
resentation (IR) after its introduction by Alpern et al. [2] and Rosen et al. [26] in the 1980s. The
fundamental idea behind SSA is one which is very familiar to functional programmers: if a variable
is defined exactly once and never reassigned, then substitution is then a valid program transforma-
tion. This both simplifies the implementation and improves the performance of many compiler
optimizations.

The correctness of SSA transformations has mostly been handled informally, because it was
originally intended to be a simple, first-order imperative programming language. Unfortunately, in
the decades since its introduction, computers have become much less simple, and the optimizations
that compiler writers want to do have become much more complicated. Modern hardware is highly
concurrent, and exhibits user-visible non-sequentially-consistent behaviour: weak memory [4].
This means memory can no longer be correctly modelled as a global array of bytes. Furthermore,
compilers like LLVM and GCC now perform very aggressive optimizations exploiting knowledge
of memory aliasing and undefined behaviour. Because all these optimizations are all done in the
presence of nondeterminism, the transformations compilers want to do are not usually program
equivalences, but merely refinements: the possible behaviours of the optimized program must be a
subset of the possible behaviours of the original program.

As a concrete example, consider the interaction of undefined behaviour and other effects. The
division operation div y z exhibits undefined behavior (UB) in both C and LLVM if z is zero, but
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2 Anon.

otherwise has no side-effects. Therefore, the program let x = div y z; e is equivalent to [div y z/x]e
if z is known to be nonzero, but not otherwise. For example, if z = 0 and e = (), let x = divy 0; ()
always exhibits UB, whereas [div y 0/x]() = () simply does nothing! However, one direction of
the rewrite — turning let x = div y z; e into [div y z/x]e — is always a safe transformation, since:

o If z is zero, then let x = div y z; e has UB, so we can rewrite it to anything we want!
e Otherwise, div y z is pure, so substitution is unconditionally valid

Note that this substitution moved a potentially-effectful operation forward in the program’s execu-
tion. Depending upon how often x occurs inside of e, this substitution could also duplicate or drop
the effectful operation. This observation gives rise to a categorization of effectful terms, based on
how they interact with substitution.

Because it is always safe to move UB after any other effect, we call it a right-mover with respect to
that effect. Furtheremore, since it is also always a refinement both to eliminate and to duplicate UB,
we say UB is both an eliminable and duplicable effect. This is because eliminating UB reduces the
set of possible behaviours, and duplicating occurences of UB does not increase the set of possible
behaviours. We also have that (div y z,div y z) » let x = div y z; (x,x), so UB is also fusable.
When an effect is both fusable and duplicable, we also call it relevant. On the other hand, it is not a
refinement to introduce UB, since () # let x = div y z; (). Hence we say it is not introducible. We
say an effect which is both eliminable and introducible is affine.

We might also want to ask with respect to which effects UB is a left-mover, i.e., for which effects of e
we have (e, div y z) —» let x = div y z; (e, x) (with pairs evaluated left-to-right). With some thought,
we can see this refinement holds only when execution is guaranteed to continue after evaluating
e, so this rules out effects like nontermination or exceptions, but effects like nondeterminism or
memory access are fine. That is, UB is a left-mover with respect to nondeterminism and memory
access, but not in general. Since it is both a left and right mover w.r.t. these effects, we say UB
commutes with them. An effect that commutes with everything, like the empty effect L, is called
central.

The question of what rewrites are permitted in the presence of effects is one that compiler writers
struggle with [1], because the less conservative they are, the faster the code they can generate, but
the more dependent the are on having a clear understanding of each effectful operation’s semantics
and interactions.

Because of this complexity, the old informal techniques are no longer sufficient, and we need to
study SSA using more mathematically sophisticated techniques to understand and justify what
modern hardware and compilers do. In this paper, we introduce a type-theoretic account of static
single assigment form, and equip it with a semantics which explains and can be used to justify
many program transformations even in the presence of effects like state, undefined behaviour, and
weak memory concurrency. Concretely, our contributions are as follows:

e First, we give a pair of type theories for SSA. The first language, Assa, is intended to mimic the
structure of traditional presentations of SSA. The second type theory, Aiter, has a syntax very
different from ordinary SSA, but which greatly facilitates giving a syntactic presentation of
its refinement theory. Both of these theories have a rich type system with both linearity and
effect tracking. The extra structure enables us to express many effect-dependent program
transformations in a type-directed way. We show that Aj.can be seen as an alternative
presentation of ordinary SSA by showing that there are meaning-preserving translations to
and from Agsa.

e We then give a categorical axiomatization of first-order effectful programs with looping
and control, and then show that A is soundly interpreted in this model, and furthermore
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A Complete Refinement System for Substructural SSA 3

we show completeness of our refinement theory by proving that the syntactic model is the
initial model.

e We then give a collection of concrete models validating the categorical axiomatization. We
start with a model including nontermination, nondeterminism, and undefined behaviour,
and then show how to give another model augmented with state, as well as giving a model
for release-acquire concurrency which validates our axioms. Finally, we show how a variety
of interesting optimizations are validated by our model.

Finally, many of the results in this paper have been mechanized in the Lean proof assistant.

2 SSA

One of the first IRs to find widespread use was register transfer level (RTL) code. RTL programs
are composed of a collection of basic blocks, defined to be a sequence of instructions of the form
x = f(y,z) ending with a terminator instruction, which may branch to other basic blocks. The
basic blocks, and the jumps between them, form the nodes and edges of that program’s control-flow
graph. Because RTL variables are mutable, program analyses have to keep track of the values of
every variable at every program point, significantly complicating performant implementations.

To avoid this multplicative overhead, the static single assignment, or SSA, IR enforces the restric-
tion that every variable has precisely one definition. Just as in functional programs, this raises the
question of how to handle control-flow dependent variables such as loop induction variables. The
answer is the same [3]: each basic block (or tail-recursive function!) takes a list of control-flow
dependent variables as arguments. Traditionally, these arguments are represented “inside out" using
¢-functions, which are assignments whose value depends on which basic block is their immediate
predecessor. Our formalization follows modern practice and uses the basic blocks with arguments
(BBA) representation of SSA.

In SSA, the property that every variable has a single definition is graph-theoretic: we require that
the use point of the variable is dominated by its definition in the control-flow graph.! Semantics,
however, is much easier with lexical scoping. To interconvert between the two, we note that the
dominance relation on basic blocks always forms a tree rooted at the entry block: we call this the
dominator tree. We will call a subtree of the dominator tree, which has a single entry point (the
root) and multiple exits (the leaves, all dominated by the root), a region. The variables defined in
a given basic block f are visible from another block #’ if and only if f dominates f’, i.e., if fisa
child in the dominator tree, contained in the region r rooted at . Hence, dominance based scoping
can be represented as lexical scoping with respect to the dominator tree.

This idea underlies the design of Assa, what we call type-theoretic SSA, which has the grammar
given in Figure 2. Rather than give a grammar for basic-blocks and control-flow graphs, we instead
give a grammar for regions r, s, t, which are composed of a series of let-bindings (each corresponding
to an instruction o), followed by a subtree x, which is composed of a terminator 7 wrapped in
where-blocks containing the region’s dominated subregions.?

If we squint, we can see that this is just SSA with where-blocks as an annotation representing
the dominator tree: basic blocks correspond to sequences of let-bindings followed by a terminator.
Indeed, it is straightforward to verify that any well-scoped SSA program can be converted to a Assa
program by simply adding in where-blocks corresponding to the dominator tree; similarly, simply
erasing the where-blocks from an Assa program yields a program in standard basic-blocks with
arguments SSA; we see an example of this in Figure 1c. We can also show that any two programs

A node n is dominated by a node N in a directed graph if every path to n passes through N.
2We distinguish recursive and non-recursive where-blocks for effect-system bookkeeping, but semantically they are identical.
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4 Anon.

start : let n = 10; start : let n = 10; let n = 10;

br loop br loop(1, 1) br loop(1, 1)
loop : let iy = $(start : 1, body : i1) loop(ig, ag) = if ip < n { br body } where loop(ig, ag) : {

let ap = ¢(start : 1, body : a;) else { ret ao } if ip < n { br body }

if ip < n { br body } body: lett=ip+1 else { ret ap }

else { ret ao } let a; =ag*t where body : {
body : lett=ip+1 leti; =ip+1 lett =ip+1

let ay = ag *t br loop(iy, a1) let ay = ag *t

leti;y =ip+1 leti; =ip+1

br loop br loop(iy, a;)

}
}
(a) ¢-nodes (b) Basic-blocks with arguments (c) Lexical scoping

Fig. 1. A program to compute 10! written in standard SSA (using ¢ nodes), like in LLVM [18], and using
basic-blocks with arguments, like in MLIR [19] and Cranelift [27], with both implicit (dlominance-based) and
explicit (lexical) scoping. The arguments iy, ay corresponding to the ¢-nodes iy, ay are colored in red and blue,
respectively.

ox=x | fx | O| (xy) | ux | x| abortx
r,s,t =k | letx =o0;t | let (x,y) =o;t

k= 7 | k whereponrec L | k whereec L
tu=brto | caseo{yy:7,1,z:7'}

L= - | Lit(x): {t}

Fig. 2. Grammar for Assa programs.

struct BasicBlock {
vector<Instruction> instructions; // unary/binary let-bindings
Terminator terminator; // LHS of where-block
map<Label, (Argument, BasicBlock)> children; // RHS of where-block

Fig. 3. Data encoded by the grammar in Figure 2

which are equivalent up to the placement of where-blocks have equivalent semantics, therefore
justifying Assa as being simply SSA with additional annotations.

3 Aiter, an expression language for SSA

SSA is a useful IR because it enables complex, whole-procedure transformation of code, but its block-
statement-value hierarchy makes it difficult to uniformly formulate the allowed transformations as
an (in)equational theory. If we unified all of these levels into a single expression language, then
formulating many transformations becomes much simpler. For example, if loops were an expression,
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A Complete Refinement System for Substructural SSA 5

ABC:=X | A®B |1 | A+B |0

abci=x| fa|letx=ab | ()| (abd) | let(x,y)=a; b
| ya| b | casea{yx:bu,y:c} | aborta | itera {4 x: b}

= 0|11 |w

q:
Fae=. | ILx:A
q:

| g9

Fig. 4. Syntax for Aiter types, expressions, quantities, and contexts.

then control-flow-graph transformations which duplicate or fuse loop bodies are merely instances
of substitution (and its dual, CSE/let-introduction).

In this section, we introduce Ajter, which is an expression-oriented variant of SSA. Essentially, it is
a simple first-order expression language with support for binding/sequencing, branching, and loops.
Aiter looks very different from traditional presentations of SSA, but we later prove in Subsection 5.3
that the two syntaxes are completely equivalent to one another. The main novelty of Ajt, is in its
type system and equational theory. It has a rich substructural type and effect system, which enables
us to give a complete inequational characterization of refinement of Ajie, programs. Since Aje, is
equivalent to SSA, we get a complete syntactic characterization of refinement for SSA programs.

3.1 Syntax and Typing Rules

As mentioned before, Ajte, is a standard first-order expression language with branching and iteration:
a functional analogue of WHILE. Its grammar is in Figure 4, and is parametrized by a set of base
types X € X and a set of instructions f € 7. To model multiple arguments and control flow, our
grammar of types A, B, C includes all tensor products A ® B and coproducts A + B generated by base
types X, along with a unit type 1 and an empty type 0. Mirroring this, expressions a, b, ¢ consist of

o Variables x,y, z
o Applications f a, consisting of instructions f € 7 applied to an expression a
o Let-bindings let x = a; b and destructuring let-bindings let (x,y) = a; b. We write a; b as
syntactic sugar for let - = a; b (i.e., a let binding where the bound variable is not used in b).
o Case-expressions case e {1 x : a, 1, y : b}, representing branching control-flow
o [teration-expressions iter a {1, x : b} representing a variant of tail-controlled loop, which:
— Evaluates an initial value a : A
— Evaluates the loop body b : B + A with x = a; if the loop evaluates to a value of type B,
we return it, otherwise, we re-evaluate the loop with x having the new value of type A

Our typing judgement is I'Y + a : A. This says that in the context I, the expression a has type A
and effects €, and uses I'’s variables according to the quantities in the quantity vector q.

3.1.1  Variable Quantities. Our type system tracks how often individual variables are used to reason
about rewrites involving effectful expressions. Inspired by substructural logic, which distinguishes
linear (exactly once), affine (at most once), and relevant (at least once), we introduce a join semilattice
of quantities to model these usages. The primitive quantities are:

e 0 - corresponding to being used zero times
e 1 - corresponding to being used exactly once
e w* - corresponding to being used multiple (> 1) times

This forms a partial order {0, 1 < w*}. To complete it into a join-semilattice, we add elements
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6 Anon.

e 0LI1 - written 1°, corresponding to being used at most once

e 0Ll w* - written w, corresponding to being used any number of times
We call the set Q° = {0, 1, 0™, 17, w} the extended set of quantities, and Q = {1, w*, 17, w} the set of
(nonzero) quantities. Q also forms a lattice, with @* 117 = 1 (though Q° does not).

Contexts are a list I of typed variables x : A along with a list of quantities of equal length q,
which we write as I'Y. This is equivalent to annotating each variable with a quantity x : A7. We
define the syntax sugars I'Y, x : A7 := ([, x : A)% and ', x : A:= (T, x : A)P®.

Since we already track the usage of variables, it adds little extra complexity to support substruc-
tural types (types whose elements can only be used a certain number of times). Assuming each
base type X € X is equipped with a linearity q(X) € Q, the linearity of any type A is defined as

q(A®B) =q(A+B) =q(4)Nq(B)  q(1) =q(0) =w (1)
We now define the linearity of annotated types A7 and contexts I' as follows:

qA) g ifqg#0
13)

q() =w  q(T%x: A7) =qTY) nq(A?)  q(4a9) = o
ifg=0

@)

In particular, note that the linearity of an unused variable is always unrestricted. We will enforce
our quantity restrictions through the means of weakening and splitting judgements, which will
determine how variables may be left unused or apportioned between subcontexts, respectively. In
particular, the judgement I'M - AY’, pronounced “T9 weakens AY " is defined as follows:

I AT ¢ % q(A) < g *q(A) I AY 0<gxq(A)
nil cons s

- T9x: A7 — AY, x: AT T x: A7 > AY

kip

To define weakening, we extend the meet on Q to a product of quantities g,q' € Q° as follows:

, 0 ifg=00rq =0
q*q = ;e ®)
qnq’ ifgq €Q

The rule skip says affine variables are discarable, which it encodes via the condition 0 < g * q(A).
The rule cons says that we may replace a variable quantity q with another quantity ¢’ allowing
less permissive usage relative to the type’s quantity. For example, for an affine type A (usable 1°),
the quantity w* forces linear usage (0* * 1° = 1), whereas the quantity 17 still permits deletion
(17 17 = 17). This induces a preorder on contexts, with two contexts equivalent if their component

variables can be used the same way. We now define context splitting I' + q = q; + q, as follows:

] [rg=q+g o"<qnq@)
he=te Lx:Ar (g9 =(q9 + (g9
Trq=q+gqr - I'rq=q+q

Lx:AF (g9 =(qnq) +(qr.0) Lox:AF(q.9) =(q.0) +(qrq)

The rules left and right allow us to use a variable, regardless of quantity, in either subexpression,
whereas the rule both states that it must be relevant to be used in both branches.

right

3.1.2  Effects. Our language of effects is a bounded® join-semilattice &. We will represent pure
expressions as having the bottom effect L, whereas expressions with effect T have “arbitrary” effect,
and expressions with effect € LI ¢’ have both effects € and €’.

Becaise we want to rewrite effectful programs it is not enough to know which effects a program
might have: we also need to know how they interact. In particular, we need to know:

3has a maximum element T and minimum element L
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A Complete Refinement System for Substructural SSA 7

(1) Which effects are iterable, i.e., stable under loops.
(2) The multiplicity of each effect € : whether it is duplicable, fusable, introducible, or eliminable.
(3) If effect € is a left-mover or right-mover relative to 5 (i.e. can € be moved before or after 1)

Not all effects are stable under arbitrary iteration. For example, a pure, total computation iterated
infinitely often can now exhibit the effect of nontermination. Indeed, any total effect (such as
reading or writing from a location) repeated infinitely often can gain the nontermination effect. To
model stability, we are going to require that there is an upwards-closed subset & C & of iterative
effects. The intuition behinds the upwards-closed requirement is that once nontermination is in the
effect €, then it will continue to be present in any supereffect.

To represent multiplicity, we take advantage of the fact that we already have a notion of quantitity.
Unlike in ordinary linear type systems, we are interested in refinement (a directed notion) rather
than pure equations. We split the property of contraction into the pair of properties duplicability
and fusability: contraction in each direction of refinement. Likewise weakening splits into the pair
of directed weakening properties of eliminability and introducability. To model this, we assign a
pair of quantities q*(e), g~ (e) € Q to each effect, such that

e An effect can be eliminated if 1° < q*(e), and introduced if 17 < q~ (e)
e An effect can be duplicated if w* < q*(e), and fused if 0* < q~ (e)

To be compatible with our notion of sub-effect, such a map should be antitone and have the property
that ¢? (L) = w for p € {+, —} (i.e., pure computations can be used as often as you like).

Finally, we need to know how effects can be reordered. For example, a memory read and an
IO write cannot interfere, and hence can be reordered. To model this, we introduce a directed
commutativity relation ~C & X &. If ¢ — €, then a computation performing e-effects can be
moved past a computation performing ¢’-effects without introducing new behaviour. We require
that L — e and e — L, to ensure that pure computations can be moved freely, and we also
require that the relation is antitone, to model that decreasing the number of effects never loses
rewrites. We introduce the syntax sugare — n & n —=€c,e=n & € —=nAe —1n.
For polarities p € {+, —}, we define —? in the obvious manner, withe =% n & ¢ — yand
€ =~ n &= € — n.Putting all this together, we may now define an effect system as follows:

Definition 3.1 (Effect system). An effect system & is a bounded join-semilattice & equipped with:
e an upwards closed subset & of iterative effects containing T, and
e a pair of antitone maps q*,q~ : & — Q which map 1 to o,
e a directed commutativity relation —C & X &, an antitone relation containing 1L — € and
€ — 1 forall e.

3.1.3  Typing rules. We now have all the pieces we need to define a Ajt,-signature:

Definition 3.2 (Aier-signature). A Aitersignature S = (X, 7, &) consists of a set of base types X € X,
a set of instructions f € I, and an iterative effect system & such that we associate:
e Every base type X type to a quantity q(X) € {1,1°, 0", ©}.
e Every instruction to a source type src(f) = A, a target type trg(f) = B, and an effect

eff(f) =e.

All the following definitions in this section will be with respect to an arbitrary Aite,-signature S.
We give the typing rules for Aite, in Figure 5. Our rules are syntax directed, with one rule for each
production in our grammar. In particular,

e The var rule says that a variable x has type A in the context I'? if 'l weakens to the singleton
context x : Al, i.e., if x has nonzero quantity and all other (unused) variables are affine.
Since accessing a variable is pure, we can give it an arbitrary effect e.
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I x: Al Trq=q+q T +ca:A TUx:Ar.b:B
TMbox: A “ It+letx=a; b:B et
f:A—>cB T9+.a:A ferl sre(f)=A trg(f) =B eff(f) <e
T+ fa:B . f:A—.B i
e - it F'rq=q+q [Yrea:A I“qu—eszpair
IMMee():1 I+, (a,b):A®B

I'rq=q+qr T¥+ra:A®B TYx:Ay:Brec:C
Tk let (x,y)=a;c:C
IMtea:A IMi+.b:B T9+,a:0
Tt ya:A+B "  T9r,b:A+B " T aborta:C ="
T'rq=q+q IY+rce:A+B TV x:Arca:C TV y:Br.b:C
T+ casee{yx:a,y:b}:C
F'rq=q+q qI¥)=w €€&” TV Frca:A TV, x:Arcb:B+A
T9+citera{i, x:b}: B

lety

case

iter

Fig. 5. Typing rules for Ajter

e To type a let-binding let x = a; e in I'? with let; with effect €, we must:
— Split the context into a left-component q; and a right-component q,, such that:
— ais well-typed and has effect € in the right component I'Y", and b is well-typed in T4
plus an unrestricted parameter x : AT.

e case and let, are similar, except that let;’s body requires two parameters (one for each
component of the tensor product), while both branches of a case-statement share the same
left-component T'¥ (since exactly one branch is executed.)

e unit is well-typed and pure (and therefore can be assigned an arbitrary effect €) in any
context composed solely of affine variables, i.e. satisfying I'? +— -

e pair splits the context between the left and right components and checks each one,

e The iter rule is the most complex: we split the context into a component q, for the initial
value and a component q; for the body. The initial value is then evaluated and passed in as
an additional parameter of type A to the body. q; must be unrestricted, since the loop may
execute any number of times. Finally, the effect of the loop body must be an iterative effect.

3.2 Syntactic Metatheory

As a basic sanity check, we can verify that our calculus admits weakening:
LEMMA 3.3 (WEAKENING). IfT"9 - T9andT9+r,. a: A thenT’Y v, a: A.

We now define substitution for effectful terms. First, we define a judgement I'1 +-. o > A9 for
substitutions, with rules in Figure 6. This may be read as “o takes the context I'? to the context AY
with effect €” Our rules may be interpreted as follows:

e nil says that the empty substitution - takes any affine context I'? to the empty context -.
This holds because a well-typed term in the empty context is also well-typed in any affine
context. The effect is an arbitrary e, since the empty substitution is always pure.

e zero rule says that if a variable x : A® is unused, then we can map it to an arbitrary (even
ill-typed) term a. Since x will never appear in a well-typed term, a will never appear in their
substitutions, and therefore needs no restrictions. The effect € of ¢ is unchanged.
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e . IMMvreo> A

zero

il ’
I, 1> - [t.o,x—a> A, x: A°

F'rq=q+q TV+ 0 A TV a:A qg<qTY) g=¢ e, <c¢€

; cons
Tt o,x—a> AT, x: A7

Fig. 6. Substitution rules for Ajter

e cons: to type a substitution ¢, x > a taking I'4 to AY, x : A7 with effect €, we split the input
context into a context I'Y, used to type o with effect ; < €, and I'Y", used to type a with
effect €, < €. 'Y must be useable with quantity g; i.e., is relevant if q is relevant and affine
if q is affine. Finally, the effect of o (¢;) and the effect of a (¢,) must commute.

We write [o] for the action of substitution ¢ on term a. We can now state substitution:

LEMMA 3.4 (SUBSTITUTION). IfT’Y . 6> T9andT9+. a: A thenT'Y v, [o]a: A.

3.3 Refinement Theory
We now define our core notion of refinement. The judgment
IMMrga>»b:A
means a is refined by b in the context 'Y, modulo rewrites R. Intuitively, this expresses that b is

at least as defined or deterministic as a, possibly after applying known rewrites in R. We define
equivalence of terms as mutual refinement:

TMrgaxb:A & Tlrga>»>b:AATlrqgb>»a:A (4)
For notational convenience, we also use a polarity-marked notation for refinement relation:
[Mtga—>»"bh:A & I9+ga—>»b:A IMNMrga>»"b:A & Tlrgb—>»a:A
A rewrite system R consists of a set judgments of the form I' + a - b : A closed under pure
substitution. That is, given a pure substitution o, we have that
Mk, oA (AYra—»b:A)eR
(TY+ [o]la > [o]b: A) e R

We will often describe a rewrite system as that generated by a set of equations with free variables;
e.g., the system generated by x : N,y : N + add (x,y) - add (y, x) : N. Our goal is to construct a
refinement relation — satisfying the following properties:

(1) Inclusion of R: all given rewrites are valid refinements.

(2) Congruence: —» is closed under term formers and is a preorder.

(3) Let-normalization: - abstracts away syntactic associativity of let-bindings.

(4) Universal properties: - validates the 8- and n-laws of the language.

(5) Iteration semantics: - captures fixpoint and control-flow behavior of iteration.

We guarantree that - contains the (reflexive, transitive closure of) R, and therefore satisfies
property 1, by the following rules:
Tira—»b:A)eRr IMMtoa:A IMtga>»>b:A Tlrgb—>»c: A

base ——refl trans

IMMrga—»b:A IMMrga—»a:A IMMrga—»c:A

The other congruence rules (in the appendix in Figure 24) correspond one-to-one with our term
formers to ensure property 2. Property 2 means that the induced equivalence = is also a congruence.

, Vol. 1, No. 1, Article . Publication date: March 2025.



442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478

480
481
482
483
484
485
486
487
488
489
490

10 Anon.

To satisfy property 3, we introduce the binding rules (Figure 7), which are stated as equiva-
lences. These rules express syntactic equivalences up to reassociation and let-floating. For instance,
nested let-bindings are rearranged to a canonical form. We do not require binding rules for every
construct—rules for pairs and sums, for example, can be derived via S-reduction.

Property 4 is addressed via the reduction rules (Figure 8). Most of these are standard - and
n-equivalences. However, the rule let;-f? is directional: it expresses that let x = a; b refines [x/a]b
when the effect € of a is a right-mover with respect to the effect n of b, and when x is used in a
way compatible with € and the context. We also require that the context I'Y" used to type a has a
linearity compatible with the usage of x in b, as well as with the effect € (for example, since printing
is linear, if a performs printing then x must be used linearly in b even if b is pure). The reverse
direction is permitted only under the dual (left-mover) condition. Thus, the usual f-equation:

I'lrg letx =a; b~ [x/a]lb:B

is derivable under sufficient purity assumptions, and in particular always holds when € = L. The
rule elim, at first glance, can be viewed as a special case of let;-p? (combined with term), but is
introduced as a separate rule since it does not require I'¥ to be affine to delete a.
In particular, this means that the following more standard typing rule is derivable:
F'rq=q+q T¥+rca:A TV, x: A%, b:B e=1n q<q(l'")Mq(e)
let; -
I+g letx =a; b~ |[x/a]b:B - (5)

In particular, this obviously holds for pure expressions with € = L (modulo linearity of I'Y"), as we
would normally expect in an effectful language.

The last thing that remains is to treat iteration. Our rules for iteration, given in Figure 9, are
based on the properties of a Conway iteration operator as given in Levy and Goncharov [21]. In
particular, we require our operator to satisfy the following properties:

Fixpoint. behavior is encoded by the rule iter-f, which expresses that iteration behaves as a least
fixpoint. That is, iter a {1, x : b} evaluates to a, then to b[a/x], and depending on the result of
b, either exits with a value in the left branch or continues recursively with a value in the right
branch. This unfolds the iteration into a case split let x = a; case b {y; y : y, 1, z : iter z {4, x : b}}
capturing precisely one unfolding of the loop. This gives rise to an inductive account of iteration
semantics that meshes naturally with refinement.

Naturality, expressed by the rule let-iter, states that sequencing a computation c after a loop
can be interchanged with sequencing c inside the loop’s exit branch. This enables reasoning about
program structure independent of surface syntax and supports loop-invariant motion of subsequent
code.

Codiagonality, via the rule codiag, states that nested iterations of the same body can be collapsed
into a single iteration by fusing their recursive branches. Operationally, this justifies flattening
nested loops into one with a more complex continuation.

Uniformity, via the rule unif?, allows us to effectively commute certain effectful operations with
the infinite unrolling of a loop body. This is best explained in terms of control-flow graphs: the
precondition of the rule is corresponds to the left-hand-side of the diagram in Figure 10, while the
postcondition corresponds to the right-hand-side. If we unroll the loops on both sides “infinitely
many times,” to obtain an infinite tree, we see that unif? just says that we can apply the rewrite
on the left-hand-side “infinitely many times” to convert a tree of b’s into a tree of b”’s. The name
uniformity is by analogy to uniformity in analysis, in which an operation can be used to uniformly
transmute each term of an infinite series (rather than only be valid for a finite number of terms).
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F'rq=qi+q f:A—>eB IV +ca:A T¥ y:Brec:C
Trglety=fa, c~letx=a; lety=fx; c:C
I'rq=qc+q T'rqe=q+qy Y +ea:A T x:Areb:B TV, y:Brec:C

let-op

let-lety

Tirglety=(letx=a; b); cxletx=a; lety=0b; c:C
F'rq=qc+qr
Trqe=qi+qm [Y+ea:A®B TV x:Ay:Br.c:C T¥ z:Cred:D
Trg let z=(let (x,y) =a; ¢); d ~let (x,y) =a; letz=¢; d: D
T'rq=qc+q, T x:Arga:C
T'rqe=q+qm T9"+rgre:A+B TY y:Brgb:C TV,z:Ctgd:D
Ttrgletz=casee{yx:a1, y:b};d~casee{yx:letz=a; d1, y:letz=b;d}:D

let-let;

let-case

F'rq=q+q T¥+rca:A®B T¥ x:Ay:Brcc:C

Trg let (x,y) =a; cxletz=a; let (x,y) =z; ¢c: C
F'rq=q+q I +gre:A+B T¥ x:Arga:C T¥ y:Brgb:C
TMirgcasee{yx:a,y:b}~letz=e casez{yx:a,4,y:b}:C
T'rq=q+q qT¥) =T €€8&” TV +.a:A I x:Ar.b:B+A

I[+gitera{, x:b} ~lety=a;itery {1, x: b} : B

lety-bind

case-bind

iter-bind
Fig. 7. Binding rules for Ajter

Note that we cannot do this for an arbitrary s; we need it to commute with the effect of the loop.
For example, if the effect of the loop is (potential) nontermination, and s contains a print-statement,
uniformity does not apply, since while for any given iteration of the loop body we have, where
print : 1 and expr : 1 + 1 commutative with printing (e.g., reading and writing from memory),
print; expr ~ case expr {i; x : 1 print, 1, y : ¢ print} but

iter print {1, - : expr} # iter () {1, - : case expr {1 x : y print, i, y : yy y}}

since the latter may delay the print-statement infinitely far into the future, and hence hang before
printing. On the other hand, if we instead have commutative effects (e.g., if s has nondeterminism
and the loop has printing and nontermination), we can safely perform the infinite rewrite.

We will denote the set of refinements generated by a set of base refinements R as Th(R). In
particular, we note that Th(-) is monotonic, idempotent, and satisfies R € Th(R), making it a
closure operator.

4 Semantics

In this section, we will work towards a categorical semantics for Ajter, which we will later prove to
be sound and complete w.r.t. the refinement theory in Section 3.3. More precisely, fixing a category
C, we wish to map types A and contexts I'? to objects [A] and [I'9] respectively, and then take the
semantics [T9 ¢ a : A] of a well-typed term to be a morphism C([T'4], [A]).

4.1 Models of A,

A good categorical semantics is one in which the semantics of a term is constructed in a straightfor-
ward, compositional manner from the semantics of its subterms. Furthermore, we would like the
equational properties of our term formers to correspond closely to the universal properties of the
categorical structure used to interpret them. Thus, our goal is to pick categorical structures which
correspond one-to-one to the features of Ajte,. In particular, we need to find categorical structures
to model our three primary structured control-flow constructs, which are:
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M+ a:1 F'rq=q+q I'¥+ca:1 0<qf(e) T4+, b:B '
T9+rg let x = a; ()zazlterm Tltgletx=a; b »"letx=(); b:B el
Trq=qi+q Y rea:0 T x:Ar.b:B T x:Ar. b :B
I'Y+g let x = abort a; b =~ let x = abort a; b’ : B
I+, a:A®B
T+g let (x,y) =a; (x,y) ~a: A®B
T'rq=q+q Trq=qu+q T%rca:A T® . b:B TV, x:Ay:Brcc:C

init

lety-n

Ttg let (x,y) =(ab); cxletx=a; lety=b; c:C tep
T'rq=q+q T¥+rgre:A T x:Arga:C TY y:Brgb:C
TMtgcaseye{yx:a,y:bl~letx=e a:C s hi
T'rq=q+q I +rge:B T¥ x:Arga:C TY y:Brgb:C
Trgcase, e{yx:a,y:b}=lety=e b:C casefr
T9+ge:A+B
Fql—qgcasee{tlx:zlx,tryzlry}ze:A+BCaseiq
Frq=q+q T%+rca:A TV x: A% b:B e—n qg<qT¥)rq’(e) ,
T9+rg let x =a; b »? [x/a]lb: B el
Fig. 8. Reduction rules for Ajter
F'rq=q+q qT¥) =T €& T rca:A TV x:Arcb:B+A
Mrgitera{y, x:by~letx=a; caseb{yy:y,1, z:iterz{i, x:b}}:B d
Frq=q+q qT¥) =T
F'trqe=qm+qr qT¥) =T TV +.a:A T9" x:Ar.b:B+A I“q’,y:Bl—ec:Cletiter
Trglety=itera{, x:b}; c~iteraf{, x:caseb{yy:ycyz:42}}:C
F'rq=q+q qT¥) =T €€8” IV +rea:A TV, y:Ar.b:(B+A)+A coding

Trgitera{, x:iterx {4, y:b}} ~itera{, y:caseb{yx:x,,y: 4, y}}:B

n—¢ T¥ x:Arglety=s;b»"caseb’ {yz:yci, x:4,8}:C+S

uniff
Tlrg let x =a; iters {5, y: b} »P letz=itera {4, x:b'}; ¢: C

where F'rq=q.+qr T'rqe=q +qc qr¥) =71 ee&” T Fea:A
M x:Arys:S T y:Sreb:C+A T x:Ar b :B+ A I%€,z:Brc:C

Fig. 9. Iteration rules for Ajter

A A A A
1 1 1
S b’ S b
‘ —»P / \ = I —»P \
b c s b c
I o/ N N
cC A cC A C C

Fig. 10. Control-flow graphs for the uniformity rule in Figure 9
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e Sequencing and binding, which we will do using the structure of a premonoidal category
e Branching, which we will do using coproducts
e [teration, which we will do using a Conway operator

To maintain compositionality, we must additionally require that these structures interact properly
with each other. Hence, we will also require our category to satisfy

e Distributivity, which ensures the premonoidal and coproduct structures are compatible

e Strength, which ensures the Conway operator is compatible with the premonoidal structure

o (Directed) Uniformity, which ensures the Conway operator is compatible with our effect
and refinement systems.

Finally, we’ll need to model the features of our type theory; particularly:

e Refinement, which we will do using poset-enrichment
o Effects, which we will do by introducing the new notion of a substructural effectful category

In ordinary categorical semantics, we want syntactic equivalence to correspond to equality of
morphisms: given 9 +g ax b : A, [T9+. a: A = [T+ b : A].

However, in our calculus, we do not only have a syntactic notion of equivalence, but we also have
the order structure arising from refinement. Since terms correpond to morphisms, this means we
need to be able to compare morphisms according to an order structure interpreting the refinement
relation. Thus, to interpret =, we generalize from ordinary categories to poset-enriched categories,
in which our hom-sets are partially ordered. In particular, we define:

Definition 4.1 (Poset-enriched category). A category C is poset-enriched if each hom-set C(A, B)
is equipped with a partial order —» which is compatible with composition, i.e., which satisfies

Vf > f € C(AB).Ng » ¢ € C(B.C).(f19) » (f':9)
A poset-enriched functor between categories C, D is then simply a functor whose action on
morphisms is monotonic.

We can now quite naturally intepret soundness of refinement as follows: given T4 g a = b : A,
we require that [T+, a: A] - [['9+, b : A]. Soundness of equivalence follows directly from
antisymmetry of partial orders.*

We now wish to give poset-enriched versions of the models for our three control-flow primitives,
namely, seqencing, branching, and iteration. Premonoidal categories were introduced in Power
and Robinson [24] to model side-effectful, sequential computations with first-order binding. A
premonoidal category can be viewed as a generalization of a monoidal category, in which sliding
does not necessarily hold; i.e., we have that, in general, (f ® id); (id ® g) # (id ® 9); (f ® id). To
better understand this in terms of programming languages, a premonoidal category may also be
viewed as a generalization of the Moggi’s [23] monadic semantics: if we consider a strong monad
over a Cartesian category, then the Kleisli category is premonoidal with the Cartesian product in
the underlying category as tensor product.

The Kleisli category satisfies sliding when the underlying monad is commutative: when the
sequencing of side-effects does not matter (e.g., the reader monad). We need to generalize monoidal
categories to premonoidal categories precisely to support monads for which sequencing does
matter, such as printing or state. For example, given a function print : str — (), (print ® id); (id ®
print) # (id ® print); (print ® id) since, given input ("hello”, "world”), the left-hand side will print
helloworld, while the right-hand side will print worldhello. Note that the sequencing in the
induced premonoidal category corresponds precisely to the bind of the underlying monad.

“Requiring C to be a poset-enriched category does not in fact rob us of any generality, since all categories are poset-enriched
under the identity ordering on hom-sets.
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We give a precise definition of a (poset-enriched) premonoidal category below:

Definition 4.2 (Symmetric Premonoidal Category). We define a binoidal category to be a category
C equipped with a binary operation ® : |C| x |C| — |C| on the objects of C and, for each A, B € |C],
functors A® —,— ® B: C — C. We say a morphism f : A — A’ in a binoidal category is central if,
for all g : B — B’, it satisfies sliding:

fOBA®g=A®qg,f®B B®f;g®A ' =g®AB ®f

in which case we may write these morphisms as f®g: A®B — A’®B andg®f : BRA — B'QA’
respectively. In the poset-enriched setting, we also assume that the left and right tensor functors
are poset-enriched, i.e. monotonic on morphisms.
A premonoidal category is, then, a binoidal category equipped with:
e An identity object I € |C|
o For each triple of objects A, B, C € |C|, a central, natural isomorphism a4 gc : (A®B)®C —
A ® (B ® C), the associator
e For each object A, central, natural isomorphisms A4 : A® I — Aand ps : [ ® A — A, the
left and right unitors

satisfying the triangle and pentagon identity

aarBA®Ap=pa®B @ A®B,C,D; AABCoD = AABC ® D;aapec,p; A® aapc

We say a premonoidal category is symmetric if it is also equipped with a central, natural involution
0aB:A®B — B® A, the symmetry, satisfying the hexagon identity

@A,B,C; OABeC; ABC,A = 0AB ® Ciapac; B® oac
One theorem of note about premonoidal categories is coherence, which we state as follows:

THEOREM 4.3. For any premonoidal category C, the subcategory Ca generated by associators,
unitors, and their tensor products is an equivalence relation, i.e., for all A,B : |Cx|, if f,g : A — B can
be constructed using only identity, composition, associators, unitors, and their tensor products, then
f =g, and f, g are isomorphisms in C.

We will hence sometimes abuse notation and write ag : C(A, B) or simply « for the unique
morphism in C from A to B, where the composition of associators and unitors is too cumbersome
to write out in full. In particular, we note that we always have that @ : C(A, A) :=id4.

We model branching control-flow using the coproduct A + B as a primitive, whose definition
is unchanged in the poset-enriched setting. Given morphisms f : A — C and g : B — C, their
coproduct [f, g] : A+ B — C quite naturally models a case-statement which executes f given an A
and executes g given a B. We can then implement an if-statement as a case-statementon 2 =1 + I.

Since coproducts induce a monoidal structure on a category, we will also write ag :C(A,B) or
simply a* to denote the unique morphism from A to B with analogy to the « notation described
above. Similarly, we will write o* to denote the symmetry for coproducts.

Coproducts on their own, however, cannot interpret variables captured by the branches of a
case-statement. For example, given x : Z, y : Z + str, consider the following expression:

case y {y y : print("add: ",x +y),t y: print(y,x)}

While our input context corresponds to the object Z ® (Z + str), we need to somehow get to
(Z ® Z) + (Z ® str) to be able to evaluate our branches. Categorically, what we require is that our
tensor product distributes over our coproduct; in which case we say our category is distributive:

Definition 4.4 (Distributive Category). We say a premonoidal category is distributive if:
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e It is equipped with chosen coproducts A + B such that the injections i, 1, are central
e The obvious morphism § : (A® B) + (A® C) —» AQ® (B + () is an isomorphism.

The last control-flow construct we need to model is looping. A loop with input A will either exit
with output B or recurse with a new input A. Consequently, since we model branching control-
flow using coproducts, the body of a loop will look like a morphism A — B + A. Therefore, a
natural way to model iteration is to posit the existence of a fixpoint operator (-)T taking morphisms
f : A — B+ A to their fixpoints f' : A — B. f' being the fixpoint of the body f means that
executing ' on an input A is the same as executing f on an input A and,

o If we get an output B, return it
e If we get an output A, feed it as an input to f' and return the resulting B

Indeed, in a functional language supporting higher-order functions such as ML or Haskell, we
might write iterate :: (A -> B + A) -> A -> B with definition

1 iterate f a = case f a of { Left b -> b ; Right a' -> iterate f a' }

This corresponds exactly to the notion of a pre-iterative category given below:

Definition 4.5 (Pre-iterative Category). Let C be a category with chosen coproducts. We say C is
pre-iterative if it is equipped with a fixpoint operator (=)' : C(A, B+ A) — C(A, B) satisfying the
loop unrolling equation f; [id, f'] = f

Our goal is to have our fixpoint operator’s properties correspond precisely to drawing a loop in
a control-flow graph, as in the left-hand side of Figure 11a, which corresponds to f. In particular,
we should be able to reconfigure such diagrams up to isotopy (i.e., moving boxes and wires around
without changing connectivity) without changing the meaning of our program. To be able to do so
soundly, we will need to introduce some additional equations, which correspond to the graphical
transformations in Figure 11; a fixpoint satisfying these equations is called a Conway iteration
operator, as defined below:

Definition 4.6 (Conway Iteration Operator). Given a pre-iterative category C, we say (—)' is a
Conway iteration operator if it additionally satisfies
e Naturality: given f : A— B+ Aandg: B — C, we have (f;g+id)" = fl;g: A— C
e Dinaturality: given morphisms g : A — B+Cand h : C — B+ A, we have that (g; [11, h])" =
g; lid, (h; [, 9])']
e Codiagonal: given f : A — (B + A) + A, we have (f1)" = (f;[id,+,])": A — B

In particular, we note that naturality and codiagonal correspond directly to our rules let-iter and
codiag respectively; we will later see that dinaturality is derivable.

Just like for branching control-flow, we also require an additional condition to ensure that our
iteration operator is compatible with our premonoidal structure. Specifically, we would like to
be able to “thread” values through our loop bodies; i.e., the following two programs should be
equivalent for pure c:

(iter a {1, x : b}, c) = iter (a,¢) {1 (x,y) :case b {y z:1y (z,y), 4 z: 1 (z,Y)}}
This corresponds to requiring our Conway iteration operator to be strong, defined as follows:

Definition 4.7 (Strong Conway Iteration Operator). If C is distributive, we say an iteration operator
()7 is strong if
Vf:A—>B+A(C®f;6 ) =ceff
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(c) Codiagonal (d) Dinaturality

Fig. 11. Representations of the Conway iteration axioms as string diagrams

We've now got almost everything we need to model pure and arbitrarily effectful Aite, programs,
but we still need to be able to perform a more fine-grained classification of effects. To do so, we
introduce a generalization of the notion of an effectful category, which in the literature (e.g. [25])
only distinguishes between pure and arbitrarily effectful morphisms.

Definition 4.8 (Effectful category). An effectful category C over an effect system & consists of a
symmetric premonoidal poset-enriched category C equipped with a monotonic mapping frome € &
to wide® (symmetric premonoidal) subcategories C. C & ° such that, given ¢,57 € &, f € Ce(A, B),
andg € Cy(A",B'),e = n = fxg—» fxgande —n = f =g« f>xg. We call morphisms
with effect L pure. We say an effectful category is distributive if the underlying premonoidal
category is, and the injections are pure.

The goal of allowing morphisms with compatible effects to commute is to allow proving sub-
stitution of effectful programs sound. Unfortunately, we don’t have quite enough structure to
allow substitution into the body of a loop: while commutativity of a and b is enough to justify that
let x = a; (b,x) = (b,a) proving that let x = a; iter b {1, y : ¢} = iter b {1, y : let x = a; ¢} for
x ¢ fv(b) requires us to be able to move a morphism into the body of a loop. To be able to do that
effectively, we need to introduce the concept of a K-uniform iteration operator as follows:

A wide subcategory is one which has all of the objects of the original category.
®Note that Cc (A, B) is not necessarily closed under refinement: we can have f € Cc (A, B) and f - f’ with f’ ¢ Cc (A, B).
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Definition 4.9 (Uniformity). Given a wide subcategory K C C of a category equipped with
a Conway iteration operator, we say C is KP-uniform for p € {+,—} if, forall h : A -« B,
f:B—C+Bandg: A — C+A wehavethat h;f »? g;C+h = h;fl »P g'. We say
a category K is K-uniform if it is both K*- and K~ -uniform, which implies in particular that
hif=g;C+h = hff =g

We note that this definition corresponds precisely to the ability to perform the rewrites shown
in Figure 10 (setting ¢ = idc) whenever s is in K and b is in C. Requiring that substitution is
compatible with loops is then equivalent to requiring that the subcategories of morphisms having
commutative effects are uniform with respect to each other. We call this notion an (effectful) Elgot
category:

Definition 4.10 (Elgot category). We say a distributive effectful category C is Elgot if it has an
iterative effect system and is equipped with a strong Conway iteration operator, such that, for all
effects €, n where € € &%, the wide subcategory C. is closed under iteration, and, iff ¢ =7 p, then
Ce is C,f -uniform. In particular, we note that C and hence every Ce is C, -uniform.

The final piece of the puzzle is that we need a way to duplicate variables of relevant type, as well
as discard variables of affine type. We'll supply families of morphisms A: A - A® A, !:A—1
for this purpose. We can then handle relevant and affine effects by requiring that the appropriate
morphism families are natural w.r.t. the subcategory corresponding to that effect. Following this
idea, we can now define a Ajie,-model as follows: Ajte,:

Definition 4.11 (Aire,-model). A model M = (C, (-)T,[-], A,!) of a Aje,-signature S = (X, I, E) is:
e An effectful Elgot category (C, (-)7) over (&, E™)
e For each base type X € X, an object [X] € |C|, equipped with
— For X affine, a discard morphism !x : C, ([X],])
— For X relevant, a diagonal morphism Ax : C, ([X], [X] ® [X])
e For each function f : Inst(S)¢ (A, B), a morphism [f] : Ce([A], [B])
such that, for all A, B € |S|, f : Cc([A], [B]) we have
If Arelevant, Ay; Aa @ [A]s o = Aa; [A] ® Aa and Ag;044 = Aa
If 0 < qP(€) and A, B affine, f;!g »P !4
If 0 < gP(€) and A relevant, B affine, Ag; (f;!5) ® [A] »? p~!
If o* < qP(€) and A, Brelevant, f;Ap »P Ag; f< f=An = f

where

M=L[A®B]=[A]®[B],!1 =id,and Ay = A" =p!

e For A, Baffine, ! 495 = '4®!p; A, and for A, Brelevant, Aygp = As®Ap; ™9 where we define
o b = Gas(Bac)en; A® 0 ® D; o having type C, (A® B)® (C® D), (A®C) ® (B® D))

° [[0]] =0, HA+B]] = [[A]] + [B]], 1o =07, and Ag = 0g4o

e For A, B affine, !4+5 = [!4, !8], and for A, B relevant, Ayrg = [Aa; 4 ® 11, Ag; 1y @ 1]

We define the effective type of an annotated type A9, [A7] to be 1 if ¢ = 0, and A otherwise. We
can then proceed to define the effective type of an annotated context I'? to be the tensor product of
its variables, i.e,, [-] =1 and [T, x : A7] = [T'] ® [A?]. We will abuse notation slightly and extend
[-] to quantity annotated types A? by taking [A9] = [[A?]]; likewise, we define !4¢ = ![4¢] and
Aja = Apaq), where the effective type of an annotated type A7, [A?],is 1 if ¢ = 0, and A otherwise.
Likewise, we proceed to define the semantics of an annotated context [T'9] : |C| as [[T'4]].

We can now define the semantics of our structural judgements, weakenings and context splitting,
in Figure 12. In particular, weakenings simply discard unused variables (which are guaranteed
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18 Anon.

(I a%7 : Cu (I, [ |
[—-J=id;  [[%x:AL— AY] = [T9] ® Lae; A; [T - AY]

id[[A]] ifg,q¢ #0

!

[T, x : AL > AT x : AZ:]] =M AT]® { .
4q otherwise

‘ [Frq=q+q]:C([M [T @ [T D) ‘

[[.|_.:.+.1]:p_l

A1 if q; = 0 else
[T.x:Ar (g9 =(qq) +(@rg)]=[Trg=q+q]®[{p" ifg =0else ;o
Ay otherwise

mid

Fig. 12. Denotational semantics for structural Ajte; judgements

to be of affine type), while context splitting duplicates variables used in both the left and right
component contexts (which are guaranteed to be of relevant type).

4.2 Semantics of Aj;., Expressions

We now give the semantics of each of our term formers in Figure 13 by induction on derivations; we
write [['9 k¢ a : A] to denote the appropriate derivation/sub-derivation. Each of them corresponds
quite closely to the the underlying categorical structure. In particular,

e We intepret a variable x of type A as the weakening I'Y > x : Al; this discards all other
variables from the input environment.

e Let-bindings and pairs are interpreted as sequencing, with, in the former case, the output of
the first term being passed as an input to the second. In both cases, we use context-splitting
to apportion the variables between the two terms.

o Units are interpreted as the weakening I'? — -, i.e., discarding all variables.

o Case statements are interpreted by passing the result of the discriminator into the coproduct
of the branches, after context-splitting to apportion the variables between the discriminator
and branches. We use the distributor to thread the variables into both branches of the
coproduct, as discussed.

e Injections and abort are interpreted trivially as the injections and the zero morphism
respectively, post-composed with their argument.

e To interpret iteration, after splitting the context, we interpret the initial value, and then feed
that into the fixpoint of the body (computed using the Conway iteration operator) along
with the remainder of the context.

We use the [['9 +. a : A] notation, rather than specifying a particular derivation, because coherence
holds:

LEMMA 4.12 (COHERENCE). Given derivations D forT' . a: A and D’ forT9+o a: A, we have
[D] = [D]

Observe that the coherence theorem allows us to omit the effect €, because the effect is a property

of the semantics: the same term with two different effect typings will have the same denotation.

Weakening. As a sanity check on our semantics, we can verify that it satisfies weakening by a
straightforward induction, stated as follows:
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(19 Fe a: A : C([T], [A]) ]
[[9rex:A] =9 x: Al] [[9+c fa:B]=[T%+a: Al [f]
[[rcletx=a; b:B] =T rq=q+q;[T¥] @ [TV +c a: A];[T¥% x: Are b: B]
[T (a,b) :A®QB] =T Fq=q+q;[T% +c a: Al < [TY +c b : B] [T ) :1] =T -]

[[Yrclet (xy)=a; c:Cl=[Trq=q+q;[T¥]®[IT¥ rca: A®B];a;[T¥,x: A y:Brcc: C]

[[recasee{yx:ay:b}:Cl=[Trq=q+q];[T¥]®[[¥ rce: A+ B];67"
[T, x:Arca:CLL[TYy:Bre b:C]]
[T9reya:A+B)l =T+ a:Al;y [T9kc 1, b: A+B] =[T9%¢b:B];1
[T9+¢ aborta: A] = [T9+c a:0];04
[[9+rcitera{s, x:b}:B]=[Trq=q +q;[TY¥] ® [TV Fe a: A]
(Tra=q+q] @Al a[T¥] @ [T¥,x:Arcb:B+ A6 YT
;[T -] e [B;p

Fig. 13. Denotational semantics for Ajter expressions

[ ke o0 AY] - G [AY])

[ Fe - > ] =ids

[Trq=q+q;[[d re o> AT] @ [T% ke a: A]ifg# 0

Tk o,x > a> A, x: Al = ,
[T e I {[[Fq Fe 0> AY]; A1 otherwise

Fig. 14. Semantics of Ajter substitutions

LEMMA 4.13 (WEAKENING). GivenT4 > AY and AY +, a: A, we have that
[T9 AV [AY ke a: A] = [T9Fc a: A]

Substitution. We proceed to give a semantics for substitution in Figure 14. We split up the input
context into subcontexts for each used variable, which are then simply interpreted using their
denotation. Unused variables are simply represented via the left unitor. We can then state soundness
of substitution in the following manner, which is standard except that we prove an inequality whose
direction is determined by the commutativity of the effects of the term and of the substitution.

THEOREM 4.14 (SOUNDNESS OF SUBSTITUTION). GivenT4 +, o> AY and AY v a: A, we have
n—e = [[M+,o> AV [AY rea: A] » [T9+ [ola: A]
n—e = [[r, o> AT];[AY +ea: A] = [T+ [o]a: A]

Soundness. Now that we have given our terms a denotational semantics, we would like to show
that our refinement theory is sound w.r.t. this semantics. In particular, as we allow a refinement
theory to be parametrized by set of base refinements R, we need to be able to express whether a
model M satisfies these refinements. To do so, we introduce the notion of a model validating a
typed refinement family as follows:

Definition 4.15. We say a model M wvalidates a typed refinement family R, written M |= R, if,
forall (T9+a—»b:A) € Rwehavethat [[ Fe a: A] » [T+ b: A
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20 Anon.

We note that, for every model M, M |= @. We can then phrase soundness as follows: if M
models R, for every refinement in the theory generated by R, Th(R), M validates that refinement.
Or, more formally,

THEOREM 4.16 (SOUNDNESS). We have that M |= R <= M |=Th(R). That is, given M |= R
andTi+g a » b: A, wehave [T re a: Ajp > [T ke b : Al p-

In particular, we hence have that, for every model M, M |= Th(@), validating our equational
theory.

Syntactic Models and Completeness. We now wish to show that our equational theory is complete
with respect to our denotational semantics; that is, if some refinement holds for every M |= R,
then this refinement is in fact contained in Th(R). We will do this by constructing an initial model
Tm(R), the syntactic model, such that the following theorem holds:

THEOREM 4.17 (COMPLETENESS). If [+ a : Altm(g) = [T F b : Altm(g), thenT Fga > b: A

It then follows from soundness and the existence of Tm(R) that ' g a - b : A if and only if
for all models M |=R, [T+ a: AJpm > [T F b : A pm, as desired.

We now proceed to give a sketch of the construction of Tm(R) and the proof of completeness;
full details are given in Appendix B. As is standard, our syntactic model Tm(R) will have types as
objects. To construct morphisms, we start with terms with a single free variable. We stratify these
terms by type and effect as follows:

Term(R)e(A,B) :={(x,a) | x : AT +c a: B}

We will quotient each Term.(R) by term equivalence ~g, as well as by renaming the free variable
x, to define Tm(R)¢; we will somewhat suggestively write quotiented pairs (x, a) as lambda-
expressions Ax.a, with (Ax.a)(y) = [y/x]a yielding a term up to equivalence. The identity morphism
is simply given as id4 = (Ax.x), while composition is given not by substitution (since terms may
be impure!) but rather by let-bindings as follows:

(Ax.a); (Ay.b) := (Ax.let y = a; D)

We can equip Tm(R) with the structure of a poset-enriched category by using the refinement
relation as a partial order; it is trivial to see that this is well-defined. The rest of the structure of a
Aiter-model is given in Appendix B.1. To prove completeness, it then suffices to show that [-]tm(x)
reflects refinement. The details of how to do so are given in Appendix B.2.

5 SSA Typing and Semantics
5.1 Typing Rules

We now turn back to the promises at the end of Section 2 and attempt to give typing rules and
denotational semantics for Agsa. Recall that the primitive syntactic element of an Assp program is a
region r, which can be viewed as a program fragment with a single entry point and multiple exit
points. Consequently, our primitive typing judgement will be of the form T4 +, r > L2, which we
will read as stating that “if the variables in I are live on entry, with quantity q, then executing
the region r jumps to one of the labels in L, with leftover quantities Q." Here, L is a list of labels #;,
annotated with a single parameter type (multiple parameters are implemented as a single tuple
parameter), and Q is a list of quantity vectors q; which we call the quantity matrix.

We may define a weakening judgement on annotated label contexts using the rules in Figure 16;
the judgement is with respect to a particular context I' used to interpret the quantity vectors in
Q. In particular, weakening allows us to insert arbitrary labels using skip, as well as weaken the
quantities associated with each using cons. As we can see, a label context is interpreted w.r.t. a
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Lz= - | LA Q:=-1]0Q;q

Fig. 15. Grammar for label contexts

TFL2 w K2 TY > T9 I'+L2 K2 || = q
— nil ,~ cons
k- - T kLD £(A)T s K2, £(A)Y T L2 w K2 (4)d

Fig. 16. Rules for weakening label contexts

Trq=q+q TV F 0:A THLA)Y L2
bi
T4+ breox L2

r

Trq=qi+q Y reo0:A Tq’,x:Ap-EtDLQT

T9¢, let x =05t > L2

lety

F'rq=q+q T¥+.0:A®B I“q’,x:A,y:Bl—Etl>L(QT)T
T9 ¢, let (x,y) =o0;t > L2
Trq=q+q T¥r 0:A+B I x:Arc> L T%y:Bro g L?

lety

case

Trccaseo{yx 1,0, y: 1} > L2
I k> LLRY V(AN € RY.TY, x; : Ay re £ LY
9 ke k Wherenonree (6:(x;) : {ti},)i > L2
[+ k> LSRY €€ 8% VE(A)Y € RY.TY x;: A; ke t; > LY, R
T9 1, k wherege (6(x;) : {t;},)i > L9

wherenonrec

whereyec

Fig. 17. Typing rules for Assa

quantity matrix Q, which also depends on the set of live variables I'. To extend the set of live
variables (e.g. to type a let-binding), we need to zero-pad the quantity matrix to obtain its lifting
QT. In particular, we define this inductively with J=.and (Q; q)T = QT; (q,0). With this, we give
typing rules for Assa, which we do in Figure 17.

e We begin with the typing rule for branches, br. This states that, if o is a pure expression of

type A, and £(A)¥ weakens to the label context L2, where q; is the quantities left over after
typing o, then br ¢ o is a valid branch into L2

Let-bindings are typed using let; and let,, which are exactly the same as the corresponding
rule for expressions, except that we target a label-context, which needs to be lifted (i.e. Q
replaced with Q) in the premise to deal with the additional variable in the input context.
Case terminators are typed using case, which is again the same as the rule for expressions
modulo lifting, except for the fact that the discriminator o is required to be pure.
where-blocks are typed using wherenonrec and whereyec, which we distinguish since the
effect of a where,e. subtree must be iterative. In particular, a where, subtree is composed
of an entry subtree , which we take to target the compound label-context L2, R, and, for
each sublabel in £;(A;)% in RY, an associated subregion t; which, with variables T'% plus an
argument x; : A; live on entry, targets the exit labels L2 or makes a recursive call to R
wherenonrec Simply removes the requirement that € be iterative, in exchange requiring the ¢;
to only jump to exit labels in L2.
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[0+ 12w KO ([T = L2 [IT = K2T]) |

[TF- -~ ]=idy [T FLLe(A)I w K, 6(A)Y] = [T F L2~ K] + [T9 5 T] @ [A]
[T FLQ v K, 6(A)9] = [T F L2~ K95

Fig. 18. Denotational semantics for label contexts and label weakenings

[T e t5 19 G [T — [L9])]
[[9cbreav Q) =[Trq=q+q];-® [V L a: Af;4; [T F £(A)Y ws L]

[r9rcletx=0;t> 12 =[Trq=q+qli-@ " reo: A [T%x: Are t: 19
[Tk let (x,y) =0;t> L2 =[Trq=q+q ;- [T¥ e 0: A® B];x
;[T¥% x: Ay :Bret: L(QT>T]];0(l;0tl
[Mrecaseo{yx:mty:n} >l =[Trq=q+qJ;i-®[[¥ + 0:A+B];5"
[T, x: Abe 1y LQT]];al, [T% y:Bre 1t LQTﬂ;al]
[T9 ke & wherenonree (£(x:) : {t:},)i > L] = [[9 +e k> L2, RY]; 0

. . T
5 [Id[[[FHLQ]]]’ [[[l"q‘,xi ZAi Felj: LQ ]];al,]fi(Ai)qieRQ/]
[T9 ke 1k whereree (£:(x;) = {t:},)i > L] = [T re k> LR 50"

. . 1 " .
s [y, [IT% xi : Aj ke i : L2, RO ]];al;a+,]t‘,i(Al)qi€RQr]

Fig. 19. Denotational semantics for Agsa

5.2 Denotational Semantics

We give a denotational semantics for Assa, targeting an arbitrary Aier model. We interpret a
derivation T4+, r> L2 as a morphism from the input state, the set of live variables [T'1], to the
output state, which consists of a label 4 in L, its argument A;, and leftover variables q; in Q.

To represent this as a type, we can define the (context-dependent) effective type [T +— L] of
an annotated label context with [[ — -] = 0 and [ — L2,¢(A)?] = [T — L9] + [['Y] ® A.
Here, the label is encoded as the branch of the coproduct we end up in, with each branch carrying
the argument and any leftover variables as data. We may now give a denotational semantics
for label contexts and label weakenings in Figure 18. It is easy to verify that we can reassociate
a* : CL([LL, RY(D), [LRJ(I)+[RY](T)). We also note that we can apply the associator “pointwise”
to reassociate a! : C ([T, x : A — L2']], [[T +~ L2]]). The semantics for regions is in Figure 19:

e Branches are interpreted by splitting the context, evaluating the argument, and then passing
the remainder of the context and the result into the appropriate label weakening.

e The denotation of let- and case-statements is exactly the same as for expressions, except
that we need to re-associate the output object from [[LQT]] (T, -) to [L9].

e Non-recursive where-subtrees are interpreted by the denotation of their entry subtree,
reassociated to the sum of the exit labels L2 and sublabels R? . The exit labels are passed
through as-is, and the sublabels ¢; are piped to the appropriate subregion ;.

e Recursive where-subtree is as above, except that we take the fixpoint of the sum of the
denotations of the subregions viewed as morphisms from [R](T) to [L2](T) + [R](T),
feeding recursive calls back into the where-block’s body.
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© 7 oof o? 4?7 o04? q° q°
UBw(A,B) ~ A — BU {o0} =2 - 2 - =2 o« ot et
UB,(AB)~A—BU{4} N2 = A = o o
UB(A, B) * A — P*(B) =2 =2 =2 =2 =2 =2 =2 1 o
UBwoy (A B) ¥ A—> BU{}U{f} | = — = - = «— - o o
UBc?(A,B) ® A = P (BU {co}) =2 - =2 @« =2 — 1 o
UB;2(AB)~A—>P*B)U{4} |— = = = =~ = = 1 o

Fig. 20. Submonads of UB, along with their commutativity information (i.e. whether they are a left or right
mover w.r.t. other effects) and lineary information (given as positive and negative quantities q*,q~ € Q)

5.3 Interconversion with i,

When we say that Assa and Ajter are equivalent, what we mean is that there are semantics-preserving
functions SSA, Expr on derivations satisfying

[T ke SSA (T ke a: A) > €(A)°pm = [T ke a: Al gz sty
[T+ Expr(T9re ri> L9) : [T = L2 p = [T9 ke r > LY p

for arbitrary models M. It is easy enough to construct Expr: for each derivation, we simply
pick a representative (x,a) € [T +e r > L9y, Since [Tt = [9], we may simply define
Expr(T9 ¢ r > L) := let T = x; a where the unpacking of a value ¢ : [T'9] is defined in the
obvious recursive manner (see Appendix B.2 for details). On the other hand, the function SSA is
just standard expression compilation presented inductively (the details are in Appendix C).

6 Concrete Models

In this section, we sketch some concrete models. All the given models have types with unrestricted
linearity, and so we will write our typing rules using un-annotated contexts and variables T, x : A,
assuming every quantity annotation is w.

6.1 UB

The simplest model exercising all the features of our refinement calculus is the language with
nondeterminism, undefined behavior and nontermination. We represent this using the monad
UB A =P*(AU {o0}) U {4} over sets, with oo a sentinel value for nontermination and 4 for UB.
Its ordering is the inclusion order on nonempty sets P*(A U {oo}) extended with a top element 4.
(The full description of this model is in Appendix D.2.) The monadic bind is:

§>=yp f=14 X>=ypf={falaeX} ifVaeX,fa+} X >=yp f =4 otherwise

where we define f co = co. The Kleisli category of UB has the lattice of effects generated by the
nontermination effect oo, the UB effect 7, and the nondeterminism effect ?. In Figure 20, we give
the submonad for each effect, along with its linearity and commutativity with other effects.

This model lets us interpret instructions 74 : 1 —; A analogous to LLVM’s unreachable
intrinsic. We write 4 as shorthand for 4 4 (). This instruction lets us define unsafe unwrap operators
pr:A+B —,; Aand p, : A+ B —, B which take the other branch to ;. These satisfy the usual
rewrite rules for UB, some of which are given in Figure 21.

6.2 Heaps

We model a single-threaded heap as a finitely-supported function of type S := N —g,, N. Using the
state transformer on UB, we can define a heap monad Heap A =S — UB (A X S), with the natural
pointwise partial order. (The full description of this model is in Appendix D.3.) Our effect system is
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ILx:Areb:B - F'tea:A+B TILx:Atrec:C et

ub-t ub-

IFrletx=4;b~4:B " Ttcasea{yx:c,y:4r=letx=pja; c:C ¢
IF'tea:A+B T,y:Btrcc:C

Trcasea{yx:4,,y:ct=lety=pra;c:C

ub-right

Fig. 21. Some of the usual rewrite rules for undefined behavior.

F't, p:N T't;a:N 'ty a:N
Trst(payldp~stpaya:N "  Triletp=mka (pldp)~(mkaa): NN ™"
Tty p:N I'tpa:N T+ b:N F't,a:N Tk, b:N
T+ st (p,a);st (p,b) =st(pb):1 s T'rletp=mka; st (p,d);p~mkb:N st
T't,a:N 't p:N TI'tpa:N

k-rm

t-rm

Fl—letp:mka;rmpz():lm l"l—st(p,a);rmpzrmpzlS

Fig. 22. Some properties of heaps

the bounded lattice generated by {o, 4, ?, 1, w, a}, with r, w, and a corresponding to “read”, “write”,
and “allocate” respectively. The new primitive operations are:

e Id: Heap,, (N,N) := Ap s.if p € s then pureyp (s p,s) else §

e st:Heap,, (N®N,1) := A(p,x) s.if p € s then pureyp (), [p — x]s) else 7

o mk: Heap,,(N,N) := Ax s.{(p, [p — x]s) | p ¢ s}

e rm: Heap,,, (N, () := Ap.if p € s then s \ p else 4
This model validates the usual properties of heaps (see Figure 22), as well as that allocation is
central, reads and writes are relevant, and reads are eliminable and commutative.

6.3 Concurrency

In Brookes’s [5] concurrency semantics, a memory effect is a trace consisting of a finite sequence of
transitions (y, p) between memory states p and p. Traces represent interrupted program executions:
a transition (y, p) represents a single step in which the program, relying on a state y from the
environment, guarantees it will return a state p to the environment. A program’s denotation is now
a set of pairs & .. r of a trace ¢ and return value r. Each pair corresponds to a possible execution of
the program given potential interference (e.g., an external thread reading and writing).

Brookes [5] observed that to make a denotational model sound with respect to the operational
semantics, the traces need to satisfy certain closure properties. Trace sets should be closed under
“stuttering” (adding transitions of the form (g, y1), corresponding to the program doing nothing) and
“mumbling” (merging {u, p){p, 0) - {u, 0), corresponding to the environment doing nothing).

By choosing appropriate state types, closure properties, and operations on states, we can model a
variety of memory models. In particular, Dvir et al. [7] show how to define a monad 7 A = P({¢ ..
r | r € A}), which they use to guve a denotational semantics for release-acquire weak memory.
This monad has a poset-enriched Kleisli category under the usual subset order, and can be equipped
with an Elgot structure, which we show how to do in Appendix D.4, hence giving us a Ajte,-model.

Just like for heaps, we can define an effect lattice {r, w, oo}, though for trace models reading is
not commutative; similarly, we have instructions Id : N —, Nand st : N N —, 1, as well as an
atomic fetch-and-add instruction faa : N ® N —,,, N. We may validate numerous refinements on
memory operations in this model, some of which we give in Figure 23. Note that all of these are

, Vol. 1, No. 1, Article . Publication date: March 2025.



1177
1178
1179
1180
1181
1182
1183
1184
1185
1186
1187
1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225

A Complete Refinement System for Substructural SSA 25

'ty p:N I'tja:N " 'ty p:N I'tpa:N T'+; b:N
Trst(pa);ldp »st(pa);a:N " T+ st(p,a)st (p,b) »st(pb):1 s
F'rip:N I'+pa:N

Trletx=Idp; stp (x+a);x » faa (p,a) : N

Id-st

Fig. 23. Some refinements valid in the release-acquire Ajter-model.

valid equalities in the heap model given above. Both the read and write effects are duplicable in this
model, while the read effect is not only eliminable, but also introducable, since we do not have UB.

7 Discussion and Related Work

From SSA to FP SSA was introduced as a compiler IR by Alpern et al. [2] and Rosen et al. [26],
with the goal of simplifying reasoning about variable values. In three address code, a variable is
mutable and can have a different value at each program point, whereas in SSA, each variable has a
single abstract value, a fact which greatly simplifies optimizations like global value numbering.
Kelsey [16] demonstrated a correspondence between SSA and a fragment of continuation-passing
style, and Appel [3] simplified this further and showed that an SSA program can be seen as a group
of procedures mutually tail-calling each other. When the dominance tree is further made explicit
in the syntax, we recover lexical scoping, and Chakravarty et al. [6] used this to show how to
translate SSA programs into ANF. Ghalayini and Krishnaswami [10] relaxed the ANF restriction to
permit compound (pure) expressions, which gives a calculus with better substitution principles,
but which still has explicit block definitions. In this work, we take the final step and give a fully
expression-oriented syntax, which is still completely equivalent to traditional SSA.

Semantics of SSA Zhao et al. [28] is a mechanized semantics for LLVM’s SSA dialect. Their
syntax closely follows LLVM’s, and so their operational semantics must compute ¢-nodes at each
step. Furthermore, they give several such semantics and prove refinements between them. Each
semantics is further parameterized over a memory model, and so execution builds a tree of possible
executions, resumption-style, which can then be made into concrete execution traces with an “effect
handler” or free monad interpreter computing the effect of each memory action. Garbuzov et al.
[9] exhibit a correspondence between an operational semantics for both SSA and a fragment of
call-by-push-value [20], and then use the normal form bisimulations of Lassen and Levy [17] to
derive an equational theory for justifying optimizations. This work considers nontermination as
the only effect, and studies equivalence rather than refinement. Ghalayini and Krishnaswami [10]
give a denotational semantics similar to this paper’s, but their model is not in enriched categories
and hence does not model refinement, nor does it model an effect system or linear types.

Effect Systems and Linearity Effect systems were introduced by Gifford and Lucassen [11],
which introduced a type system with a lattice of effects to track which effects a program could
potentially perform, with the idea of gaining reasoning principles by restricting effects. Filhrmann
[8] introduced the idea of categorizing effects in terms of linearity (i.e., whether effects can be
moved, duplicated or dropped), which reverses the conceptual priority: effects are classified not
by their intension, but by which equations they validate. Kammar and Plotkin [15] build on this
idea, and give a Gifford-style type-and-effect system for a variant of call-by-push-value, an effect-
dependent equational, and conditions on the semantics monad to ensure each equation holds. We
build on this work by integrating the idea of linearity of effects with an old idea of Lipton [22]. By
simply classifying effects by whether they can commute to the left or right of another effect, we
gain a very rich (in)equational theory very cheaply.
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A Refinement Rules and Notation

We begin by giving the congruence rules for Aite, in Figure 24, which completes our presentation of
Aiter’s type theory. We now wish to go over some basic derivable refinement rules, which we will
make use of throughout the rest of the appendix. We begin with some useful lemmas and notational
conventions:

elrq=q+q &= I'tq=q +q

e We will write I'’ to mean the variable context I with every variable having the zero quantity

0. In particular, we note thatI' + q =0+ qand I' - q = 0 + q are always derivable.
Recall that we define a; b := let x = a; b for x ¢ fv(b). The following typing rule is hence trivially
derivable:
F'rq=q+q, T¥%+ca:A 0<q(A) TY +.b:B
I+, a;b:B

seq
We can easily convince ourselves that this satisfies some of the basic properties of sequencing; for
example, we have

T'rq=q+q TrFqe=q+qm TY¥Frca:A T+ . b:B 0<q(A),q(B) TY +cc:C
I'vrg (a;b);c ~ a;(b;c) : C

As stated in Section 3.3, binding rules for the rest of our calculus are derivable from the rest
of Aiter’s refinement rules. We give these explicitly in Figure 25, along with the 5-rule for unary
let-bindings, which is similarly derived from let;-f. We note the commutativity requirement for
pair-right-bind, since on the left-hand side a executes before b, while on the right-hand side b
executes before a, hence the requirement that their effects commute. We can also derive a simplified
rule for uniformity, given below, by simply choosing ¢; = g. and ¢ = z in unif?:

n—e€ T¥x:Arglety=s; b »Pcased {yx:yx,, x:1,s}:B+S

simp-unif?

Tl+g let x = a; iters {1, y: b} »P itera {1, x : b’} : B
where Trq=q +q, qT¥) =7 €€ &E” Y rea:A
M x:Arys:S I'“y:Sr.b:B+A T% x:A+b :B+A

We define pattern binding let P = a; b of patterns P ::= x | (P, P’) inductively as follows (with
bindings of variables x and pairs (x,y) defined as normally):

let (P,y) =a; b:=let (x,y) =a; letP=x; b for P ¢ Var, x ¢ fv(b)
let (x,P) =a; b:=let (x,y) =a; letP=y; b for P ¢ Var,y ¢ fv(b)
let (P,P')=a; b:=let (x,y) =a; let P=x; let P’ =y; b for P,P’ ¢ Var

By a straightforward case analysis, we may show that the following rule is admissible:

I+, let (P,P')=x; a:B
[+g let (P,P')=a; b~let(x,y)=a; let P=x; let P’ =y; b: B

pattern-pair’

We extend pattern binding to other binding forms, for P ¢ Var, in the obvious manner:

casea{yP:by,y:c}:=casea{yx:letP=x; b1, y:c} for x ¢ fv(b)
casea{yx:b,u, P:c}:=casea{yx:b,u,y:letP=y; c} for y ¢ fv(c)
iter a {1, P: b} :=itera {1 x : let P = x; b} for x ¢ fv(b)
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M- x:Al 1<q f:A—>:B Tltga—»d:A
Tlrgx»>x:A [+g fa—»fa:B *®
Trq=q+q TY+rra»a:A TV x:Argb—»b":B
T9rg letx =a; b»letx=a"; b': B
rd . . F'rq=q+q TY%rgra—»ad :A TV rgb>»b':B
uni pair

Mg ) »():1 I9+g (a,b) » (a,b): A® B
F'rq=q+q [Yrra—»ad :A®B TV x:Ay:Brrc—>»c :C

lety

lety

T9tg let (x,y) =a; c » let (x,y) =a’; ¢’ : C
rql—c}ga—»a/:A ! F‘lka—»b’:B .
l"ql—qgtla—»tla':A+Bm rql-qglrb—»lrb/:A+Bl

Trq=q+q TY+rre»e :A+B T x:Artga—»ad :C TV y:Brgb—»b":C

nr

case
Ttgcasee{yx:a,y:b} »casee {yx:a,,y:b'}:C

IMMrga—»ad:0

abort
I'? ¢ abort a —» abort a’ : C

Frq=q+q qT¥) =T TV +rga—»a:A TV x:Argb—>»b :B+A
T+gitera {1, x: b} »iterad {4, x:b'}:B

iter
Fig. 24. Aiter congruence rules

f:A—>B I'ta:A
I'tg faxletx=a; fx:B
F'rq=q+q T¥%+ra:A TY+b:B
Itg (ab) =letx=a; lety=b; (x,y) : A®B
T'rq=q+q T¥%ra:A TY+b:B
I'M+% (a,b) ~letx=a; (x,b):A®B
Frq=q+q T¥rca:A TV, b:B e=7
T9+g (a,b) ~lety=0b; (a,y) : A®B
Tra:A T+ b:B
IMMrgyaxletx =a tlx:A+BinFI3ind T+ 1, b= lety =b; L,y:A+BiWI3ind
Ivra:0
I'Y +¢ abort a ~ let x = a; abort x : C

op-bind

pair-bind

pair-left-bind

pair-right-bind

abort-bind

Fig. 25. Derivable binding rules for Ajter

B Completeness

In this section, we give the details of the proof of completeness of our refinement calculus w.r.t. our
denotational semantics.

B.1 Syntactic Model

We begin by defining the syntactic category Tm(R) of Aite,-models of a signature S quotiented by
a set of primitive rewrites R as follows:

o Objects types A, B,C € Ty(X)
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e Morphisms Tm.(A, B) := {(x,a) | x : A +¢ a : B}/~, with quotiented pairs written as
A-expressions Ax.a, where (Ax.a) = (Ax.b) ifand only if x : A g a = [x/y]b : B.
Equivalently, morphisms in Tm (A, B) may be viewed as functions f : Var — Term, with
(x,a)(y) := [y/x]a, satisfying the property that, for all x,y € Var,x : A +o f(x) : B
f(y) = [y/x]f(x), quotiented up to equivalence f = g &= x: A rg f(x) = g(x) : B.
The equivalence between these two representations is given by the p-law f ~ Ax.f(x).

e Refinement on morphisms f - g if and only if x : A Fg f(x) - g(x) : B (this is

well-defined since, by definition, we quotient precisely the equivalence clases of »g)

Identity morphisms id4 := (Ax.x)

Composition (Ax.a); (Ay.b) := (Ax.let y = a; b). We note that, for a pure, this reduces to

the usual substitution-based definition (Ax.a); (Ay.b) = (Ax.[a/y]b).

Tensor products A ® B with monoidal unit 1, and tensor functors

(Ax.a) @ A := (Az.let (x,y) = z; (a,y)) A® (z,b) := (Ax.let (y,2z) = x; (y,b)))

In general, we extend pattern binding to A-expressions, writing (for x ¢ fv(a)),
(AP.a) := (Ax.let P = x; a)
in which case we may rewrite the above as
(Ax.a) ® A= (Ax,y).(a.y))  A®(4z.b) = (A(y,2).(y,)))
In partiuclar, we hence have that
(Ax.a) < (Ay.b) = (A(x,y).(a, b)) (Ax.a) < (Ay.b) = (A(x,y).lety’ =b; let x" = a; (x',y"))
e Associators, unitors, and symmetries
@= A y.2).(x @)« = A G (w12 o= Axy).(5x)
A= Axy)x) A= 0) p=EAyy) pT = (y(0y)

e Coproducts A + B with initial object 0, zero morphisms 0 := (x, abort x), and injections and
distributors

1 = (Ax.y x) = (Ax.4r x) [(Ax.a), (Ay.b)] := (Az.case z {y x : a, 1, y : b})
§i=[-@u—81] = (br.case x {i (Y ) : (W11 y)str (21,27) : (210r 2)})
5= (Mxp, xp).case xr {yyy:y (xpy)tr 22 4 (x,2)})

In particular, this means that we have
(Ax.a); [(Ay.b), (Az.c)] = (Ax.case a {yy y : b, 1, z: c})
(Ax.a) + (Ay.b) = (Az.case z {y x 1 yy a, 1, y : 1, b})
(Ax.a); (Ay.b) + (Az.c) = (Ax.case a{y y: y b1, z: 1, c})
e Iteration operator (Ax.a)" := (Ay.iter y {1, x : a})
e Discard and diagonal morphisms !4 := (Ax.()) and A4 := (Ax.(x, x))

We aim to prove the following lemma:
LEMMA B.1. Tm(R) is a Ajer-model.

Proor. We begin by noting that
(Ax.a); (AP.D) = (Ax.let P =a; b)
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In particular, this allows us to deduce the following useful identities:

(Ax.a); a = (Ax.let ((y,2), w) = a; (y, (z,w)))
(Ax.a);a” ! = (Ax.let (y, (z,w)) = a; ((y,2), w))
(Ax.a);0 = (Ax.let (y,2) = a; (z,y))

(Ax.a); A = (Ax.let (y,2z) = a; y) (Ax.a); 17! = (Ax.(a, ()))
(Ax.a); p = (Ax.let (y,2) = a; 2) (Ax.a);p' = (Ax.((), a))

We also note that

(AP.a) ® A = (A(x,y).(let P =x; a,y)) = (A(x,y).let P = x; (a,y)) = (A(P,y).(a.y))
AQ® (AP.b) = (A(x,y).(x,let P =y; b)) = (A(x,y).let P =y; (x,b)) = (A(x, P).(x,D))

We now verify that:

e Tmc(R) is a category: we have that

(Ax.x); (Ay.a) = (Ax.let y = x; a) = (Ax.[x/y]a) = (Ay.a)
(Ax.a); (Aly.y) = (Ax.lety = a; y) = (Ax.a)
((Ax.a); (Ay.b)); (Az.c) = (Ax.let z = (let y = a; b); ¢) = (Ax.let y =a; let z = b; ¢)
= (Ax.a); (Ay.let z = b; ¢) = (Ax.a); ((Ay.b); (Az.c))

e Tm¢(R) is binoidal: we have that

(Ax.x) ® A= (Az.let (x,y) = z; (x,y)) = (Az.2)
((Ax.a); (Ay.b)) ® A = (AM(x,z).(let y = a; b,z)) = (A(x,2).let y = a; (b,2))
= (Mx,2).let (y.2') = (a,2); (b,2"))
= (A(x,2).(a,2)); (A(y,2').(b, "))
= ((Ax.a) ® A); ((Ay.b) ® A)
AQ® (Ay.y) = (Azlet (x,y) =z (x,y)) = (Az.2)
A® ((Ay.a); (Az.b)) = (A(x,y).(x,let z = a; b)) = (A(x,y).let z = a; (x,D))
= (A(x,y).let (x',2) = (x,a); (x',D))
= (Mx,y).(x,a)); (A(x', 2).(x", b))
= (AQ® (1y.0)); (A® (Az.b))

e Tm.(R) is symmetric premonoidal:

, Vol. 1, No. 1, Article . Publication date: March 2025.



1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544
1545
1546
1547
1548
1549
1550
1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565
1566
1567
1568

32 Anon.
— Pentagon equation: we have that

X (A®B),C,D’> ®A,B,(C®D)
= (A((x12, x3), x4) . (12, (363, X4)) )5 (A( (31, X2), X34) (31, (2, X34)))
= (A((x12, x3), x4).let ((x1,x2), x30) = (%12, (3, %4)); (%1, (%2, X34)))
= (A((x12, x3), x4).let (x1,x2) = x125 (1, (%2, (x3,%4))))
= (A(((x1, x2), x3), x4) . (x1, (2, (%3, x4))))
= (A(((x1, x2), x3), x4).let (z1, (22, 23), 24)) = (x1, ((x2,%3), %4)); (21, (22, (23,24))))
= (A(((x1, x2), x3), x4). (1, (32, x3), X4))); (A(21, ((22, 23), 24)) (21, (22, (23, 24))))
= (A(((x1, x2), x3), x4).let ((y1,Y23), ya) = ((x1, (2, x3)), X4); (Y1, (Y23, Y4)));
(A(z1, (22, 23), 24)) (21, (22, (23, 24))))
= (A(((x1, x2), x3), x4) . ((x1, (32, %3)), X4)); (A((Y1, Y23), Ya) - (Y1, (Y23, Y4)));
(A(z1, (22, 23), 24)) (21, (22, (23, 24))))

=aapc ® D;aaBec,p; A® apcp

— Triangle equation: we have that

aa1,8:X ® Ap = (A((x,9), 2).(x, (1, 2))); (M(x",y).y)
= (A((x, ), 2) let (x",y) = (x, (y,2)); ¥')
= (A((x 1), 2).(y,2)) = (A(x,y).y) ® B
=pa®B

- Hexagon equation: we have that

AB,C> OAB&C; OB,C,A

= (A (1, x2), x3) - (x1, (32, %3))); (A(Y1, Y23)- (Y23, Y1)); (A((22, 23), 21) (22, (23, 21)))

= (A (1, x2), x3).((x2, x3), x1)); (A((22, 23), 21) - (22, (23, 21)))

= (A((x1, x2), x3). (x2, (x3,x1)))

= (A((x1, x2), X3) (%2, (x1,%3))); (22, (21, 23)) . (22, (23, 21)))

= (A((x1, x2), x3)-((x2, x1), %3))3 (A((Y2, Y1), Y3) - (Y2, (Y1, Y3)))5 (A(z2, (21, 23)) (22, (23, 21)))
=04B®C;apac;B®oac

e Tmc(R) has chosen coproducts and an initial object: see formalization.
e Tm¢(R) is distributive: we have that

5X,Y,Z§5)_<,1Y,Z = [X®u,X®u]; (Alx,w).case w {yy y: 1y (x,y),4r 2 : 1y (x,2)})
= [(A(x,y).(x, 1 y); (Alx,w).case w {y y: iy (x,y),1r 2: 1y (x,2)}),
(A(x,2).(x, 1y 2)); (A(x, w).case w {yy y : 17 (x,y),1r 22 1y (x,2)})]
=[(Ax,y).case yy{uy:uy (xy) i z: 1 (x,2)}),
(AMx,z).case i, z{yy:uy (x,y),1r z: 4 (x,2)})]
= [(A(x,y).u (x,y)), (A(x, 2).1 (x,2))] = [u, 1] = id(xey)+(x02)
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and
5)_(,1Y,Z;5X:Y,Z =(Ax,w).casew {yy:y (x,y),t4rz: 4 (,2)}); [ X Q 1, X ® 1]
= (A(x,w)let w =casew {yy: 1y (x,y), 0 z: 1 (,2)};
case W {iy (x,y) : (x, 4y y),tr (x,2) : (x4 2)})
= (A(x,w).case w {yy y : case 1; (x,y) {uy (x,y) : (x5 y), 1y (x,2) : (x, 4 2)}
s zicase by (x6,2) {y (,y) : (e, uy), b (6,2) : (x4 2)}})
=(Ax,w).casew {yy: (x,uy), 4 z: (x4 2)})
= (A(x,w).(x,case w {yy y : 1 Yy, 1r 2 : 1y 2})) = (A(x, w).(x, w)) = idxe(v+2)
e Tm.(R) has an iteration operator: we have that
(Ax.a)" = (Ay.iter y {1, x : a})
=(Ayletx=vy; casea{y z:z1 y:itery {4, x : a}})
= (Ax.case a {y z:z, 1 y:itery {1, x : a}})
= (Ax.let w =a; case w {4 z: 2,4, y : iter y {1, x : a}})
= (Ax.a); (Aw.case w {y z : z,1, y : iter y {4, x : a}})
= (Ax.a); [(Az.2), (Ax.a)"] = (Ax.a); [id, (Ax.a)"]

e Tm.(R) is an Elgot category: it suffices to show that our iteration operator satisfies:
— Naturality: we have that

((Ax.a); (Ay.b) + (Az.2))" = (Ax.case a {i y:yubuyzi M
= (Aw.iterw {1, x:casea{y y: 1y b1, z: 1, 2}})
= (Aw.iterw {1, x:case a{y y:y b1, z: 1, 2}})
= (Aw.lety =iter w {1, x : a}; b)
= (Ax.a)"; (Ay.b)
— Codiagonal: we have that
((Ax.a)N)" = Aziter z {1, y : iter y {1, x : a}})
= (Aziterz {sy x:case a {y y: y, 1 w: 1 w}})
=(Ax.casea {yy:ytr w:t, wh)'
= ((Ax.a); [(Ay.y), Aw.tr WD = ((Ax.a); [id, 1r])"
— Directed Uniformity: assume that
(Ax.a); (Ay.b) »? (Ay.b');id + (Ax.a)
Unfolding both sides of this refinement, we hence have that
(Ax.let y = a; b) »* (Ay.case b’ {y z: 1y z,1, x: 1, a})
We therefore, by unif?, have that
(Ax.a); (Ay.b)T = (Ax.iter a {1, y : b}) = (Az.let x = z; iter a {1, y : b})
»P (Aziter z {1, y : b'}) = (Ay.b")'

as desired.
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— Dinaturality: we have that

PRrOPOSITION B.2. If(—)" is an iteration operator which satisfies naturality and codiagonal
and is K-uniform for K cocartesian, then it also satisfies dinaturality.

ProoOF. See Lemma 31 of Goncharov and Schroder [13] O
Since all Tm¢(R) for € € &% are Tm (R)-uniform, and Tm (R) is cocartesian, Tm.(R)
must in fact satisfy dinaturality as desired.
e Strength: fixz: A+ a: B+ A. We have that
x:Cy:Arg let (x,2) = (x,y); case a {y w;:y (6, wp), tr wy 2 1 (3, wp)}
~ case (letz=1y; a) {yy wi -y (o, wp), 1 wp 21y (36, W)}
~case (letz=y; a) {ywr:yy C,wp), 1yt (x,9)}
Hence, by uniformity, as (v, v).) is pure, we have
(C® (Az.a); 67T
= (Mx, z).let (x",w) = (x,a); case w {y w; : i (X", wp), 1y Wy 2 1y (X", W) )T
= (Mx,z).case a {y wi : 17 (x, wp), 1y Wy 2 1y (36, wy) )T
= (Av.iter o {1, (x,2) : case a {yy w; : iy (3¢, wp), tr Wy = 1y (6, Wp)}})
= (AMx,y).lety =y; iter (x,y) {1y (x,2) : case a {5y wy : 1y (x, wp), 1 Wy : 1 (3, wy)}})
= (Ax,y).let w=itery {1, y:let z =y; a}; (x,w))
= (AMx,y).let w =itery {1 z: a}; (x,w))
= (A(x, y).(x, iter y {1, z : a}))
=C® (Az.a)'

Hence, to show that we have a valid Ajte,-model, it suffices to prove that, given (Ax.a) : Tm.(R) (A, B)

e If A is relevant,

Ap;Aa ® Asa = (Ax.(x, X)); (A(y, 2).((1, ), 2); (A((w1, W2), w3).(w1, (W2, w3)))
= (Ax.((x, %), )); (A((w1, w2), w3). (w1, (w2, w3)))
= (Ax.(x, (x,x))) = (Ax.(x, x)); (A(y, 2).(y: (2, 2)))

=AsA® AL
and
Apioaa = (Ax.(x,%)); (A(y, 2).(z. )
= (Ax.let (y,2) = (x,x); (z,1)) = (Ax.(x,x)) = Aa
as desired

e If 0 < qP(€) and A, B affine, by let;-5?,
(Ax.a);'p = (Ax.lety = a; () »? (Ax.()) ='a
o If 0 < g”(e) and A relevant, B affine, by elim?,

An; (fs'8) ® A = (Ax.let (y,2) = (x,x); (let w = f(y); (),2))
= (Ax.(f(x); 0,x)) = (Ax.let y = (f(x); (0); (0,x))
»P (Axlet y = 05 (0,x)) = (Ax.(0,x)) = p~"
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o If w* < g”(€) and A, B relevant, by let;-f?,

(Ax.a); Ap = (Ax.a); (Ay.(y,y)) = (Axlet y = a; (y,y)) = (Ax.(a, a))
= (Ax.(lety = x; [y/x]a,let z = x; [z/x]a))
= (Ax.let y = x; let z = x; ([y/x]a, [z/x]a))
= (Axlet (.2) = (x.%); ([y/x]a, [z/x]a))
= (Ax.(x,x)); (A(y, 2).([y/x]a, [z/x]a)) = Aa; (Ax.a) < (Ax.a)

B.2 Packing and Unpacking

Given an annotated context I'Y, we can recursively define the packing I'1 +, pack(T'?) : [I'] of its
variables in the obvious manner; namely

x ifqg#0

pack(-) = () pack(T'Y, x : A7) = (pack(T'?), x9) x? = { )
() otherwise

We can similarly unpack a context’s effective type a : [[1], which we write let I' = g; b, inductively
in the obvious manner:

(let - =a; b) := (a;b) (letT,x: A=a; b) :=(let (g,x) =a; letT =g; b)
We can show this satisfies the following typing rule by induction on AY".

Trq=q+q [Yrca:[AY] TV, AY . b:B
I+ letT=a; b:B

unpack

In particular, we proceed as follows:

e Given a : [-], this follows directly from the derived rule seq.
e Givena: [Aq/,x : A9], we have that 'Y, x : A9, AY . b : B. Hence,
— If g # 0, then [A?] = A, so by weakening I'Y, x : A+ let T = a’; b : B and therefore
I¢:[AY]%x: [A9] FcletT =a’; b: B
— If ¢ =0, then x cannot be used in b, so T4+ let I' = a’; b : B, and hence, as [A°] =1
has unrestricted linearity, I'Y, g : [Aq/]o, x: [A?] ke let T =a’; b : B by weakening.
By induction, we may hence derive

I%g:[AY],x:[A9]° e g: [AY] T g:[AY]° x: [A9],AY +. b: B

" unpack
T g:[AY],x:[A?] +cletT =g; b: B
Therefore, since [AY, x : A9] = [AY] ® [A7], we may derive
T kg [AY,x: A] I, g: [AY],x : [A9] k¢ let T =g; b:B
lety

[ let (g,x) =a; letT' =g; b: B

as desired.

We prove that packing and unpacking are mutually inverse up to = by induction:
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LeEMMA B.3. The following rules are derivable:
9, AY Fea:A
TLAY Fg let A = pack(Aq,); a~a:A
Tk b:[AY]
T by let A = b; pack(AY) ~ b: [AY]

unpack-pack

pack-unpack

Proor. We proceed by AY

o (-): the results follow by elim and term, respectively.
e (T'Y% x : BY): we have by induction that
- We have

I, AY x: B? Fg let AY x:BY = pack((Aq/,x :BY); a
~ let (¢,y) = (pack(AY), x9); [y/x]a
~ let g = pack(AY); let y = x9; [y/x]a
~lety =x%; [y/xlaxa: A

since if ¢ # 0, let y = x9; [y/x]a = let y = x; [y/x]a =~ a, whereas if ¢ =0 x ¢ fv(a)
solety =x9; [y/x]laxlety=x; a=a.
— We have

T9 kg let AY,x: AT = b; pack(Aq,,x : BY)
~ let (g,x) = b; let AY =g; (pack(AY),x9)
~ let (g,x) = b; let w = (let AY = g; pack(AY)); (w,x9)
~ let (¢,x) = b; let w =g; (w,x9) ~ let (¢,x) =b; (g,x9) ~ (g,x)

since if ¢ # 0 (g, x9) := (g, x), whereas if ¢ = 0 since x is pure and of type 1, by term,
(9:x9) := (9. () = (9, %).
]

To show completeness, it hence suffices to prove the following lemma:
LEMMA B.4. GivenT9+ a: A, we have that, for all (Ax.ay) € [T+ a: Altm(g),
I +g let x = pack(TY); ax ~xa: A

Proor. Throughout this proof, given morphism f € Tm(R) (A, B), we will use f(x) as a stand-in
for an arbitrary member of the appropriate equivalence class. We note that (for arbitrary types)

let x =a; (f;9)(x) = lety = (let x =a; f(x)); g(y)

and hence that, if let x = a; f(x) = @, let x = a; (f;9)(x) = let x = a’; g(x). In particular, we
hence have that

e Given b pure and let x = a; f(x) =d’, lety =b; g(y) =b’, we have
let z = (a,b); ((f @ g)sh)(2) ~ let z = (a',b'); h(2)
e Given a pure,
let z=(a,b); (6% f)(2)
~case b {y y:letz; =y (a,y1); f(21),0r yr :let zp =1y (@, 9r); f(2r)}
~ case b {y y; : let z1 = (a,y1); us f(20) tr yr : let zr = (@, ;)5 13 f(2)}
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In particular, this implies that
let z = (a,b); (67 [f.9D)(2)
~case b {u i let 1 = (a,y0)s F(z0)1y yr : let 2, = (@ y,)s g(z,)}
We begin by showing that
[T ]~ (Ax.0))
which we do by a straightforward induction on the derivation I'! - -:

e (- ):wehave [- — -] =idy = (Ax : 1.x) = (Ax.()) as desired.
e (I'Y, x : A — -): we have that

[P : A% ] = [T @ Laoi p: [T = ] = (Ax,1).(0, 0)): (A2, w).2); (Aae.0)
= (A(x,9).0); (Au.()) = (A(x,).0) = (Au.())
It follows immediately that
I+, let x = pack(TY); [T+ -J(x) = let x = pack(TY); )~ () :1
We may therefore show that
T+ let x = pack(T'Y); [ y: AT (x) ~ (0.y) : [y : A']
We proceed by induction on the derivation T4 - y : Al:
o (I',y: A9+ y: Al): we have that
[My:AT>y: Al =" Jeid = (1x.0) ® (Ay.y) = (A(x.).(0. y)
It follows that
I%y: A7k, let x = pack(T%y : A); [Ty : A7 y: A'](x)
~ let x = (pack(T%, 1)); (A(zw).(0), w))(x)
~ let (z,w) = (pack(I', y)); ((),w)
~(0.9) : [y: Al
o (I z: B+ y: A'): we have that
[T%z:B7 > y:A'] = [T ®!pe; p; [T+ y: A']
= (A% y).(x, 0)); (A(z,w).2); [TV > y - A']
= (Axy)x); [y : A']
= (A0x,y). [T - y: AT (x)
It follows by induction that
I9%z:B7+, let x = pack(T%,z: BY); [T y: A7 y: A'](x)
~ let x = pack(T'%, 29); A(w,u).[T4— y: Al](w)
~ let w = pack(T%); [1 > y: AJ(w) ~ (0.y) : [y A']
Similarly, we have that
[, let x = pack(T; [T+ q = q + ;] (x) ~ (pack(T¥), pack(I'")) : [T%] & [T%]

We proceed by induction on the derivation '  q = q; + q;:
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e (- +:=-4"): we have that

by let x = pack(:); [-+-=-+-](x) =letx = (); p~'(x)
~let x = (); (x, () = (0, ) = (pack(:), pack(+)) : [pack(-)] ® [pack(-)]

as desired.
e (I'x:Avrq,q=q;q+q,,0): we have that

I'Yx: AT+ let w=pack(T%x: AY); [I,x:AFq,q=q;q+q0](w)
~ let w = (pack(T%),x9); ([T +q=q; +q,] ® p~to™d) (w)
~ let w = (pack(I'Y), x9); ((A(3,2).([T' + q = q +qJ(y). (2. ()))); ™) (w)
~ let y = pack(I'Y); let z = x%; letu = ([T F q = q; + q.](v), (z ())); o™ (u)
~ let y = pack(T'Y); let u = ([T + q = q; + ¢ (y), (x%, 0)); o™ (w)
~ let u = ((let y = pack(TY); ([T'+ q =q +q.J (1), (x%, ())); ™ ()
~ let ((u1, uz), (us, us) = ((pack(I'Y), pack(T9)), (x%, ())); ((u1,us), (uz, us))
~ (pack(I'"),x?), (pack(I'""), ()))
~ (pack(T'¥, x : A?), pack(T¥, x : A%)) : [T¥, x : AY] ® [TV, x : A]

as desired.
o T,x:Arq,q9=q;50+qy q): we have that

IYx: AT+, let w=pack(T%x: A?); [I,x:AF q,q=q;0+qrq](w)
~ let w = (pack(T'),x); ([T +q=q; +q]® A 0™ (w)
~ let w = (pack(TY),x?); (Ay,2)-([T +q=q +q](y), ((),2)); o™i4) (w)
~ let y = pack(TY); let z=x%; letu = ([T + q=q + q-](y), (0, 2)); O.mid(u)
~let y = pack(I); letu = ([T - q = s +q,](y). (0.x7); ™ (u)
~let u = ((let y = pack(T); ([F'+ q = qr-+ (@) (0.x): o™ (w)
~ let ((uy, us), (u3, ug) = ((pack(TY), pack(TI)), (), x1)); ((u1,u3), (uz, us))
~ (pack(T'"), ()), (pack(T9), x7))
~ (pack(I'V, x : A%), pack(I'", x : A7) : [T%,x : A°] ® [T'%, x : AY]

as desired.
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e I,x:AVrq,9=q19q+q q): we have that

IYx: AT+, let w=pack(T%x: A?); [[,x:AFq,q=q1q+qrq](w)
~ let w = (pack(I'),x9); ([T - q=q; +q,] ® A; ™) (w)
~ let w = (pack(T'%), x7); ((A(y,2).(IT F q = q +q-](¥), (2.2))); ™) (w)
~ let y = pack(I'9); let z = x7; letu = ([T + q = q; + ¢, (), (2. 2)); o™ (w)
~ let y = pack(I'Y); let u = ([T F q = q; + q,] (), (x9,x9)); o™ (u)
~ let u = ((let y = pack(TY); ([I'+ q = q; +q/](y)), (x%,x9)); ™ ()
~ let ((u, uz), (us, us) = ((pack(T¥), pack(T9)), (x%,x7)); ((u1, us), (uz, us))
~ (pack(I'"),x9), (pack(I'""), x))
~ (pack(T¥, x : A7), pack(TY,x : AT)) : [T, x: AT] ® [TV, x : AY]

as desired.

We now wish to show that, given f € Tm(R)(A, B),
I kg let x = pack(T9); [T+ a: Altmgr)(x) xa: A

We proceed by induction on the derivation 'Y + a : A:

o (I'9F x : A): we have that

Tk, let y = pack(TY); [T+ x: A](y)

~ let y = pack(I)%; ([T x: A']; ) (y)

~ let y = (let z = pack(T'9); [T x: A'](2)); (A(w,u).u)(y)

~let (w,u) =(x,(); urx:A

as desired.
o (I''+¢ f a: B): we have that
T+, let x = pack(T'Y); [T+ fa: B](x)
~ let x = pack(T'Y); ([T9F a: A]; Ay.f y))(x)

(let y = pack(TY); [TYF a:A]); f x
~letx=a; fx~fa:B

~ let x

e (I'9+ let x =a; b: B): we have

T+, let y = pack(TY); [T9+ let x =a; b: B](y)
~lety =pack(TY); (Trq=q +q[; [T¥] @ [ITY e a: A];[TY. x: A+c b: B])(y)
~ let y = (pack(T'¥), pack(T¥)); ([T¥] @ [TV ke a: Al;[T¥, x: A+ b: B])(y)
~ let y = (pack(T'%),a)); ([T% x:Arcb:B])(y)
~ let x = a; let y = (pack(T'¥),x)); ([T x:Areb:B])(y)
~ let x = a; let y = (pack(T%, x : A))); ([T¥ x:Are b:B])(y)

~letx=a; b:B
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e (T9F () : 1): we have

T+, let x = pack(TY); [T9F () : 1](x)
~ let x = pack(T9); ([T -])(x)
~ let x = pack(T9); () = ()

e (I'+ (a,b) : A® B): we have that

T+, let x = pack(TY); [T+ (a,b) : A® B](x)
~ let x = pack(TY); ([C+q=q+q;[T%+a:A]=[TY + b:B])(x)
~let x = (let y = pack(TY); [Trq=q +q.]); ([T¥Fa:A]x[T¥ rb:B])(x)
~ let x = (pack(TY¥), pack(TY)); ([T¥ + a: A] < [TY + b : B])(x)
~ (let x = pack(T¥); [T¥ + a: A](x),let y = pack(T%); [TY + b : B](y)) = (a,b) : A® B

o (T'%+ let (x,y) = a; c:C): we have that

T+, let z = pack(TY); [T9F let (x,y) =a; ¢: C|(z)
~ let z = pack(T9);
(Trq=q+q;[T¥] @[T +tea: A®B]; o [T¥,x: Ay : Bre c: C])(2)
~ let z = (pack(T¥), pack(T?));
(MY @I rea: A®B]; o [TY,x: Ay : Bre c: C])(2)
~ let z = (pack(T¥), let w = pack(T'%); [TY +c a: A® B(w)]);
(o; [TY¥, x: A,y : Bre ¢ : C])(2)
~ let z = (pack(T¥), a); (a;[TY x: A y:Brec:C])(2)
~let (21, (22,25)) = (pack(T%), ); let z = (21, 22),25); [T%x: Ay : B re ¢ C(2)
~ let (z3,23) = a; let z = ((pack(T¥), z3),2z3); [T% x: Ay :Brec:C|(2)
~ let (z2,23) = a; let z = pack(T¥,z; : A,z3 : B); [T% x:Ay:Br.c:C](2)
~ let (z2,23) = a; [z3/y][z2/x]c = let (x,y) =a; ¢: C

e (I'+ 4y a: A+ B): we have that
T+, let x = pack(TY); [T9F y a: A+ B](x)
~ let x = pack(T'Y); ([T9+ a: A];y)(x)
~ let x = (let y = pack(T'Y); [T+ a: A]); y x
~letx=a; yx~ya:A+B
e (I'v+ 1 b: A+ B): we have that
T+, let x = pack(T'Y); [T9+ 4 b: A+ B](x)
~ let x = pack(T9); ([T9F b : B]; 1) (x)

~ let x = (let y = pack(T'Y); [T9+ b: B]); & x
~letx=b; 1, x~1,b:A+B
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o (T9+ casee {y x:a,1 y:b}:C): we have that
T+, let z = pack(TY); [T9+F casee {5y x: a1 y:b}:C](2)
~ let z = pack(TY); ([T +q=q +q];[T¥] @ [TY +ce: A+ B];5!
s[[MY.x:Avrca:CL [T y:Breb:C]])(2)
~ let z = (pack(T'%), pack(T%)); ([T¥] ® [TY +.e: A+ B];67!
M x: Arca:CLIMy:Breb:Cl)(z)
~ let z = (pack(T'¥), let w = pack(TY); [TV Fce: A+ B](w)); (
LMY, x: Area:CJ,[T% y:Bre b:C(2)
~ let z = (pack(T%),e); (874 [[T¥, x:Arca:C],[T% y:Breb:C])(2)
~ case e
{1y x : let w = (pack(T¥),x); [T¥ x:Arca:C](w)
iyt let = (pack(TY),y); [T% y:Breb:C]}
~ case e
{i x : let w = pack(T¥,x : A)); [T¥% x: Area:C](w)
iy :let = pack(T%),y: B); [T¥% y:Br.b:C]}
~casee{yx:a,4,y:b}:C
e (T'%+ abort a : A): we have that
T+, let x = pack(T'Y); [T+ abort a : A](x)
~ let x = pack(T?); ([TY+ a:0];04)(x)
~ let x = (let y = pack(T'Y); [T9+ a:0]); abort x
~ let x = a; abort x * aborta: A
o (T9+ iter a {1 x : b} : B): we begin by noting that
T y:Ar, let w=(pack(T¥),y);
(Trq=q+q]®Aa;[T¥ @ [¥ x:Arc.b:B+A];6 ") (w)
~ let w = ((pack(T'¥), pack(TY)),y); (a; [T¥] ® [T, x:Are b:B+A];6 ) (w)
~ let w = (pack(T¥), (pack(T¥),y)); ([T¥] ® [T¥,x:Areb:B+A];6 ") (w)
~ let w = (pack(TY), let z = (pack(TY),y); [T x:Arc b: B+ A](2)); 5 (w)
~ case (let z = (pack(T'¥),y); [T¥ x: A+ b: B+ A](2))
{u wi 2 (pack(TY), wy), 1 wy = (pack(T'Y), wy)}
~ case (let z = (pack(T'%, y : A9); [T¥ x: Ak b: B+ A](2))
{y wy 4y (pack(T¥), wy), i w;, : (pack(T¥), w,)}
~ case [y/x]b {u wi : y (pack(TY), wy), iy wy : (pack(T¥), wy)}
It follows by uniformity, since (pack(T'¥),y) is pure, that
T+, lety = a; iter (pack(T%),y) {1 w:
(Crq=q+q]®Aa; T4 @[, x:Arcb:B+A];6 ") (w)}
~ let u = iter a {1, x : b}; (pack(T'¥),u)
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and therefore that
Ik, let x = pack(T'Y); [T+ iter a {4 x : b} : B](x)

~ let z = pack(TY); ([T +q=q; +q,]; [T¥] ® [TV e a: A];
(Trq=q+q]®A [T @ [[¥x:Ar.b:B+A[;67);
[T — -] ®B;p)(2)

~ let z = (pack(T'¥), pack(T%)); ([T¥] ® [TV +e a: A];
(Frqu=q+q]®Aa[T¥] @ [[¥x:Ar.b:B+A};5 )
[T — -] ®B;p)(2)

~ let z = (pack(T'¥), a); (
(Trq=q+q]®@Aa[T¥] @[[%x:Ar. b:B+A[;6 )
[T — -] @B;p)(2)

~ let z = (let y = (pack(TY), a);

(Tra=q+q]®Ax[T¥] & [[%x:Ar.b:B+A}5 ) (y);

([T [ ®B;p)(2)

~ let z = (let y = a; iter (pack(TY),y) {1 w:

(Tra=q+q]@Ae[T¥] @MY x:Arcb:B+A];67")(w)});

([r% = -] ® B; p)(2)

~ let z = (let u = iter a {1, x : b}; (pack(T'¥),u)); ([T¥ — ] ® B; p)(z)

~ let u = iter a {1, x : b}; let z = (pack(T¥),u); ([T - -] ® B; p)(2)

~letu =iter a {1, x : b}; let z = ((),u); p(z)

~letu=itera{i, x:b}; u~itera{i, x:b}:B

as desired.

Completeness follows directly from the above lemma, since, given
[[Tq Fa ZAHTm(ﬂ) - [[I‘q Fb: AﬂTm(ﬂ)
= V(Ax.ay) € [[I“q Fa :A]]Tm(yg), (Ax.by) € [[Fq Fb :AﬂTm(qz).x [TY] kg ax » by 1 A
= T'9+g let x = pack(TY); ay » let x = pack(T'Y); by : A
= [Yrga—»b:A

as desired.

C Compiling Expressions to SSA

In this section, we give a compilation function SSA, that compiles a Ajter terms to an SSA program
returning its result as an argument to output label ¢£. We will then show that this function is
semantics-preserving, i.e. that it satisfies the following property:

[T ke SSA, (T +e a: A) > €(A)°] = [T ke a: Al a1y
Here, the associator « takes [A] to [I°] ® [A] (the latter being a tensor product of monoidal units),
which 1, then takes to [[T — £(A)°]] = 0 + [I'°] ® [A]. We will do so by requiring the slightly
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stronger property that, for allT + q = q; + q,, we have
[T9he SSA/(TY ke a: A) > b(A)Y] =T rq=q +q; [TY] @ [TV re a: A; e,

As this transformation is complicated to state and verify for general expressions, we will instead
define ANF, and, after showing how every expression can be compiled to an equivalent expression
in ANF, define SSA, by induction over such expressions.

C.1 ANF Expressions

We begin by defining ANF expressions P, Q, R using the grammar in Figure 26; these are treated as
a subset of Ajter expressions. In particular, an ANF program consists of a sequence of instructions of
the form let x = I; P (along with destructurings let (x,y) = 0; P), where each instruction I either
calls into a sub-program or returns the value of an operation o. Our goal is to define a function
ANF(a) on terms such that, for all well-typed terms a,

I'+g ANF(a) »a: A

Rather than do so directly, we will instead define a transformation letanr x = a; P which, given an
ANF program P and a term g, returns an ANF program such that

Tlrg letane x =a;P =~ letx=a; P: A

We can then define ANF(a) := letanr x = g; x; note that we trivially have that, for any a, letanr x =
a;x ~ let x = a; x * a = ANF(x) =~ a by definition. We can now proceed to define
letanr x = a; P by induction on terms a as follows:

(letane x = 0; P) := (let x = 0; P) where o is a valid instruction
(letanr x = f a; P) := (letanr xo = a;let x = f x; P)
(letanr x = let y = a; b; P) := (letanr y = a; letane x = b; P)
(letanr x = (a,b); P) := (letanr x4 = a; letanr xp = b; let x = (a,b); P)
(letanr x = 17 a; P) := (letanF x4 = a;let x = 1) x4; P)
(letanr x = 1 a; P) := (letanr x4 = a;let x = 1, x4; P)
(letane x = case e {yy y : a, 1, z : b}; P) := (letanr x. = e; let x = case x,
{1y y : ANF(a), 1, z : ANF(D)}; P)
(letanr x = abort a; P) := (letanr x4 = a; let x = abort x,4; P)
(letanr x = iter a {1 y : b}; P) := (letanr xq = a; let x = iter x, {1, y : ANF(b)}; P)

We can trivially verify each case by simply applying the binding rule for each term-former, followed
by the inductive hypothesis. For example, we have that

I+, letx =itera {1, y:b}; P~ let x = (let x, = a; iter x, {1, y : b}); P (iter-bind)
~ let x, = a; let x = iter x, {1, y: b}; P (let-lety)
~ letanr x; = a;let x = iter x; {1, y : b}; P (by induction)
~ letanr X, = a;let x =iter x, {1, y : ANF(b)}; P (by induction)
~ letanr x = iter a {1, y : b}; P (by definition)
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LJu=o0 ]| caseo{yx:Puy:Q} | itero{y x:P}
P,QR:=o0 | letx=1I;, P | let (x,y) =0; P
=0]1]|w" |1 |w

q:
Fae=. | LLx:A
q:

| 4.9

Fig. 26. Syntax for Ajter terms in ANF

C.2 ANF to SSA

We begin by stating a few metatheoretic results:

LeEmMMA C.1 (LABEL WEAKENING). Given a label-weakening T + L2 ~» Le,
o IfT 'Y ~ L7, thenT + LR ~w» L7 with

[T F L2~ L79] = [T F L2 w0 LY [IwkT L' L7Q7]
o I[fT9h, s> L? and, we have thatT9 r, s 1> L'Q with
[T9re s> Y] =9k s L [T+ L2~ L9
Proor. We begin by noting that, via a straightforward induction, we have that
[T FL2 s L79] = [T+ LQ ~o L] [IwkT LY L"97]
and
ICx:ArL wo U)ot = adi [T+ L2 > 'Y
We now proceed by induction on the derivation of 'Y +-. s > L2:
o (I%+, br £ ar L9): we have

[T9rcbreas LY
=[Trq=q+q];[T¥) ® [T e a: AJ; 15 [T F £(A)Y ~> L]
~[Trq=q+q];[TY] @ [[% ke a: Af;1; [T F £(A)Y ~s LI [T F L2~ LY
~ [k breav LO; [T+ LQ ~w LY
e (I'r, let x = 0;t > LY): we have by induction that
[T9 ke let x =03t > L'Y]
=[Trq=q+q];[TY] & [[% +co0: A; [T¥ x: At t> L'Y]
=[Trq=q+q];[T¥] @ [T . 0: AL [T¥, x: Are t > L [T + L2~ L9
=[I9 ¢ let x =03t > LU [T F LO wo L]
e (T, let (x,y) = 0;t > L2): we have by induction that
[T9 e let x =05t > L'Q/ﬂ
=[Trq=q+q;[TY]@[[¥ +c0: A®BJ;a;[T% x: Ay :Brct> L]
=[Trq=q+q;[TY] @ [[¥ rco: A®B];a; [T¥,x: Ay : Bre t > L [T F L2~ 'Y
= [T9r, let (x,y) =03t > LO; [T + L2 ~ L'9]
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2157 e M+, case o {y x: 1,14, y: 7} > LD): we have by induction that
2158
2159
2160
2161

2162 [T9rc case o {y x: 14, y: 1} B> L'Q/]]

" =IPrq=q+ql M@ IV reo: A+ B];

2165 [[T¥ x:Are 7 L'Q/Tﬂ;al, [T¥ y:Bre 7t L'Q(Tﬂ;al]
zizj =[Trq=q+q[;[[¥]® [V e o:A+B[;[

2168 [TU x:Abre1: LQT]]; [T,x:AF LQT > L'QlTﬂ;al,
i:z [T%y:Brez: L[Ny :Br L w L]l

2171 =[frq=q+q[;[TY]® " rc0: A+ B[;|[

272 T x:Are: L9 ads [T L2~ LY [TV, g Bre 7 : L0k [T F L2~ Q]
2173

9174 =[T9+ccaseo {yx: 1,0, y: 5} > LQH; [T+ L2~ L9 |

2175

2176

2177

2178

2179 o (I'rc k wherenonrec (£i(xi) : {ti},)i > LQ): we have

2180

2181

2182

2183

2184 [[Fq ke K Wherenonrec (fi(xi) : {ti}a)i > L,QI]]

2185

’ ” . . /1
2186 = [[rq Fe K D> L,Q s RQ ]];a+, []d[[r'—)L/Q,]]]’ [[[Fql’xi :Ai Fe ti : L,Q ]];al!][i(Ai)qieRQ”]

2187 =9 ke k> LY RY T F LY RY o 'Y R0
2188
. . T T A
2189 [ld[[[FHL/Q']]], [[T9% x; : Aj ke by : L9 LI, x; : Ai v LR s L9 ]];“l’]f,-(A,-)%eRQ"]

2100 =9+ k> LY RY Jsat; [T F L2 ~ws L] + [[T - RY];

2191

. . T ’
2192 []dH[FHL/Q,]]]’ [[[I‘q’,xi ZA,' Fe ti: LQ ]];Cfl; [[F = LQ N L,Q ]],][i(Ai)‘]ieRQ”]

219 =[T9¢rc k> 'Y RY ;™
2194
2195 [T F L2~ L], [[T%, x; 2 Ay ke £ L2 Ts0Y 1, 4 pascpor [T F L2 o LT
o = [19 ke o> VYR ot [id, [T x: Ar ke 12 L9 i@l 1 puecrer 1T F L o L9]
2198 = [T9 ke k wherenonrec (£i(x:) : {ti}, )i > LQ]]; [T+ L2 ~» L'Q']]
2199
2200
2201
2202
2203 as desired.
2204
2205
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2228
2229
2230
2231
2232
2233
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o (I r, k whereree (6:(x;) : {t:},)i > LD): we have
[[l-'q Fe k Whereyec ([i(xi) : {ti},)i > I—,Q/]]
0’ 7" . i . Y s a0 X . T
= [M9 e ko VYR Lo [idpr oy [T %0 Ai ke s VO RS Trabiat 1T o]
= [ re x> LY RYT [0+ L RY s LY R 0
. . T ) ’” ’ 7 T
lidgrovey [T A ke 1 LO R T H LERY o LR Tiakial I o]
=9+ k> LY RY [T F LY RY o 'Y R0
. . T 7 " ’ ’7
lidpro oo g [IT%, xi s Ay ke £ L2, RO [T F LY, RY ~v LY, RD ]];al;w,]zml_)qieRQ,]
— [[rq e K D> L/Qf, RQ’/]];(X+; [[Iv E LQ PSS LIQ/]] " [[[r — RQN]]]; [id[[[]‘»—»L'Q/”]’
) 1 7 ’ ”
[r%.xi: A ke 1 : L9 RY Trahia® i [ L o LT+ [T RET]Y 0 o]
= [[9+e k> LY R o [0 F LD s L9,
R T ) 10’ 2
([[T%, x; : Ai e t:: L2, R Tratsa®, 1, 4w cpers [T F L2~ L9+ [[T - R
= [ re x> LY RY st [[TF LQ ws LY,

[[T%x; : A; e £ L2 R Tiads 0, ] [T F LD w L]

T .
;(A;)% €RQ”’

, ’ . ) 1 " .
=M+ k> L'Q RQ Ja®;[id, [[TY, x; : Aj v+ t; L9, RQ ]];al;a+,]li(Ai)qieRQ,];
[T FL2 ~ws 9]

= [T9 Fe k whereree (£(x:) : {t:},)i > L5 [T + LQ ~ /9]

as desired.

We may now define SSA,(P) by induction on ANF programs P as follows:

e (Valid operations 0): we define (SSA;(0)) := br ¢ o. This has the desired semantics, since
[[9cbreos£(A)°]=[Trq=q +q[;[T¥]® [TY ke o: AJ; 1 [T F £(A)L A)4]

o (let x = 0; P): we define (SSA;(let x = 0; P)) := let x = 0; SSA,(P); we verify this has the
correct semantics by induction as follows:
[T+, SSA,(let x = 0; P) > £(B)Y]
=[T+q=qu2+ @) [T"] & [T ke 0: A]; [TV2,x : A ke SSAL(P) > f(B)q"O]];otl
=[T+q=qu+ @[l [T¥ reo: Al ;[T F qiz,x: A=q1,0 + q2, @]
(([TY) @D @M%, x: Ak P:B];i;at

=[Crq=qu+ @I Frqe=q+q]@[I% rco: Al;a; [TY] ® [T%,x: Are P: B; 1,
=[Trq=qi+qui[T"]® ([T + g3 =q2 + s [; [[¥] ® [T% e 0 : A [T, x : Are P2 B])s 1y
=[Trq=qi +qs]; [TY] ® ([T re let x =0; P: B]); 4

as desired.
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o (let (x,y) = 0; P): we define (SSA;(let (x,y) = 0; P)) :=let (x,y) = 0; SSA;(P); we verify
this has the correct semantics by induction as follows:

[T9 ke SSA(let (x,y) = 0; P) > £(B)1]
=[C+rq=qu2+ q);[T"] @ [T¥ re0: AQ B]; [T92,x : A,y : B+ SSA,(P) 1> t’(C)ql’O’O]};O{l;O(l
=[Trq=quz+ @[T @[[® rco: A®B];[I+qizx:Ay:B=q;00+qs 0 0]

(M) @I @[I%x:Ay:Br: P C]];tr;ocl;(){l
=[Trq=qu+@Trq2=q+q] [T r.o0: A®B];a

s [TY] @ [T%,x: Ay:Bre P:Clstr
=[T+q=q+qxs);[I]®

(Traum=q@+qI*]@I® rco: AQB];a;[T%,x: A y:Bte P:C])sur

=[TFq=qi+qu];[TT] & ([I' ke let x =05 P: C]);1r

o T9+cletx=caseo {5y y:P, 1 z:Q}; R:D): we define

(SSA¢(let x =case o {5y y : P,1, z: Q}; R)) :=(caseo {y y:brfy, 1, z: br & z}
wherenonrec
1 (y) - {SSA,, (P)},
£(2) : {SSA;, (Q)})
wherenonrec

bo(x) : {SSA/(R)}

, Vol. 1, No. 1, Article . Publication date: March 2025.



48 Anon.

2304 We verify the semantics by induction as follows:

2305

ya06 [T +e SSA;(let x =case o {y y : P, z: Q}; R) > £(D)Y]

2307 =[T+q=qus+q;[TY*] @[T rc0: A+B];5 %

2208 [T92, 4 : A ke br g y> (D)%, £,(C)%2°, f(A)H20, £, (B) 1] o,

2309

2310 [[qu, z:Brcbrt z> f(D)‘h,O, ‘ (C)(‘hz,o, f (A)lhzz,O, fr(B)fhza,Oﬂ; 0(’1’

2311 1; [id,

o [Ty 2 A ke SSA, (P) > £(D)%°, £,(C)420]; o,

2313 0

2314 [T92, 2 : B e SSA,, (Q) > £(D)4°, £,(C)42°]; a*

j:z 1; [id, [T92, x : C e SSA((R) & £(D)4°]; ]

2317 =[T+q=qizs+q];[T¥] & [T% rec0:A+B];67" [u3 1, 10]; [id,

e [T92, y A ke SSA, (P) > £o(C) I [T £(C) 42 > £(D), £,(C) =]
2319

2320 [T95, 2 : B ke SSA, (Q) B £ (C) 2] [T F £(C)12°0 ~w> £(D)30, £,(C)42°]; &
2ozt I [id, [T, x: Crquo=q1,0+ qo; (T @) @ [T¥,x: Cre R: D]];tr;al]
2322

2323 =T Fq=quzs+q;[T"]® % r.o: A+B[;675]

2324 [Ty :AF quzs, 0 =qi2,0 + q3,0]; (2] ®1) @ [T,y : Are P: C; Lr;al,
Z:z [T,z: B+ quus @ = qu2,0 + g3, 0; ([T92] ® ) ® [T, z: Bre Q: CJ; 130

9327 LU [T Fqu=q+q]®[Clia; [TV] ® [T%,x : Cre R: DJ; 1]

2328 =[T+q=qus+q;[TY*] @[T rc0: A+B[;5 %[

o [+ g = g2+ @o] @ [Alia (] @ [T,y A, P C]L

2331 [[T F q123 = q12 + q3]] ® [[B]];G(; [[Fqlzﬂ ® [[Fq3,z :B Fe Q : C]]

2332 LITFqiz=q1 +q] ®[Cl;a; [TT] @ [T%,x : C+e R: DJ; 1,

i =T+ q=quos + Qs [T ¥ quos = quz + qs] ® [T [T] ® (

2335 [TE] @[T +c0: A+ B];6 L [[T¥,y:Are P:Cl,[T%,z: B+ Q: (]

2336 1);[T9 Fqi=q1 +q2] @ [Cl; & [TY] @ [T%,x : C e R: D];1y

i: =[Frq=qu+qu);[TFq=q1+q] ® ([T~ qss =qs + @u]; [T¥] @ [T% re 0 : A+ B;
2339 STH[[T%,y: Are P:C],[T%,z:Bre Q: C]]);a; [TY] ® [T%,x: C+c R:DJ;1,
2340 = [[F Fq=q: + q234]]; ([[l"qlﬂ ® ([[F F Q234 =Q2 + q34]];

e [T%] ® ([T +e case o {y y: Pyyy z: Q} : C; [T%,x : C ¢ R:D]))); 1r

2342

b343 =[Trq=qi +qua]; [TV] ® [T9%* . let x =case 0 {;y y : P,1; z2: Q}; R:D]; 1y
234 as desired.

2345 o (let x = iter o {1, x : P}; Q):

2346

9347 (SSA¢(let x = iter o {1, y : P}; Q)) := br £, 0 whereec

t(y) - {55Ay, (P},

219 tp(w) : {case w {yy x : br &, x, 1, y : br &, y}},
2350

y351 £o(x) : {SSA.(Q)}

2352
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We verify the semantics by induction as follows,

[T9 ke SSA,(let x = iter o {1, y : P}; Q) > £(C)¥]
=[T9+c bré o £(O)Y, RQTH; lidfraijegeys [

49

where RQ := £,(A)%2, £,(B + A)%2, £,(B)%2:

[L92,y : A ke SSA, (P) > £(C)30, R ;s

[T92,w: A+ Br.casew {1y x:brt, x,1, y : br & y} > £(C)4°, RQTﬂ;al;aJr,

[[qu,x :Be SSA,{:(Q) > [(C)ql,o, RQTH;al;oﬁ]T]
= [T Fq=qu+ql; [[9] ® [T Fe 0 : A 15115 13 [idprajoge)s [

[T9:2,4 : A e SSA, (P) > ()4, RO; at; at,

i [ [,

[T92,x : B ke SSAL(Q) & £(C), R s art; 7]

=[Trq=qu+q); "] &[T teo: Alsusus [
[T92,y : A+ SSA,, (P) > £,(B + A)42°]; [T +
Y [t trs uli iy,
[T%2, 2 : B e SSA, (Q) > £(C)1O]; [T + £(C)1
=[Frq=qu+q);[*"] &[T teo: Alsusus [
[T+ a1z =qiz +q-] ® [Al; 0 [T*] @ [TV, y :

8 [ trs )5 i,

6,(B + A9 s £(C) 4, R o,
0 ans £(C)0, R s "]

Arc P:B+A]su; i,

[Trqiz=q +q] ®[B]; & [TV¥] @ [T, x:Br: Q: C]];lr;”],r

=[TFq=qiz+q):[T®]® [ rc o A (
[TFqi=qiz+q]®[Al;a; [T9] @ [T,y :

Are P:B+A]8Y

(I'Fqiz = qu + @) ® [Bl: o [T¥] @ [T, x : Bre Q: Ci]) + ([M2] @ [A]))]

=[Trq=quz+ @] [T"] & [T Fe o : A]; (
[T+ a2 =qz+q]®[A];; [M] & [I,y:

ArcP:B+A]; 67!

)T+ qiz = qu + Q] ® [Blss [T¥] @ [T%,x : Bre Q: Cllsr
=[Trq=qu+q[[+qe=q2+q]& [T Fco: Al ([I*] & (

[Trqr=q-+q]Q[A]; & [T¥V] @ [T,y : A
SH([MY = ] [B;4) + [I"] @ [A]

ke P: B+ A];

V)T F quz = q1 + q2] ® [B]; a:; [T4] ® [T%,x : Bre Q: C; 1,
=[Mra=qu+9 [T qz=q +q] @ ([[' a5 =g + @] [[¥] ® [[ ke 0: A (

[Trq=q-+q]® AL [IY]® [[Y,y:A
);a; [TY] @ [T%,x : Bte Q: Csuy

Fe P:B+ AT [ITY - ] ® [B]; A
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=[Trq=quz+qs ;[T Fqi2 =q1 + q2] ® [T¥ ¢ itero {1, y: P} : B];
& [TY] @ [T%,x:Bre Q: Cl;ur
=[T+rq=qu2+q ;[T Fqiz=q1 +q] ® [T ritero {1 y: P} : B];
o [T1] @ [T%,x:Bre Q: Cl;ur
=[T+q=q+qu]; [T"] & (
[T Fqur=q2+ Qs ]; [T%] ® [T¥ ke itero {4 y: P} : B]; [T%,x:Bre Q:C]);tr
=[TFq=q1+ Qs ]; [TY] ® [T Fe let x =itero {1, y : P}; Q : Cl;s 1

as desired.

D Models

In this section, we give a few simple families of Aji-models highlighting some of the features of
our formalization.

D.1 Poset-Enriched Elgot Monads

A wide variety of Aje,-models can be derived from poset-enriched Elgot monads over Set, which are
just standard monads equipped with a notion of refinement and iteration. We begin by defining a
poset-enriched monad as follows:

Definition D.1 (Poset-Enriched Monad). We say a monad T over Set is poset-enriched if each T (A)
is equipped with a partial order -» compatible with - >=7 -, i.e,, such that, for a - b and f —» ¢, we
have a >=r f - b >=r g, where morphisms in the Kleisli category f,g : A — T(B) are given the
pointwise partial order.

Note that, just like for poset-enriched categories, every monad is poset-enriched with the identity
order on T A. Probably the simplest nontrivial example of a poset-enriched monad is given by
adjoining a top element to every set as follows T(A) := A U {T}, with pure and bind defined as
for the option monad; we can symmetrically instead adjoin a bottom element L(A) := AU {L}. A
more complex example is given by the power-set monad P equipped with the inclusion order, with

np(a)=1{a}  X>=pf=|]f(a) (6)
aeX
This has numerous natural submonads which are also poset-enriched, including:

e Nonempty sets P+

e Finite sets Pf,

e Countable sets Py

e Sets of cardinality at most one, which is isomorphic to L.

e Sets of cardinality exactly one, corresponding to pure morphisms.

It is easy to see that the Kleisli category of a poset-enriched monad is always a poset-enriched
distributive category; in particular, tensor products and coproducts are simply given by the product
and coproduct in Set, with

fO®A:=(Mx,y).f x>=2z.(z,y)) AQf:=(Axy).f y>=2z.(x,2))

and (inverse) associators, unitors, symmetries, distributors, and injections given by the lifts of the
underlying morphisms in Set. We can always equip the Kleisli category with the structure of a
distributive effectful category with pure morphisms

Setr  (A,B) :={ngof|f:A— B}
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We can define Sety, for other effects € € £ in a given effect system as appropriate to the effect
system and monad; submonads are often a good place to look for these.

We would now like to equip the Kleisli category of T with an iteration structure. The notion of
an Elgot monad [12] generalizes directly to the poset-enriched setting:

Definition D.2 (Poset-Enriched Elgot Monad). We say a poset-enriched monad T is a (strong) Elgot
monad if its Kleisli category is equipped with a monotone iteration operator ()T satisfying the
following properties:

e Naturality: for f : A— T(B+A) and g : B— T(C), we have (f;g+A)" = fT;g
e Codiagonal: for f : A — T((B + A) + A), we have f'T = (f; [id, 1,])"
o Directed uniformity: given f : A > T(B+ A),g: X - T(B+X),and pureh : X — A, we
have
- hTf—»g;B+hT = hT;fT—»g+
- hTf«—g;B+hT = hT;fT«—g+
where hT =40 h: X — T(A).

Strengh: given f : A — T(B+ A),wehave X ® fT = (X ® f;0°1)T

We can easily verify that the Kleisli category of a strong Elgot monad is an Elgot category, which
in particular is Setr, -uniform by uniformity. Probably the simplest example of an Elgot monad is
the power-set P, with

fh= Uf where  fy=0©  fi = £;[id, f]

Analysis of semantics in this monad corresponds to partial correctness, with any infinite executions
discarded. This isn’t always what we want, especially since every program can be safely refined to
(and hence “optimized to”) the infinite loop 0 := @ : A — B. Note for example that

e The pure effect is not closed under refinement, since any pure morphism can be refined to 0

e The pure effect, as well as the effect of being finite and the effect of being nonempty, are
not iterative, but the effect of being countable and the effect of being deterministic but
potentially nonterminating are.

D.2 Undefined Behavior

In this section, we demonstrate how to build a more complex poset-enriched Elgot monad, by
constructing a monad UB which supports

e Undefined behavior (UB), represented as a top element 4 - a for all a.

o Nondeterministic behavior

o Total correctness, with nontermination represented as a separate possible outcome co (allow-
ing us to distinguish between a program which always terminates, never terminates, and is
nondeterministically nonterminating)

As described in Section 6.1, we define UB(A) := P*(A U {oo}) U {4}, with
§>=up f=14 X>=ypf={falaeX} ifVaeX,fa+} X >=yp f =4 otherwise

We can equip this with iteration structure (-)' given by, given f : A — UB(B + A),

@) = {fw(a) UUien fi(a) if Vi, fi(a) # ¢

4 otherwise
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where
{oo} if a;, Vi, a1 € f(a;)
%) otherwise

fo =@ fiv1 == £ [id, fi] foo(ag) == {

Note that the f; are in the slightly larger monad A — P (A U {oo}) U {4 }; but it is straightforward
to show that {7 must be nonempty and therefore lie in the submonad UB (since if all f; are empty,
foo = {o0}). It is straightforward to verify that this indeed gives us an Elgot structure.

D.3 Monad Transformers

In functional programming, we often use a stack of monad transformers to build up complex effects
from simple building blocks. It turns out that many common monad transformers are compatible
with both poset-enrichment and Elgot structure; we give some important examples below:

o The reader transformer RdQg T A := R — T A allows us to read from an environment R, with
NRdp T @ = Ar.jr a a>=pq,rfi=Ar.ar>=rid.far
Given f: A—> Rdg T (B+A) =A —> R —> T(B+ A), we define
T = Aa,r.((A(r,a).(r, f a1)); 87 (r,a) =1 m,
o The writer transformer Wryy T A :=T (W X A) for a monoid (W, -, 1) allows us to write to
a W-typed log, with
Nwrw T @ =17 (1,0) a>=wy, 1 f=a3=r A(w,d’).f a>=r A(w',b).(w-w',b)
Given f: A—> Wry T (B+A) =A — T(W X (B+ A)), we define
fvw ™= da.(W & f; (A(w, (W', ¢).nr(w-w',0));67)(1,0)
o The state transformer Sts T A :=S — T (S X A) allows us to access mutable state of type S,
with
Nsts T a = As.nr (S, a) as=g,7 fi=As.as>=r A(s",a’).fa s
Given f: A—> Sts T (B+A)=A—> S > T(SX(B+A)), we define
fTS‘S T :=2a,s.((A(s,a).f a $);67 1) (s, a)
As a concrete example, we can build the heap monad from Section 6.2 by simply applying the state

transformer to the UB monad from Appendix D.2, with state S := N —g, N.

D.4 Brookes-Style Concurrency

In this section, we show how to construct a concurrency monad from a Brookes [5]-style model of
concurrency, which we axiomatize. We will then explicitly show how to instantiate the model for
sequentially consistent execution from Brookes [5].

We begin by defining a countable closure operator, given below:

Definition D.3 (Countable Closure Operator). We define a (countable) closure operator ¢ : P(T) —
P(T) on T to be a function on sets of T which:

e is extensive: X C c(X)

o is idempotent: c(c(X)) = c(X)

e distributes over countable unions: c(|J; X;) = U; c(X;)
We say a set X such that c(X) = X is closed under c.
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Note that this differs from the standard definition of a Kuratowski topological closure operator,
which only requires us to distributive over finite unions. We define the [ift of a closure operator
ca: P(TxA) — P(T x A) to be given by

ca(X) = U{(t’, a) |t ec({t|(t.a) € X})}

acA

Identifying P (T x A) with A — P(T), this is equivalent to stating that c4(X) := c o X. It is hence
easy to check that this gives a closure operator on T X A.

Definition D.4 (Brookes Monad). Given a monoid of traces T and a closure operator ¢ : P(T) —
P(T), we define the Brookes monad B, over c to be given by closed sets of pairs ¢ .. a of traces
t € T and results a € A. In particular, we define

Be(A) 1= ca(P(T x A)) =~ A — c(P(T))
with
ne, a:=ca({1l.. a}) X>=p fi=ca({t-¥ . b|Fat .acX,t' .. beX'})

It is easy to see that the Brookes monad is in fact poset-enriched under the inclusion order. We say
a Brookes monad is standard if T = (S, S)* is the monoid of finite sequences of rely-guarantee pairs
of states S.

We note that this definition gives us a Kleisli category which is not only poset-enriched, but in
fact compatible with countable unions: with the usual definition U; f; := Aa. U; f;(a), we have

(U@ =ccllt-t' e 3be o bel Jfitr wcegd)))
| = C(U{t el Tbtobe },-(a), t' - ceg(b)})
= Ulc({t ot coc|3bt o be fila)t . cegd)})
=Uth9@
fi (U g)(@ =c({t-t' ~.c|Ibt . be fla)t - ce Ugi(b)})
| = C(U{t ot cc|3btobefla)t -~ elgi(b)})
= Ulc({t |3t be fla)t o cegi(b)})
=Qmmw

and likewise for coproducts.
We can always equip B, with a (poset-enriched) Elgot structure (-)' by, for f : A — B.(B + A),

defining
=
ieN
where f; : A — B¢ (B) are the iterates of f, defined inductively as follows

f6 =048 = (/1x.®) ﬁ+1 = f; [ldBaﬁ]
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We note in particular that Vi.f; C fiy1; similarly, if g C f, we have that g; C f;. We can think of
analysis using this structure as corresponding to partial correctness, since any infinite traces are
simply discarded (a program which always diverges will have denotation @). It is straightforward
to check that this is indeed an Elgot structure, since it satisfies:

e Fixpoint: we have, since fy Ug =g,

Fr=UJf=Ufn = lids £D) = £ lids. | £] = £: lids, ']

ieN ieN ieN ieN
as desired.
o Naturality: by induction, we show that (f;9 + A); = fi; g, since (f;9+ A)o =04c =04B: g
and

(f59+Aiv1 = f39+ Aslide, (fs 9+ A)il = £ Mg, fis 9] = £ lids, fil; g = fiv1sg
and therefore
(Frg+A) =g+ =g = Jfrg=rhg
ieN ieN ieN
e Codiagonal: given f : A — (B + A) + A, define g = f; [idps, ] and h = f7. We have
hisy = f15[id, hi] = £ [id, £7]; [id, b
= fillid, hil, £7: [id, B = £5 [[id, B, hisit]

gi+1 = f3lidp, 115 [id, gi] = f3 [[id, g:], g:]

It follows by induction that g; C h;, since gy = ho, and
gi+1 = f3[lid, gil, gil € £ [lid, kil hi]l S f5 [[id, hil, Riva] = hia

We therefore have that g* C h'. On the other hand, we may show by induction on j that
fis [id, g'] C g, since 0 C g" and

frer:lid. "] = fi1id, fi1: 1id. g"] = f:[[id. "], fj: [id.g"1] < f:[lid.¢"]. 4"] = ¢
We now show by induction that h; C g': noting that by = 0 C g', it suffices to show that
hiss = f: [lid, hi], £ [id i) € £ [[id, g'), f5: [id.g"1]
= J: 1id g1, £33 1id g"1D) < | (£ [Mid, g1, 971D = ¢
JeN jeN
It follows that h" C g and hence that h" = g7, as desired.
o Directed Uniformity: given arbitrary f : A > B+A,g: X > B+Xand h: X — A, we have
that
— Given h; f C g; B+ h, for all f;, we show by induction that h; f; C g; since h; f5 =0 C g
and
h; fiv1 = h; 5 [id, fi] € ¢; B+ h; [id, fi] = g; [id, b; fi] € g; [id, gi] = gi+1
and therefore we have that h; 7 = ;b f; € U; 9 = g
— Given h; f 2 g; B+ h, for all f;, we show by induction that h; f; 2 g; since h; f =0 = go
and
hs fier = b £ [id fi] 2 g:B + bs [id, fi] = g: [id, hs fi] 2 g; [id, gi] = ¢
and therefore we have that h; ' = ;b 2 U; i = g'

Following Brookes [5], we can build up a model of sequentially consistent concurrent computation
by taking a standard Brookes monad with

, Vol. 1, No. 1, Article . Publication date: March 2025.



2647
2648
2649
2650
2651
2652
2653
2654
2655
2656
2657
2658
2659
2660
2661
2662
2663
2664
2665
2666
2667
2668
2669
2670
2671
2672
2673
2674
2675
2676
2677
2678
2679
2680
2681
2682
2683
2684
2685
2686
2687
2688
2689
2690
2691
2692
2693
2694
2695

A Complete Refinement System for Substructural SSA 55

e States maps from locations to values S := Loc — Val
e Closure operator generated by:

— Stuttering Yy € S.- - (1, 1)

— Mumbling Yy, p,0 € S.{u, p){p, 0) » {p, 0)

The semantics of a write, for example, is then given by
write : Loc X Val — B.(1) := A(£,0).c;({{ [ — o]y -. ) | p € S})

More complex states (e.g. involving per-thread buffers) and closure operators can allow us to model
weak memory models. In particular, Jagadeesan et al. [14] gives a Brookes model of TSO, while
Dvir et al. [7] gives a Brookes model of release-acquire.
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