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The Denotational Semantics of SSA
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Static single assignment form, or SSA, has been the dominant compiler intermediate representation for decades.
In this paper, we give a type theory for a variant of SSA, including its equational theory, which are strong
enough to validate a variety of control and data flow transformations. We also give a categorical semantics for
SSA, and show that the type theory is sound and complete with respect to the categorical axiomatization.
We demonstrate the utility of our model by exhibiting a variety of concrete models satisfying our axioms,
including in particular a model of TSO weak memory. The correctness of the syntactic metatheory, as well as
the completeness proof has been mechanized in the Lean proof assistant.
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This paper is dedicated to the memory of Alan Jeffrey, who taught us about both premonoidal categories
and the semantics of weak memory, and who never shied away from either theory or implementation.

1 Introduction

Static single assignment form, or SSA form, has been the dominant compiler intermediate repre-
sentation since its introduction by Alpern et al. [4] and Rosen et al. [58] in the late 1980s. Most
major compilers - GCC, Clang, MLIR, Cranelift — use this representation, because it makes many
optimizations much easier to do than traditional 3-address code IRs.

The key idea behind SSA is to adapt an idea from functional programming: namely, every
variable is defined only once. This means that substitution is unconditionally valid, without first
requiring a dataflow analysis to compute where definitions reach. Furthermore, because variables
are immutable, they can have at most one value, which means that a program analysis only needs to
store an abstract value once per variable, rather than once per variable per progam point, reducing
memory overheads from quadratic to linear. Unlike in functional programming, though, scoping
of definitions in SSA is traditionally not lexical. Instead, scoping is defined by dominance: every
variable occurrence must be dominated by a single assignment in the control flow graph.

Traditionally, the semantics of SSA has been handled informally. Since it was conceived of as a
simple first-order imperative programming language, whether a rewrite is sound or not was usually
obvious, without needing any complex correctness arguments. Unfortunately, all of computers,
languages and compilers have become more complex since the late 1980s.

Essentially all modern computers are multicore and feature many levels of caching. As a result,
the semantics of memory can no longer be correctly modelled as a big array of bytes, and the
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2 Jad Ghalayini and Neel Krishnaswami

execution of a multithreaded program can no longer be viewed as an interleaving of its threads’
sequential execution traces. Finding good semantics for modern weak memory systems remains an
ongoing challenge. Furthermore, each programming language’s semantics must also have its own
model of weak memory which both abstracts over the differing weak memory models of all the
architectures the language gets compiled to, and also validates the optimizations which compiler
writers wish to perform. Finally, modern compilers exploit semantic properties like undefined
behaviour to transform programs much more aggressively than they did in the previous millenium.

As a result, it is no longer correct to justify compiler optimizations in terms of the simple
imperative model, and it is an open question which equations should hold of an SSA program.
Note that the pressure on SSA as an intermediate representation comes from all directions: the
machine semantics, the language semantics, and the compiler optimizations have all become more
complicated. Once all of these concerns are tangled together, it is very hard to decide if a particular
transformation should hold or not.

To resolve this issue, we propose studying the equational theory of SSA. Having a well-defined
equational theory for SSA will let us disentangle these concerns, because the equational theory can
serve as an interface which both compiler writers and hardware designers can use. The compiler
writers can rely upon the equational theory of SSA when justifying optimizations, without needing
to know all the details of the memory model at all times. Conversely, memory models could be
validated by seeing if they satisfy the equations of SSA, without needing to study every possible
compiler optimization.

Defining an equational theory for SSA is a nontrivial problem, for both minor and major reasons.
Traditionally, SSA is presented as a collection of basic blocks augmented with ¢-functions to handle
control-flow merges. This is a good representation for compiler engineering, but creates a large
number of papercuts when defining an operational semantics or equational theory. Operational
semantics for SSA have to keep track of the execution history to correctly interpret ¢-nodes, and
the lack of compound expressions makes it awkward to define and use primitives like parallel
substitution. In addition, when all one has is an operational semantics, the only natural notion of
program equivalence is contextual equivalence. Unfortunately, contextual equivalence is extremely
sensitive to the effects available in the language (and SSA often has to deal with very complex effects
like weak memory), and this makes it difficult to formulate a criterion for when the equational
theory is complete.

If we had a class of denotational models for SSA, then it would be possible to give an equational
theory, and show that it is complete (or not) relative to this class of models. But this is precisely the
classical methodology of type theory and categorical logic! To fully understand a programming
language, in general one wants a type theory equipped with an equational theory, a proof that it
is sound and complete with respect to a categorical axiomatization, and a variety of interesting
concrete models satisfying those axioms. Moreover, it would be best if the categorical axiomatization
was constructed from “standard parts”: the less novel the categorical axioms, the better, because
standard constructions are better-studied and have more theorems already proved about them. This
is exactly what we provide in this paper. Concretely, our contributions are as follows:

o First, we give a type-theoretic presentation of SSA, with both typing rules (in Section 3)
and an equational theory (in Section 4) for well-typed terms. We also prove the correctness
of suitable substitution properties for this calculus.

e Next, in Section 5, we give a categorical semantics for this type theory, in terms of distributive
Elgot categories, which are Freyd categories equipped with distributive coproducts and
a strong Conway iteration operator. This demonstrates that a categorical semantics for
SSA can be constructed from well-known structures. We use Freyd categories to model
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The Denotational Semantics of SSA 3

sequencing of imperative computations, we use coproducts to model conditionals, and we
use Conway iteration to model looping.

We show that any category with this structure is a model of SSA. This establishes that all of
the equations we give are sound with respect to the categorical structure.

e We also show, in Section 5.5, that syntax quotiented by the equational theory yields the
initial distributive Elgot category. This establishes that our set of syntactic equations is
complete, and that there are no equations which the denotational semantics validates, but
which cannot be proved syntactically.

Theoretically, this leads us to the surprising discovery that SSA is actually a syntactic
presentation of distributive Elgot categories, thereby establishing a surprising connection
between compiler IRs and category theory. (In fact, our calculus is also the first syntactic
presentation of distributive Elgot categories.)

Practically, it means that we can freely mix equational and semantic reasoning depending on
what is convenient for the problem at hand: a semantic proof which holds in all Assa-models
guarantees the existence of a corresponding syntactic sequence of rewrites.

e We proceed in Section 6 to show that this denotational axiomatization is useful in practice.
We give a model of TSO weak memory based on Kavanagh and Brookes [38] in Section 6.3,
We also give a family of concrete models based on Brookes-style traces [12], which can be
instantiated to support the release/acquire model of Dvir et al. [18]. This demonstrates that
it is possible to give realistic weak memory models, in a variety of semantic styles, which do
not disturb the structure of SSA in fundamental ways. Furthermore, our results constitute
the first proof that SSA-based loop transformations are compatible with weak memory.

e Finally, we have substantially mechanized our proofs using the Lean 4 proof assistant. We
have mechanized proofs of substitution for our type theory, as well as proofs that the syntax
forms the initial model, and that the SPARC TSO semantics forms a valid model of SSA. The
denotational semantics and its proof of the soundness of substitution are done on paper.

2 Static Single Assignment Form
2.1 From Three Address Code to SSA

Directly optimizing a source language can be difficult, because surface languages are often very large
and have features (such as type inference and overloading) which make it difficult to express sound
program equivalences. Elaborating a surface language to a simpler intermediate representation
makes it easier to write program analyses and optimizations. One of the earliest compiler IRs
introduced is three-address code [3] (also known as register transfer language (RTL)).

3-address programs consists of a control-flow graph (CFG) G with a distinguished, nameless entry
block. Each node of the CFG corresponds to a basic block 8, which is a straight-line sequence of
instructions x = f(y, z) (hence the name 3-address code, referring to the typical three variables x, y, z)
followed by a terminator r, which can be a (conditional) branch to another basic block. We give a
grammar for 3-address code in Figure 1, with some slight adjustments to the usual presentation:

e Constants c are interpreted as nullary instructions c().

e We only support nullary tuples () and binary tuples (v, v") as composite values; n-ary tuples
(x,y,z) can be encoded as nested binary tuples ((x, y), z).

e We allow conditional branches if o {r} else {t’} to be nested. This allows us to emulate
switch-statements switch(o){c; : 71, ..., ¢, : 7,,} as nested if-statements without introducing
spurious basic blocks. Likewise, for uniformity, a return-statement may appear in the branch
of a conditional branch.
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4 Jad Ghalayini and Neel Krishnaswami

let n = 10; n =10;
let muti=1; i=1;
let mut a =1; a=1;
while i < n { br loop;
a=ax(i+1) loop: ifi<n{brbody}else{reta};
i=i+1; body: t=i+1;
} a=ax*t,
ret a i=i+1;
br loop
(a) As an imperative program (b) As 3-address code

Fig. 2. A simple, slightly suboptimal program to compute 10! via multiplication in a loop, represented as
typical imperative code and in 3-address code.

vi=x | (0,0) | ()

ox=v | fo|yv| o | aborto

Bu=x=0f| (xy)=0;f | 7
Tu= bre | reto | if o {r} else {r'}
Gu=f |G t:p

Fig. 1. Grammar for 3-address code

As a concrete example, consider the simple imperative program to compute 10! given in Figure 2.
We can normalize our code into 3-address code, as in Figure 2b, by:

e Converting structured control flow (e.g., while) into unstructured jumps between basic
blocks.

o Converting composite expressions like a * (i + 1) into a sequence of definitions naming
each subexpression. Here, expressions like a + b are syntactic sugar for primitive operations
+(a,b).

While functional languages typically rely on lexical scoping, where the scope of a variable is
determined by its position within the code’s nested structure, 3-address code uses a different
scoping mechanism based on dominance. In particular, a variable x is considered to be in scope
at a specific point P if and only if all execution paths from the program’s entry point to P pass
through a definition D for x. In this case, we say that the definition D dominates P. The relation on
basic blocks “A dominates B" can in fact be viewed as a tree rooted at the entry block: every pair of
basic blocks A, B have a least common ancestor C which dominates them both; we call this tree the
dominator tree [16].

Even though three address code was designed to simplify flow analysis, many optimizations
remain difficult to express in this format. Because a variable’s value may be set by multiple definitions
throughout the program’s execution, variables do not have stable values, and so it is not in general
safe to substitute a definition for a variable. To improve our ability to reason about programs, we
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The Denotational Semantics of SSA 5

introduce the static single assignment restriction, originally proposed by Alpern et al. [4], which
states that every variable must be defined at exactly one point in the program. Because there is a
unique definition for each variable, substitution is valid.

We can we intuitively think of each variable as being defined by an immutable let-binding, and
a variable x is in scope at a program point P, if and only if it sunique definition site Dy strictly
dominates P.

A given basic block can be converted to SSA form by numbering each definition of a variable,
effectively changing references to x to references to x;, i.e. “x at time ¢” For example, we could
rewrite

x =3y +5; let xo =3y + 5;
X =3x+2; ~ let x; = 3xy + 2;
ret (3x +1) ret (3x; +1)

This transformation enables algebraic reasoning about expressions involving each x;. However,
since we can only define a variable once in SSA form, expressing programs with loops and branches
becomes challenging. For example, naively trying to lower the program in Figure 2b into SSA form
would not work, since the reference to i in the right-hand-side of the statement i = i + 1 can refer
to either the previous value of i from the last iteration of the loop or the original value i = 1. The
classical solution is to introduce ¢-nodes, which select a value based on the predecessor block from
which control arrived. We give the lowering of our program into SSA with ¢-nodes in Figure 3b.

Cytron et al. [16] introduced the first efficient algorithm to lower a program in 3-address code to
valid SSA while introducing a minimum number of ¢-nodes, making SSA practical for widespread
use as an intermediate representation. Unfortunately, ¢-nodes do not have an obvious operational
semantics.

Additionally, they require us to adopt more complex scoping rules than simple dominance-based
scoping. For example, in the basic block loop in Figure 3b, iy evaluates to 1 if we came from the
entry block and to i; if we came from body. Similarly, ay evaluates to either 1 or a; based on the
predecessor block. This does not obey dominance-based scoping, since iy and i; are defined after the
¢-nodes iy, ay that reference them, which seems counterintuitive — after all, variables are typically
used after they are defined. In fact, since the value of a ¢-node is determined by which basic block
is our immediate predecessor, we instead need to use the rule that expressions in ¢-node branches
with source S can use any variable y defined at the end of S. Note that this is a strict superset of the
variables visible for a normal instruction x, which can only use variables y which dominate x - i.e.,
such that every path from the entry block to the definition of x goes through y, rather than only
those paths which also go through S.

While this rule can be quite confusing, and in particular makes it non-obvious how to assign an
operational semantics to ¢-nodes, the fact that the scoping for ¢-node branches is based on the
source block, rather than the block in which the ¢-node itself appears, hints at a possible solution.
By moving the expression in each branch to the call-site, we can transition to an isomorphic syntax
called basic blocks with arguments (BBA), as illustrated in Figure 5b. In this approach, each ¢-
node - since it lacks side effects and has scoping rules independent of its position in the basic
block, depending only on the source of each branch - can be moved to the top of the block. This
reorganization allows us to treat each ¢-node as equivalent to an argument for the basic block,
with the corresponding values passed at the jump site. Converting a program from BBA format
back to standard SSA form with ¢-nodes is straightforward: introduce a ¢-node for each argument
of a basic block, and for each branch corresponding to the ¢-node, add an argument to the jump
instruction from the appropriate source block.
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6 Jad Ghalayini and Neel Krishnaswami

n = 10; let n = 10;

i=1; br loop

a=1; loop : let iy = ¢(entry : 1, body : iy);

br loop; let ap = ¢(entry : 1, body : a1);
loop: ifi<n{brbody }else{reta}; if ip < n { br body } else { ret a };
body: lett=1i+1; body: lett=1iy+1

a=ax*t let ay =ag *t

i=i+1; letiy =ip+1

br loop br loop

(a) 3-address code (b) Converted to SSA form

Fig. 3. Conversion of three address code for the program in Figure 2 to SSA form, requring the insertion of
¢-nodes for i and a due to control-flow dependent updates. Note how SSA-form can be viewed as “three
address code in which all let-bindings are immutable”

We give a formal grammar for basic blocks-with-arguments SSA in Figure 4 !. One of the
other changes we make is replacing conditional branches if o {r} else {¢’} with case-statements
case o {yy y : 7,1, z : 7'}. In particular, a case-statement if o {r} else {z'} may be desugared into a
case-statement on a Boolean value o : 1 + 1.

Note that this grammar no longer needs a separate terminator for returns: we can treat the return
point as a distinguished label (with argument) that a program can jump to.

vi=x | (0,0) | ()

ox=0 | fo|yov | o | aborto

=

w=letx =0, | let (x,y)=0;8 | T
tu=brto | caseo{yy:7,,z:7'}

Gu=G{{(x):B| B

Fig. 4. Grammar for basic blocks-with-arguments SSA

This allows us to use dominance-based scoping without any special cases for ¢-nodes. When
considering basic blocks, this means that a variable is visible within the block D where it is defined,
starting from the point of its definition. It continues to be visible in all subsequent blocks P that are
strictly dominated by D in the control-flow graph (CFG). For example, in Figure 5b:

o The entry block strictly dominates all other blocks by definition; thus, the variable n is
visible in loop and body.

e loop strictly dominates body; therefore, the parameters iy, ay to loop are visible in body
without the need to pass them as parameters.

!Many variants of SSA do not allow variables to appear alone on the right-hand side of assignments, such as x = y; 8. We
do not incorporate this restriction, though we could by normalizing even further and substituting [ y/x]f instead.
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The Denotational Semantics of SSA 7

let n = 10; let n = 10;

br loop; br loop(1,1);
loop : let iy = ¢(entry : 1,body : iy); loop(ig, ap) : if ip < n { br body }

let ag = ¢(entry : 1, body : a;); else { ret ag };

if ip < n { br body } body: lett=ip+1

else { ret ag }; let ag =ag *t
body: lett=iy+1 leti; =ip+1

let ag =ag *t br loop(iy, a;)

leti; =ip+1

br loop

(a) With ¢-nodes (b) Basic-blocks with arguments

Fig. 5. The program in Figure 2 written in standard SSA (using ¢ nodes), like in LLVM [41], and in basic-blocks
with arguments SSA, like in MLIR [42] and Cranelift [59]. The arguments iy, ay corresponding to the ¢-nodes
ig, ag are colored in red and blue, respectively.

e body does not strictly dominate loop, since there is a path from the entry block to loop that
does not pass through body.

2.2 Type-theoretic SSA

An important insight provided by the BBA format, as discussed by Appel [5] and Kelsey [39], is that
a program in SSA form can be interpreted as a collection of tail-recursive functions, where each
basic block and branch correspond to a function and tail call, respectively. This yields a natural
framework for defining the semantics of SSA and reasoning about optimizations.

A program in BBA is not quite a functional program, because scoping is dominance-based rather
than lexically scoped. However, it turns out to be very easy to convert dominance-based scoping
into lexical scoping. Observe that the function corresponding to a given basic block B can only
be called by other blocks B’ having that basic block’s parent P = parent(B) as an ancestor in the
dominance tree (as, otherwise, the parent would not actually dominate the block, since we could
get to B through B’ without passing through P). Moreover, the variables visible in B are exactly the
variables visible at the end of P; i.e., the variables visible in P and those defined in P.

So if we make the dominance tree explicit in the syntax and tie the binding of variables to this
tree structure, then lexical and dominance-based scoping become one and the same. We use this
observation to introduce lexical SSA in Figure 6. The key idea of this syntax is to, rather than
treating the control-flow graph G as a flat collection of basic blocks (with a distinguished block),
to instead consider (subtrees of) the dominance tree r, with the root of the tree implicitly being
the entry block. We call such subtrees regions: we note that they have a single entry (the root) and
multiple exits (the leaves), and so generalize the more standard concept of a single-entry-single-exit
region in a CFG.

In particular, a region r generalizes a basic block § by annotating the terminator 7 with a list L of
labeled branches “¢;(x;) : {t;}, yielding a where-block “r where L”. Each ¢; can only be branched to
by 7 and the regions ¢;, thus syntactically enforcing that the basic block at the root of r (made up of
its instructions and terminators) dominates all the basic blocks in the subregions #; (which can only
be reached through r). The data of a region r is thus exactly the data contained in a basic block
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8 Jad Ghalayini and Neel Krishnaswami

struct BasicBlock {
// unary/binary let-bindings, collected into a list
vector<Instruction> instructions;
Terminator terminator;
// Dominated basic blocks, forming a subtree of the dominance tree
// Note that only ~terminator”™ is allowed to jump to blocks in “children~”
map<Label, (Argument, BasicBlock)> children;

Fig. 7. Data encoded by the grammar in Figure 6

B (its instructions and terminator) together with a set of subregions dominated by r; in C++-like
pseudocode, we might represent a region as in Figure 7.

Regions allow us to enforce dominance-based scoping simply by making the variables defined
in r visible only in the t;, which, as previously stated, must be dominated by r; i.e., dominance
based scoping becomes lexical scoping of where-blocks. It is easy to see (we demonstrate this more
rigorously in Section 4.4) that, given a CFG G, there exists some way to annotate its topological sort
w.r.t. the dominance relation with where-blocks to obtain a region r which is lexically well-scoped
if and only if C is a valid SSA program; we illustrate this process on our running example in Figure 8.
Conversely, erasing the where-blocks from a region r and giving the root a name trivially yields a
(topologically sorted!) SSA program, establishing an isomorphism between lexical SSA and standard
SSA.

vu=x | (00) |

ox=v | fo|yov| o | aborto

r,s,tu= letx =o;t | let (x,y) =o0;t | 7 where L
tu=brto | caseo{yy:7,1,,z:7'}

L= | Lit(x): {t}

Fig. 6. Grammar for lexically-scoped SSA

Lexical scoping allows us to apply many of techniques developed in type theory and functional
programming for reasoning about program transformations. Indeed, the result of our conversion to
lexical scoping looks a lot like the correspondence between SSA and CPS described in Kelsey [39].
We can use this correspondence to guide us in developing an equational theory for SSA programs,
with the goal of enabling compositional reasoning about program transformations such as:

e Control-flow rewrites, such as jump-threading or fusing two identical branches of an if-
statement

o Algebraic rewrites, such as simplifying arithmetic expressions

e Combinations of the two, such as rewriting “if x > 0 then 0 — x else x” to “abs(x)”.

To help achieve this, we will slightly generalize our syntax by:

(1) Fusing the syntactic categories o, v of operations and values into the syntactic category a of
expressions
(2) Fusing the syntactic category 7 of terminators into the syntactic category of regions r.
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The Denotational Semantics of SSA 9

let n = 10; let n = 10;
br loop(1,1) br loop(1,1)
loop(ig, ag) : if ip < n { br body } where loop (ig, ap) : {
else { ret aq } if ip < n { br body }
body : lett =1ip+1 else { ret qp }
leta; =ag =t where body : {
leti; =ip+1 lett =ip+1
br loop (i1, a;) let ay = ag *t
let i; = ip + 1

br loop(iy, a;)

(a) Dominance-based scoping (b) Lexical scoping

Fig. 8. Conversion of an SSA program from dominance-based scoping to explicit lexical scoping

(3) Extending expressions a to allow let-expressions “let x = a; b” and case-expressions
“casea {yx:b1,y:c}”
This leaves us with our final language, Assa, the resulting grammar for which is given in Figure 9.
It is easy to see that these changes add no expressive power to lexical SSA: we can desugar 1 by
introducing names for anonymous sub-expressions, 2 by introducing names for anonymous sub-
regions, and 3 by floating out let-bindings and case-statements in the obvious manner, introducing
labels as necessary; we discuss this in more detail in Section 4.4.

Change 1 allows us to effectively reason about substitution: replacing the value of a variable
(which is a value v) with its definition (which is an instruction o). This can be used as a building
block for optimizations such as common subexpression elimination and global value numbering;
combined with change 3, we can also reason algebraically about “branching” operations like
conditional move and absolute value.

On the other hand, 2 lets us replace an unconditional branch br ¢ a (which is a terminator 7) with
the code pointed to by the label £ (which is a region r), allowing us to perform the jump-threading
optimization

let x = a;br £ b where £(y) : {r} = let x = a;let y = b;r where £(y) : {r}

While both sides of this equation are valid lexical SSA programs, by loosening our syntax slightly,
we can unconditionally replace jumps with regions, without worrying about jumps nested in case
statements or fusing where-blocks. This, especially combined with change 3, makes it much easier
to verify optimizations such as

case a {y x : br € (4 x), 1, x : br £ (1 x)} where £(y) : {case y {y z : ret (1, 2),4 z : ret (4 2)}}

~ case a {y x :case i, x {yy z:ret (1 2),1, z: ret (1 2)}

Jipx:case iy x {y z:ret (1, 2),1 z: ret (17 2)}}

~ case a {iy x :ret(y x), 1, x : ret(y, x)} ~ ret (case a {4y x : 1y x, 1, X : 1, X}) ~ ret a
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10 Jad Ghalayini and Neel Krishnaswami

by repeatedly applying a set of known-good rules, and, moreover, dramatically simplifies the form
of the rules themselves.

abcex=x| fa|letx=a;e
| O [ (ab)|let(xy) =a e
| yal| ia| aborta | casee{yx:a 1 y:b}

r,s,t = letx =a;t | let (x,y) =a;t | t where L | brfa | casee {y x:s,1, y:t}

L= | Lit(x):{t}
Fig. 9. Grammar for Assa

3 Type Theory

We now give a formal account of Assa, starting with the types. Our types are first order, and consists
of binary sums A + B, products A ® B, the unit type 1, and the empty type 0, all parameterised over
a set of base types X € 7. We write our set of types as Ty(X).

A (variable) context I is a list of typing hypotheses x : A, where x is a variable name and A is the
type of that variable. Similarly, we define a label-context to be a list of labels £(A), where A is the
parameter type that must be passed on a jump to the label ¢. The grammar for types, contexts, and
label-contexts is given in Figure 10.

ABC:=X | A®B|1|A+B |0
= | ILx:A
| L£(A)

|—
i

Fig. 10. Grammar for Assa types, contexts, and label-contexts

Our grammar in Figure 9 was implicitly parameterised over a set of primitive instructions f € 1.
In particular, for each pair A, B € Ty(X) we specify a set of primitive instructions f € 7 (A, B), with
a subset of pure instructions I, (A, B). To allow us to write Z for an effect € € {T, L}, we denote
I+ (A, B) := I (A, B).. In general, we define 7. = (Jp I (A, B),and T = |, L.

We’ll call a tuple Sg = (7, I') of types and instructions over these types an Assa-signature, and,
for the rest of this section, work over a fixed signature.

As shown in Figure 9, Assa terms are divided into two syntactic categories, each associated with
a judgement:

e Expressions a, b, c, e, which are typed with the judgement I' ¢ a : A, which says that under
the typing context I, the expression a has type A and effect e. We say a term is pure if it has
effect L; note that whether an expression is pure or not depends both on the expression
itself and on the purity of the variables used in the expression; this is to allow reasoning
about impure substitutions.

e Regions r, s, t, which recursively define a lexically-scoped SSA program with a single entry
and (potentially) multiple exits. This is typed with the judgement I' + r > L, which states
that given that T is live at the unique entry point, r will either loop forever or branch to
one of the exit labels in £(A) € L with an argument of type A.

The typing rules for expressions are given in Figure 11. In particular, expressions may be built
up from the following fairly standard primitives:
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I'(x)=A fel(AB) Trea:A F'tea:A T,x:Arcsb:B
l"l—eszvar I'te fa:B > I'teletx=a; b:B ‘et
_ T'tea:A Ttr.b:B
Tr ():1 ™ Tre (a,b): A®B
I'tee:A®B I'x:Ay:Brec:C
Trelet (x,y)=e;¢c:C
F'tea:A . Treb:B . Trea:0
F'teya:A+B I'tety, b:A+B I'te aborta: A
F'tee:A+B Ix:Avrca:C T,y:Areb:C

case

pair

lety

abort

Frecasee{yx:a, y:b}:C

Fig. 11. Rules for typing Assa expressions

A variable x in the context T', as typed by var.

A primitive instruction f € I.(A, B) applied to an expression I F a : A, typed by op
Unary and binary let-bindings, typed by let; and let; respectively

A pair of expressions I' +c a : A, T' . b : B, typed by pair. Operationally, we interpret this
as executing a, and then b, and returning the pair of their values.

An empty tuple (), which types in any context by unit

e Injections, typed by inl and inr

Pattern matching on sum types, typed by case. Operationally, we interpret this as executing
e, and then, if e is a left injection i x, executing a with its value (x), otherwise executing b.
An operator abort e allowing us to abort execution if given a value of the empty type. Since
the empty type is a 0-ary sum type, abort can be seen as a case with no branches. Since the
empty type is uninhabited, execution can never reach an abort. This can be viewed as a
typesafe version of the unreachable instruction in LLVM IR.

Traditional presentations of SSA use a boolean type instead of sum types. Naturally, booleans
can be encoded with sum types as 1 + 1. If-then-else is then a case which ignores the unit payloads,
so that if e; {e;} else {e3} :=case e; {y () : ezt () : €3}

We now move on to regions, which can be typed as follows:

e A branch to a label ¢ with pure argument a, typed with br.
e Unary and binary let-bindings, typed by let; and let, respectively

Pattern matching on sum types, typed by case. Operationally, we interpret this as executing
the expression e, and then, if e is a left injection ; x, executing r with its value (x), otherwise
executing s.

where-blocks of the form “r where (€(x;) : {t;});", which consist of a collection of mutually
recursive regions £;(x;) : {t;} and a terminator region r which may branch to one of ¢ or an
exit label.

3.1 Metatheory

We can now begin to state the syntactic metatheory of Agsa. One of the most important metatheo-

rems, and a basic sanity check of our type theory, is weakening; essentially, if something typechecks
in a context A, and I' contains all the variables of A (written I' < A, pronounced ‘T weakens A”),
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IT'ria:A Lt=A o I'tea:A T'x:Arre> L
IF'tbrfasL IF'tletx=ar>L
F'tee:A®B TIx:Ay:BrriL
Trlet(x,y) =er>L
I'tee:A+B TI''x:Arr>L TIy:Brs>L
Trcasee{yx:ruy:sk>L
Trro L (6(A), )ier Viell,xi:Airt;> L (¢6(A)),)jer
T+ r where (¢ (x;) : {t;},)ier > L

let;-r

lety-r

case-r

cfg

Fig. 12. Rules for typing Assa regions

then it should typecheck in the context I' as well. Here, the context with fewer variables appears
on the right, allowing us to compose typing judgements likeso

I'<sA = A+rroL = T'r+r>L

As our theory has two types of context; we’d also like to define label-weakening L < K, which we
should be able to apply in the same manner:

I'rroL = LK = T'+rreK

If a region r typechecks with exit labels L, and K contains every label in L, then r should obviously
also typecheck in K. It follows that in the judgement L < K the context with fewer labels appears
on the left-hand side of the judgement: this corresponds precisely to the fact that label-weakening
(injection into a coproduct) is semantically dual to variable-weakening (projection from a product),
and hence the order is flipped.

We give the (standard) formal rules for weakening I' < A, and their duals, in the first part of
Figure 13.

e wk-nil and Iwk-nil say that the empty (label) context weakens itself,

o wk-skip says that if ' weakens A, then T, x : A also weakens A for arbitrary (fresh) x. Dually,
Iwk-skip says that if L weakens K, then L also weakens K, £(A) for arbitrary (fresh) ¢.

e wk-cons says that if I' weakens A, then I" with x : A added weakens A, x : A. Likewise,
Iwk-cons says that if L weakens K, then L with £(A) added weakens K, £(A).

It is easy to see that (label) weakening defined in this manner induces a partial order on (label)
contexts. Our weakening lemma is then as follows:

LeEMMA 3.1 (WEAKENING). GivenT < A, € < €/, we have that:
(@) IfAvrca:A thenT Foa: A

(b)) fL<KandArr> L, thenT +r>K

(c) Ify:A— E, theny : T > =

(d) IfAro:L~ K, thenT Fo: L~ K

Proor. These are formalized as:

(a) Term.Wf.wk in Typing/Term/Basic.lean

(b) Region.Wf.wk in Typing/Region/Basic.lean

(c) Follows from Term.Subst.Wf.comp in Typing/Term/Subst. lean

(d) Follows from Region.Subst.Wf.vsubst in Typing/Region/LSubst.lean
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The Denotational Semantics of SSA 13

<A <A
wk-nil — wk-skip wk-cons
- < I''x:A<A I'x:A<Ax:A
Iwk-nil Al k-ski L<K Iwk
P L<Ke(A) % LA <K e

sb-nil sb-cons
S vLx—e: > Ax:A

I'r.-:-wK
T'to:Lv~»wK INx:Arr>K TrHo:LwK
T'to,t(x)—>r:LE(A) K

Is-nil

Is-cons

Fig. 13. Rules for typing Assa weakening and substitution

]

The validity of variable weakening hinges on the fact that all the variables in A are also available
with the same type in T, ie,if Arc x: A = T +¢ x : A, then anything which can be typed in A
can be typed in I'. So while weakening on terms is just the identity, weakening on derivations is
essentially replacing “variables from A” with “variables from I'” Since none of our typing rules,
other than var, make use of variable names, we might ask whether we can repeat essentially
the same reasoning to reason about the well-typedness of replacing variables in I' with arbitrary
pure expressions of the same type (i.e., perform a substitution). An assignment of such variables
Y : x = yy is called a substitution, which we can type with the judgement y : I — A as per the
rules given in Figure 13. In particular,

e sb-nil says that the empty substitution takes every context to the empty context.
e sb-cons says that if y takes ' to A and I' +, e : A, then y with the additional substitution
x — e adjoined takes ' to A,x : A
To use a substitution, we simply need to perform standard capture-avoiding substitution (see Figure
37 in the appendix). Substitution satisfies the substitution lemma as follows:

LEMMA 3.2 (SUBSTITUTION). Giveny :I' — A, we have that:
(@ Area:A = Tte[yla:A

(b) Arr>L = T+ [y]lr>L

© vp:A—E = [yly2: T E

(dorT:LvwK = [ylorA:LwK

Proor. These are formalized as:

(a) Term.Wf.subst in Typing/Term/Subst.lean
(b) Region.Wf.vsubst in Typing/Region/VSubst.lean
(c) Term.Subst.Wf.comp in Typing/Term/Subst.lean
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14 Jad Ghalayini and Neel Krishnaswami

(d) Region.Subst.Wf.vsubst in Typing/Region/LSubst.lean
O

Note in particular that this allows us to take the composition [y’]y : T’ + A of substitutions
Y :T" > Tandy:T > A; the composition associates as expected: [[y1]y2]ys = [y1]([y2]ys), and
has identity [id]y =y, yielding a category of substitutions with variable contexts I" as objects.

Given a substitution y : T — A and context = disjoint from I’ and A, we may define a “left
extension” operation ; yielding y; : 5, T — E, A which appends the identity substitution for each
variable in = in the obvious manner:

vl=y  ploa=xoxy (1)
We may similarly define a “right extension” operation ; yielding yEr :T, 2 A, E as follows:

=y Haacrxex (2)

.

In particular, we note that the identity substitution on I' can be written as -; in general, we have

[yla = [F;]a = [yEF]a. We will usually infer = from context.

One other particularly important form of substitution is that of substituting an expression a for
an individual variable x, which we will write [a/x] := (x — a) .

Finally, just as we can generalize weakening by substituting expressions for variables via sub-
stitution, we can generalize label weakening by substituting labels for (parametrized) regions via
label substitution. In particular, a label-substitution ¢ + I' : L ~» K maps every label £(A) € L
to aregion I',x : A + r > K parametrized by x : A. As shown in Figure 14, we may then define
label-substitution recursively in the obvious manner, mapping br ¢ a to [a/x]r as a base case.
Composition of label-substitutions is pointwise. This allows us to state label substitution as follows:

LEMMA 3.3 (LABEL SUBSTITUTION). GivenT + o : L ~» K, we have that
(@Trr>L = TF[o]r>K
(b)) Trk:Lw )] = Tt [o]xk: K]

Proor. These are formalized as:

(a) Region.Wf.lsubst in Typing/Region/LSubst.lean
(b) Region.Subst.Wf.comp in Typing/Region/LSubst.lean

]

We may similarly define left and right extensions I + crll L) K JandT + ali :L,J » K, Jand
for label substitutions T + ¢ : L »w» K in the obvious manner:

ol=c O'L[(A) = Gli,f(x) — brfx (3)
ol =0 O'J<’[(A) ={(x) — brfx,aﬂ< (4)

As for variable substitutions, we will often omit L when it is clear from the context. We also define
the shorthand [£/x] = [(k(x) > br £ x)!] for single-label substitutions.

4 Equational Theory
4.1 Expressions

We can now give an equational theory for Assa expressions. In particular, we will inductively define
an equivalence relation T F. a ~ a’ : A on terms g, a’ for each context I, effect ¢, and type A. For
each of the rules we will present, we assume the rule is valid if and only if both sides of the rule are
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(0,t(x) > r)(L,a) = [a/x]r (o,xk(x) > r)(t,a) =0(t,a) ()(t,a) =brta

[o](br £ a) =0({,a) [o](let x =a;r) =let x = a; [o]r
[a](let (x,y) =e;r) =let (x,y) =e; [o]r
[o](case e {y x:r,1, y:s}) =casee{y x: [o]r,, y:[o]s}

[o](r where (£;(x;) : {t:;},):) = ([o]r) where (£;(x;) : {[o]t:}, )

[o]() =+ [ol(o",t(x) > 1) = ([a]d’, t(x) = [o]r)

Fig. 14. Capture-avoiding label substititon for Assa regions and label substitutions; in particular, we assume
bound variables and labels are a-converted so as not to appear in o.

well-typed. We also assume that variables are a-converted as appropriate to avoid shadowing; our
formalization uses de Bruijn indices, but we stick with names in this exposition for simplicity.

The rules for this relation can be roughly split into rewriting rules, which denote when two
particular expressions have equivalent semantics, and congruence rules, which govern how rewrites
can be composed to enable equational reasoning. In particular, our congruence rules, given in
Figure 15, consist of:

o refl, symm, trans, which state that I +. - ~ - : A is reflexive, transitive, and symmetric
respectively for each choice of T, €, A, and therefore an equivalence relation.

o lety, lety, pair, inl, inr, case, and abort, which state that ' -, - = - : A is a congruence with
respect to the corresponding expression constructor, and, in particular, that the expression
constructors are well-defined functions on the quotient of expressions up to ~.

We also include the following type-directed rules as part of our congruence relation:

e initial, which equates all terms in a context containing the empty type 0, since we will
deem any such context to be unreachable by control flow. In particular, any instruction or
function call returning 0 is assumed to diverge.

e terminal, which equates all pure terms of unit type 1. Note that impure terms may be
disequal, since while their result values are the same, their side effects may differ!

We may group the rest of our rules according to the relevant constructor, i.e. let (unary and
binary) and case. In particular, for unary let, we have the following rules, summarized in Figure 16:

e let;-f, which allows us to substitute the bound variable in x the let-statement let x = a; b
with its definition q, yielding [a/x]b. Note that we require I -, a : A; i.e., a must be pure.

e let;-n, which is the standard n-rule for let. This is included as a separate rule since, while it
follows trivially from f for pure a, we also want to consider impure expressions.

e Rules let;-op, let;-lety, let;-lety, let;-abort, and let;-case which allow us to “pull” a let-
statement out of any of the other expression constructors; operationally, this is saying that
the bound expression we pull out is evaluated before the rest of the let-binding.

For example, let;-case says that, if both let z = case e {y; x : a, 1, y : b}; d and case e {4 x :
let z =a; d,1, y : let z = b; d}y, are well typed, then both must have the same behaviour:
(1) Compute e
(2) If e =y ¢, compute [e;/x]a, else, if e = 1, e,, compute [e,/y]b; store this value as z
(3) Compute d given our value for z
Note in particular that, since both sides are well-typed, d cannot depend on either x or y.
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Ttea:A Tteaxb:A Tr.bxc: A Trteaxb:A
—refl trans
Frea~a:A T'teaxc: A T'he b=
Tteaxad A F,x:Al—ebzb':B]
t
Tteletx=a; bxletx=d"; b :B o
I'tecaxa :A Tr.bxb :B
Tre (b))~ (d,b):A®B '
Ttee~e :A®B TIx:Ay:Brecxc :C
let
Trelet (x,y) =e; cxlet (x,y) =¢€'; ¢ :C ez
Ilteamxa : A . F'teb=?b':B A
I‘i—etlaztla':A+Bm Fl—etrbztrb’:A+er
Ttee~e :A+B T,x:Arcam~d :C T,y:Brcbxb :C
Ttecasee {yyx:a,,y:b}~casee {yx:a,,y:b'}:C e
Treaxa :0
abort
I+, abort a ~ abortad’ : A
IF'tea:A Tread :A Trie:0 't ,a:1 Tr d:1
; initial ; terminal
I'teaxa A Trteaxa :1
Fig. 15. Congruence rules for Assp expressions
T'rtya:A T,x:Avrcb:B Trea:A
lety-f lety-n
IFteletx=a; b~ [b/x]a:B Fteletx=a; x~a:A
fel(AB) Trea:A T,y:Brec:C
let;-
IF'telety=fa, cxletx=a;lety=fx;c:C crep
F'tea:A T)x:Arcb:B TLy:Brec:C
lety-let
Trelety=(letx=a; b); cxletx=a;lety=b; c:C cen
IF'tee:AXB INx:Ay:Crec:C I,z:Ctred: D
let;-let
Treletz=(let (x,y) =e; ¢); d=let (x,y) =¢; letz=c; d: D e
I'tea:0 T,y:Ar.b:B
let;-abort
I'telety =abortb; b~ let x =a; let y=abortx; b:B
IF'tee:A+B I''x:Avrea:C TLy:Breb:C T,2:Cred: D
let;-case

Treletz=(casee {y x:a,1,y:b}); d
~casee{yx:letz=a;d, i, y:letz=b;d}:D

Fig. 16. Rewriting rules for Assa unary let expressions

Handling the other type constructors is a little simpler: by providing a “binding” rule, we generally
th the other
we have:

only need to specify how to interact with let;, as well as an  and f rule; interactions wi
constructors can then be derived. For example, consider the rules for let, given in 17;

e lety-n, which is the standard n-rule for binary let-bindings
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Il'tea:A Treb:B I'x:Ay:Brec:C

Trelet (xv,y) =(ab); crletx=a;lety=>b; c:C fetz-palr
l'tee:A®B et
Frelet (x,y) =e; (x,y) *e: AQB
IF'tee:A®B Ix:Ay:Brcc:C ety-bind
Trelet (x,y) =e; cxletz=e¢; let (x,y) =2z; c:C
F'tea:A TILx:Arec:C T,y:Brcd:C '
I’!—ecasetla{tlx:c,t,y:d}zletxza;c:CCase_mI
F'teb:B Tox:Arec:C T,y:Bred:C ‘
l“l—ecasetrb{tlx:c,try:d}zletyzb;d:CCase_mr
F'tee:A+B
case-y

Ttecasee{yx:yuxu,y: 1, yt~e:A+B
I'tce:A+B T,x:Arcc:C TLy:Brcd:C

Trecasee{yx:cuy:di~letz=e casez{yx:c,y:d}:C

case-bind

Fig. 17. Rewriting rules for Assa binary let and case expressions

o lety-pair, which acts like a slightly generalized f-rule, since we can derive  reduction as
follows: givenpure I' +;, a: Aand T v, b: B, we have

(let (x,y) = (a,b); ¢) = (let x = a; let y = b; ¢) = ([a/x](let y = b; ¢)) =~ ([a/x][b/y]c)

We state the rule in a more general form to allow for impure a and b, as well as to simplify
certain proofs.

o lety-bind, which allows us to “pull” out the bound value of a binary let-expression into its
own unary let-expression; operationally, this just says that we execute the bound value
before executing the binding itself.

This is enough to allow us to define our interactions with the other expression constructors: for
example, to show that we can lift an operation f out of a binary let-binding, rather than adding a
separate rule, we can instead derive (types omitted for simplicity) it from let,-bind and let;-op as
follows:

(let (x,y) = f a; b) = (let zy = f a; let (x,y) = z; b)
~ (let z, = a; let zr = f zq; let (x,y) =z b)
~ (letzg = a; let (x,y) = f z4; b)

Similarly, it is enough to give 7, f, and binding rules for case expressions. In particular, we have
that

e case-inl and case-inr serve as f-reduction rules, telling us that case-expressions given an
injection as an argument have the expected operational behaviour. Note that we reduce to
a let-expression rather than perform a substitution to allow for impure discriminants.

e case-7 is the standard 5-rule for case-expressions.

e case-bind allows us to “pull” out the bound value of the discriminant into it’s own let-
expression; again, operationally, this just says that we need to evaluate the discriminant
before executing the case-expression.
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18 Jad Ghalayini and Neel Krishnaswami

It’s interesting that this is enough, along with the let-case rule and friends, to derive the distributivity
properties we would expect well-behaved case-expressions to have. For example, we have that

Q

f(casee{yx:a,1,y:b})~(letz=casee{yx:a, y:b}; f2)

Q

casee{yx:letz=a; fz,, y:letz=>b; f z}

casee{yyx:fau y:fb}

Q

and likewise for more complicated distributivity properties involving, e.g., let-bindings.

The case for the other constructors is even more convenient: no additional rules are required at
all to handle operations, pairs, and injections. For example, we can derive the expected bind-rule
for operations as follows:

fax(lety=fa y)=(letx=a;lety=fx;y)~(letx=a; fx)

This completes the equational theory for Asss terms; in Section 5.5, we will show that this is
enough to state a completeness theorem.

4.2 Regions

We now come to the equational theory for regions, which is similar to that for terms, except that we
also need to support control-flow graphs. As before, we will split our rules into a set of congruence
rules and, for each region constructor, rewriting rules based on that constructor’s semantics. Our
congruence rules, given in Figure 18, are quite standard; we have:

o As for terms, refl, trans, and symm state that I' + - = - > L is an equivalence relation for all
T, L.

o Similarly, lety, let,, case, and cfg state that I' - ~ - > L is a congruence over the respective
region constructors; as well as the equivalence relation on terms I' ¢ - = - : A.

e initial states that any context containing the empty type 0 equates all regions, by a similar
reasoning to the rules for terms. Note that we do not require an analogue to the terminal
rule (for example, for regions targeting L = £(1)), since it will follow from the version for
terms; this is good, since the concept of a “pure” region has not yet been defined.

Our rewriting rules for unary let-statements, given in Figure 19, are analogous to those for unary
let-expressions:

o let;-f allows us to perform S-reduction of pure expressions into regions; unlike for terms,
we do not need an 5-rule

e Exactly like for let-expressions, leti-op, let;-lety, let;-let,, let;-abort, and let;-case allow
us to pull out nested subexpressions of the bound value of a let-statement into their own
unary let-statement

Similarly to expressions, binary let-statements and case-statements need only the obvious f rule
and binding rule, with all the interactions with other constructors derivable; these rules are given
in Figure 20. Note in particular that 5-rules are not necessary, as these are derivable from binding
and the n-rules for expressions.

Dealing with where-blocks, on the other hand, is a little bit more complicated, as shown by the
number of rules in Figure 21. One difficulty is that, unlike the other region constructors, we will
need an n-rule as well as two S-rules. The latter are simple enough to state:

e For ¢ defined in a where-block, cfg-f; says that we can replace a branch to £ with argument
a with a let-statement binding a to the corresponding body t;’s argument x.

e For x not defined in a where-block, cfg-f, says that a branch to k within the where-block
has the same semantics as if the where-block was not there; hence, it can be removed.
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T'rr>L I'rr=sp>L IF'kFs=t>L T'rr=spo L
—refl trans _symm
I'tr=r>L TF'rr=t>L T'rs~re>L

T'teaxad :A TLbx:Arr=r'>L Ttee~e :A®B Ix:Ay:Brra~r>L

lety lety

Trletx=a;r=letx=a;r'>L Trlet (x,y) =e;r =~ let (x,y) =¢’;r' > L

T'teemxe :A+B Ix:Arr=r'>pL ILy:Brsas'>L

case
Trcasee{yx:r,y:st~casee {yx:r,,y:s}>L

Trr=r oL (6(A))ier Yiell,x;:Ajvrt; =t > L (£(A)),)jer
T+ r where (6(x; : Aj) : {ti}, )ier = " where (£i(x; : A;) : {t{},)ier > L ‘
T'rroL Trs>L d,Tx=0
T'krr=s>L

fg

initial

Fig. 18. Congruence rules for Assa regions

T'rtia:A ILx:Arr>L
I'tletx=a;r~[a/x]r>L
fel.(AB) Ttea:A TLy:BrrL
IF'tlety=far=xletx=alety=fx;r>L
I'teca:A TI'x:Arceb:B T,y:Brr>L
Trlety=(letx=a; b);r=letx=alety=>0b;r>1L
F'tee:A®B TI''x:Ay:Brec:C T,z:Crri>L
Trletz=(let (x,y) =e; c);r=let (x,y) =e;letz=c;r>1L

let;-f

let;-op

lety-lety

lety-let;

F'tee:A+B T)x:Avrea:C TILy:Brcb:C T,z:CrrL

let;-
I'rletz=(casee{yx:a y:b})r e
~casee{yx:letz=ar,,, y:letz=b;r} L
IF'tea:0 TLy:Arr>L
let;-abort

T+ let y = abort a;r = let x = a;let y = abort x;r > L

Fig. 19. Rewriting rules for Assa unary let-statements

To state our n-rule, however, we will need to introduce some more machinery. Given a mapping
from a set of labels 4 to associated regions t;, we may define the control-flow graph substitution
cfgs {(£;(x;) : {t;},):} pointwise as follows:

cfgs {(£:(xi) : {t:}.)i} k a:= (br k a where (£;(x;) : {t:},):) ®)

In general, we may derive, for any label-context L (assuming cfgs {-} acts uniformly on the labels
in L as described above), the following rule:

Viell,xj:Ajrt;> L, ([j(Aj)»)jeI
[k cfgs {(6(x;) : {ti}, )ier} : L (¢(A)), )jer v L

cfgs

(6)
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IF'tea:A T+ b:B T'x:Ay:Brr>L
Trlet (x,y) =(ab)r~letx=alety=b;r>L
I'tee:A®B Ix:Ay:Brr>L
Trlet (x,y) =esr=letz=elet (x,y) =z;r>L
IF'tea:A T'x:Arr>L TIy:Brs»>L
Trtcaseyaf{yx:ry:sprletx=areL
F'teb:B Tyx:Arr>L TLy:Brsp> L
Trtcase, b{yx:ry:st~lety=b;s>L
IF'tee:A+B TI'x:Arr>L TLy:Brs>L

IFrtcasee{yx:ry:st=letz=ecasez{yx:r,y:s}oL

lety-pair

lety-bind

case-inl

case-inr

case-bind

Fig. 20. Rewriting rules for Assa binary let-statements and case-statements

Our n-rule, cfg-n, says that any where-block of the form r where (4(x;) : {t;},); has the same
semantics as the label-substitution [cfgs {(£(x;) : {t;},)i}]r, which in effect propagates the where-
block to the branches of r, if any. While we called this rule cfg-n, it also functions similarly to a
binding rule in that it allows us to derive many of the expected commutativity properties of where;
for example, we have that

let y = a; r where (£(x;) : {br ¢; a;},); = [cfgs {(£;(x;) : {br ¢; a;},)i}](lety =a; r)
~ lety = a; [cfgs {(fi(x;) : {br ¢ a;},)i}]r
~ let y = a; r where (f;(x;) : {br ¢; a;},);

One particularly important application of the n-rule for control-flow graphs is in validating the
rewrite

'tea:A+B T,x:Ars>L TLy:Brt>L
Trcasea{yx:s,,,y:t}~(casea{yx:bréx,y:brt y})
where £(x) : {s},£'(y) : {t} > L (7)

case2cfg

In addition, we also add as an axiom the ability to get rid of a single, trivially nested where-block;
this is given as the rule codiag.

To be able to soundly perform equational rewriting, we will need the uniformity property, which
is described by the rule uni. In essence, this lets us commute pure expressions with loop bodies,
enabling rewrites (in imperative style) like

loop {x =x + 1;if p 3x {ret 3x}} ~ y=3x;loop {y =y +3;ifpy{rety}} (8)

Note that substitution alone would not allow us to derive Equation 8 above, since x and y change
each iteration, and hence, in SSA, would need to become parameters as follows:
br ¢ x where £(y) : {let x" =y + 1;if p 3x” {ret 3x’} else {br £ x"}}
~let y =3x;br k y where k(y) : {lety’ =y +3;if py {rety'} else {brx y'}} (9)
The actual rule is quite complicated, so let’s break it down point by point. Assume we are given:

o AregionT,y: Bt s> L k(B) taking “input” y of type B and, as “output,” jumping to a label
k with an argument of type B. We’ll interpret branches to any other label (i.e. any label in
L) as a (divergent) “side effect”
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o AregionT,x: A+t L, £(A) taking “input” x of type A and, as “output,” jumping to a label
£ with an argument of type A.
o A pure expression I, x : A+, e : B parameterised by a value x of type A

Suppose further that the following condition holds:
I,x:AF [e/y]ls = t where £(x) : {br x e} > L, k(B)

That is, the following two programs are equivalent:

(a) Given input x, evaluate e and, taking it’s output to be input y, evaluate s, (implicitly) yielding
as output a new value of y. In imperative pseudocode,

y=ey=s

(b) Given input x, evaluate ¢ and, taking it’s output to be the new value of x, evaluate e,
(implicitly) yielding as output a new value y. In imperative pseudocode,

x=Ly=e

Then, for any well-typed entry block ' + r > L, £(A) (which can produce an appropriate input x : A
at label ¢), we have that

T + (r where £(x) : {br k e}) where k(y) : {s} = r where t > L
i.e,, in imperative pseudocode,
x=r;y =e;loop {y =s} = x =r;loop {x =t} (10)
since
y=ey=$y=s... ¥ x=Ly=ey=s;... ¥ xX=Lx=Ly=¢€... & --- (11)

where s and t may branch out of the loop. Note that, due to let;-f, cfg-n, and cfg-f1, this is equivalent
to the rule
Ix:AF [e/y]s = [£(x) — brke]t> L x(B)
I+ (([£(x) — brk e]r) where k(y) : {s}) = (r where £(x) : {t})> L !
where I'treL€(A) Ix:AFr,e:B Iy:BFrs> L k(B) Ix:Avrt>LE(A)
(12)

Going back to our concrete example from Equation 9, if we first substitute the let-binding y = 3x
on the RHS, we get

o
ni

br £ x where £(y) : {let x" =y + 1;if p 3x” {ret 3x’} else {br £ x"}}
~ br k 3x where k(y) : {lety’ =y +3;if py’ {rety'} else {brx y'}} (13)

Now;, instantiate uni’ (Equation 12) by taking:

o s=lety =y+3; if py {ret y’} else {br x y’} to be the loop body on the RHS
e ¢ =3x

e r=brtx

o t=letx’ =y + 1;if p 3x" {ret 3x"} else {br £ x"} to be the loop body on the LHS
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F'rtia:Ar Viell,x;:Ajrt;> L, ([j(Aj)a)jEI

T br & a where (6(x1) : {4}, )ies ~ (let xp = a £z) where (6:(x;) : {t:}, )ier > L 57"
'ty b:B Viell,x;: Ajrti> L (£j(Aj),)jer Lxk=B x¢{ti|iel}
I+ br x b where (¢(x;) : {t;i},)ier *brxbi> L Ep
Trro L (6(A) )ier Vi€ LT, xi: Akt L (6(A)),)jer
T+ r where (6(x;) : {tih )ier ~ [cfgs {(6(x) : {t} e lro L
F'rr>Le(A) Ty:Ars> L £(A),x(A) coding

T + r where £(x) : {br k x where x(y) : {s}} = r where £(y) : {[£/x]s} > L

Frr>L#(A) T,x:Arlety =e; s~t where £(x) : {brke}> L x(B)
T + (r where £(x) : {br k e}) where k(y) : {s} ~ r wheret > L
where I'x:Ar,e:B, T,y:Brs>Lx(B), and T,x:Artr> L t(A)

uni

Lkre L (6(A), ier
U'Fo: (6(A), )ier v (kj(Bj).)jey Vj€JI,x;:Bjrt;> L (L(A), )ier
T+ ([o']r) where (x;(x;) : {[a"]t;}.)jes
~ r where (6(x;) : {[(k;(x;) = t;.)jes (0 & x0)}. ier

dinat

Fig. 21. Rewriting rules for Assa where-blocks

It’s easy to see that (([£(x) — br k e]r) where x(y) : {s}) and (r where t) are syntactically equal
to the RHS and LHS of our desired result (Equation 13). So, it suffices to verify that

[x:Atrle/yls~lety =3x+3; if py’ {rety’} else {brky’}
~lety =3(x+1); if py’ {rety’} else {brx ¢y}
~letx' =x+1; lety =3x"; if py’ {rety’} else {br x ¢y}
~let x' =x + 1; if p 3x” {ret 3x"} else {br x 3x"}
~ [£(x) — br k e]t
as desired. The reason why we require e to be pure in the uniformity rule is that impure expressions
do not necessarily commute with infinite loops, even if they commute with any finite number of

iterations of the loop. For example, if hi is some effectful operation (say, printing “hello”), it is quite
obvious that,

hi;x =x+ Lif x =y {ret y} = x =x + 1;if x =y {hi;ret y}; hi (14)
whereas
hi; loop{x = x + 1;if x =y {ret y}} # loop{x = x + 1;if x =y {hi;ret y}};hi (15)

since, in particular, we may have y < x, in which case the loop will never exit and hence hi will
never be executed.

The derivable rule uni’ (Equation 12) illuminates a very important potential use for uniformity;
namely, formalizing rewrites like those in Figure 22. In particular, consider a program of the form

T+ ([£(x) > brx e]r) where k(y) : {[£(x) > brxe]s}>L
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let n = 10;
br loop(1,1)
where loop (i, ao) : {
if ip <n{
br loop(iy + 1, ag * (ip + 1))
} else {

ret ag

}

(a) Program from Figure 8 after substituting lets.

let n = 10;
br loop (0,1)
where loop(x,y) : {
let (ig,a0) = (x + L,y = (x + 1));
if ip <n{
br loop (i, ag)
}else {

ret ag

}

(b) Equivalent to Figure 22c by dinaturality

23

let n = 10;
br loop(
let (x,y) = (0, 1);
(x+1,y=(x+1))
)
where loop (ig, ag) : {
if ip <n{
br loop(
let (x,vy) = (i, a0);
(x+1,y=(x+1))
)
}else {

ret ao

}

(c) Equivalent to Figure 22a by congruence

Fig. 22. Decomposing multi-block rewrites (from 22c to 22a, and therefore to the more optimal program
22b) into simple algebraic steps. By verifying each step, we can verify complex optimizations through

decomposition.

where

e T'rr>L (A
e ILy:Brsr> L t(A)
e I'x:At+, e:Bispure

Then we have that

[e/y][£(x) = br x (e)]s

~ [£(x) = brx [e/y](e)][e/y]s

~ [£(x) > brx (e)][e/yls
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1128
1129 ‘
1130 P

1131

1132
1133

[}

Q p
1134 \ = [
1135 1? Q?
1136
1137
1138
1139

1140

1141 Fig. 23. Dinaturality on a structured loop
1142
1143
" and therefore that
1145
e T'+ ([£(x) — brk e]r) where x(z) : {[£(x) > br k e]s}

1148 ~ r where £(x) : {[e/y]s}

1149 ~ r where £(x) : {let y = e;s}
1150

1151 In particular, for example, we can then easily derive the rewrite from Figure 22b to Figure 22c by

115, hoting the equalities (an equivalence would be enough, of course)

1147

1153

14 if i() <n {

s br loop(let (x,y) = (i, a0); (x+ Ly *x + 1))

1156 } else {ret(ag)}

1157 —

1158 ifi

o [loop(ig, ag) = let (x,y) = (ip,a0); (x + 1Ly *x+1)](if ip < n {
1160 br loop(iy, ao)

1161 } else {ret(ag)})

1162

1163 and

1164

1165 let n = 10;br loop(let (x,y) = (0,1); (x + L,y * (x + 1)))

1166 = [loop(ip, ag) > let (x,y) = (io, a0); (x + 1,y *x + 1)](let n = 10;br loop(0, 1))
1167

1168 Rewrites like this are an instance of the principle we call dinaturality, which, for structured control-
1160 flow, can be best expressed as an equivalence between the control-flow graphs in Figure 23. Unlike
1170 in the case of uniformity, however, this is true even when the program fragment P is impure, since,
1171 unlike in the case of general uniformity, we do not commute P over an infinite number of iterations.
1172 Our final rewriting rule, dinat, generalises the above rewrite from sequential composition on a
1173 structured control-flow graph to label substitution on an arbitrary control-flow graph.

1174 We require a separate rule for impure dinaturality as it allows us to relate unary and n-ary where-
1175 blocks and, in particular, use this relationship to interconvert between data-flow and control-flow.
1176
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This means we now have enough equations to derive the flattening of nested where-blocks:
Viell,x; : Ai v t; > L, (£(A)),)jer
Tvtr> L (6(A), ier, (xj(B)), )jer Vi€ LT, y;: B +si> L, (£;(A)),)jes, (ki (Bk), Jkex
I+ (r where (ki (yk) : {sk}), Jkex where (£:(x;) : {t:}), )ier
~ r where (ki (yk) : {sk}, Jkex, (Gi(x:) < {t:}), )ier > L

cfg-fuse

(16)
Rather than directly giving derivation trees for such auxilliary rules, it is more convenient to give a
denotational proof. However, the completeness of our equational theory (proved in Section 5.5)
means that the semantic equality implies the existence of the requisite derivation tree. A proof can
be found in Lemma C.7 in the appendix. This is one of the benefits of having a completeness result:
it lets us switch freely between equational and denotational modes of reasoning.

There are some other basic rules we may want to use which turn out to be derivable from our
existing set. For example, while re-ordering labels in a where-block looks like a no-op in our named
syntax, to rigorously justify the following rule actually requires dinaturality (with the permutation
done via a label-substitution):

T'rre L (6(A),)ier Viell,xj:Ajrti> L (¢(A)),)jer o permutation
rm-cf
T+ rwhere (6(x;) : {ti}.)ier = r where (6, (x6,) : {to;})ier> L " ° (17)

Note the implicit use of the fact that if some region r typechecks in some label-context L, then it
typechecks in any permutation of L, which is again proven by label-substitution.

4.3 Metatheory

We can now begin to investigate the metatheoretic properties of our equational theory. As a first
sanity check, we can verify that weakening, label-weakening, and loosening of effects all respect
our equivalence relation, as stated in the following lemma:

LEMMA 4.1 (WEAKENING (REWRITING)). GivenT < A, L <K, and € < €', we have that
(a) Ateaxad :A = T'reaxd A
() Arr=r>oL = I'rtr=r'>K
Proor. These are formalized as:
(a) Term.InS.wk_congr and Term.InS.wk_eff_congr in Rewrite/Term/Setoid.lean
(b) Region.InS.vwk_congr and Region.InS.lwk_congr in Rewrite/Region/Setoid.lean
[m}

It is straightforward to verify that these are indeed equivalence relations. In fact, it turns out that
substitution and label-substitution both respect these equivalences, in the following precise sense:

LEMMA 4.2 (CONGRUENCE (SUBSTITUTION)). Giveny =y’ : T +— A, we have that
(@ Areara :A = Trelylax[yla - A

b)) Arr=r>lL = Tr[ylr=[y]r>L

(©prp :AmE = [ylp~[y]p :THE

(d o~ +rA:LwK = [ylo=[y]lo’ FT:Lw K

Proor. These are formalized as:

(a) Term.InS.subst_congr in Rewrite/Term/Setoid.lean

(b) Region.InS.vsubst_congr in Rewrite/Region/Setoid.lean

(c) Term.Subst.InS.comp_congr in Rewrite/Term/Setoid.lean

(d) Region.Subst.InS.vsubst_congr in Rewrite/Region/LSubst.lean
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Triamd A yry T A
sb-nil sb-cons
x> vxaxy,x—ad T Ax:A

Y=y T A Y=y :T>A
sb-skip-I

sb-skip-r

vhx—axy :Te A yry,x—ad : T A

Ix:Arr=r>K ocxd +rT:LwK

——— Is-nil Is-cons
‘&b K o, t(x) > r=ao,t(x)—>r rT:L{A) wK
oxo rT:LwK ocxo rT:LwK
; Is-skip-I ; ; Is-skip-r
o, f(x)—>rxd rl:LwK oxd t(x)—>r'+rT:LwK
v~y :T,x:A— Ax:A . oxo rT:L£(A) » K, £(A) -
y=y T A o ox~o FT:LwK B

Fig. 24. Rules for the equivalence relation on Asss substitutions and label-substitutions

]

In particular, note that this lemma uses an equivalence relation on substitutions and label-
substitutions: this is just the obvious pointwise extension of the equivalence relation on terms and
regions respectively. We give the rules for this relation in Figure 24 in the interests of explicitness.

LEMMA 4.3 (CONGRUENCE (LABEL SUBSTITUTION)). Given o ~ ¢’ + T : L ~» K, we have that
(@Trr~r>L = T+ [o]lr=[d]r>K
b)) k=K' FT:Lw ] = [olkx[0'][K FT: K~

Proor. These are formalized as:

(a) Region.InS.lsubst_congr in Rewrite/Region/LSubst.lean
(b) Region.LSubst.InS.comp_congr in Rewrite/Region/LSubst.lean

]

This means, in particular, that, substitution and label-substitution are well-defined operators on
equivalence classes of terms, which will come in handy later as we set out to prove completeness
in Section 5.5.

4.4 Standard SSA

The relaxation of SSA to Assa allows us to state our equational theory and handle substitution
more conveniently. However, this approach may lead readers to question whether we have truly
provided a type-theoretic presentation of SSA as it is used in practice. The argument given in the
introduction for why this is the case can be re-stated as the following series of explicit claims:

(1) Every Assa region can be converted to an equivalent lexical SSA region

(2) Every lexical SSA region can be erased to a well-formed SSA program by removing “where”

(3) Every well-formed SSA program can be typed as a lexical SSA region purely by adding
“where” . Moreover, a way to do this can be found in nearly linear time.

(4) Two lexical SSA regions which erase to the same SSA program are equivalent

Claim 4 implies that the mappings given in Claim 2 and Claim 3 establish an equivalence (up
to our equational theory) between lexical SSA and traditional SSA. This means that the choice
of where-bracketing that converts an SSA program into a lexical SSA program is semantically
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irrelevant. In other words, where-bracketing only makes dominance syntactically apparent, letting
us give syntax-directed rules for typing SSA programs.

We establish this claim in two phases. First, we will show that Assa can be transformed (in linear
space) into an equivalent lexical SSA program. Next, we will show that ordinary and lexical SSA
can be transformed into one another by adding and removing where-blocks.

Converting Asga directly to lexical SSA can be unwieldy. Therefore, we break the transformation
down into two lowering passes:

(1) We first convert Assa into to a subset corresponding to A-normal form (ANF) extended with
mutually recursive where-bindings
(2) We then convert the resulting ANF regions into lexical SSA

4.4.1 From Agsa to A-Normal Form. Our first step is to extend the work of Chakravarty et al. [14],
by providing an algorithm for converting between Assy and ANF in an equivalence-preserving
way. We define the ANF regions, whose grammar is given in Figure 25, to be Assa regions with
expressions restricted to operations o; equivalently, we can view ANF regions as lexical SSA regions
with the syntactic category of regions r and terminators z fused. We may now introduce the
following predicates on syntax:

e ISANF(r) means that the region r is in ANF

o IsSSA(r) means that the region r is a lexical SSA region. We note that IsSSA(r) =
ISANF (7).

e IsVal(a) means that the expression a can be parsed as a value v

e IsOp(a) means that the expression a can be parsed as an instruction o. We note that
IsVal(a) = 1sOp(a).

We can define a syntactic function to convert an Assa region to ANF inductively as follows:

ANF(br £ a) = ANFet(x, a, br £ x)
ANF(let x = a; r) = ANFet(x, a, ANF(r))
ANF(let (x,y) = a; r) = ANFiet(z, a, let (x,y) = z; ANF(r)) (18)
ANF(case a {1y x : r,1; y : s}) = ANFiet(2, a, case z {4 x : ANF(r), 1, y : ANF(s)})
ANF(r where (£(x;) : {t;},)i;) = ANF(r) where (£(x;) : {ANF(t:)},);
where we define ANF ¢ (x, a, r) by induction on expressions a as follows
ANFiet(x,a,r) = (let x = a;r) if IsOp(a)
ANF et (x, f e,r) = ANFiet(y, e, let x = f y;r)
ANF et (x, (let y = e; a),r) = ANFiet(y, e, ANF et (x, a, 1))
ANFet (x, (€1, €2),7) = ANFiet (Y1, €1, ANFiet (y2, €2, ANFiet (x, (Y1, Y2), 7))
ANFiet(x, (let (y,z) = e; a),r) = ANFiet(w, e, (let (y,z) = w; ANFiet(x, a,7)))
ANF et (x, 17 e,7) = ANFiet(y, €, (let x = 15 ;7))
ANFiet (x, 1y ,7) = ANFiet(y, e, (let x = 1, ;7))
ANFiet(x,case e {1; y : a, 1, z : b},r) = ANFjet(w, e, case w
{11 y : ANFiet(x, a,br € x), 1, z : ANFiet(x, b, br £ x)}
where £(x) : {ANF(r)})
ANF et (x, abort e,7) = ANFiet(y, e, (let x = abort y;r))
(19)
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va=x | (0,0) | ()
ox=v | fo|yov| o | aborto
r,s,t = letx =o;t | let (x,y) =o;t | t where L | brfo | casee {yo:s,1, y:t}

L= - | Li(x): {t}

Fig. 25. Grammar for ANF regions

We note that, to get to ANF, we don’t actually need the new label, and can instead replace each branch
with ANF et (x, a, r); introducing the label is only necessary to guarantee that the transformation to
ANF is linear-space. The specification of the functions we just defined is given by the following
lemma:

LEMMA 4.4 (A-NORMALIZATION). Given an arbitrary region r, we have that

e ISANF(ANF(r))
o IfT+re L, thenT +r~ANF(r)> L

Similarly, given an arbitrary variable x, expression a and region r If we are also given an arbitrary
expression a, then

e IsANF(r) = ISANF(ANFe:(x,a,1))
o [fTtca:Aandl,x : A+ ri L, thenT r let x = a;r ® ANFiet(x,a,r) > L

ProoF. See Appendix C.2 O

4.4.2  From ANF to (Lexical) SSA. We would now like to define a syntactic linear-space transfor-
mation from regions r to equivalent lexical SSA regions SSA(r). We do this by giving a pair of
mutually syntactic transformations SSA(r) converting a region to SSA, and SSA,(r, L) from ANF
regions r targeting labels in L to lexical SSA.

SSA(r) = SSAL(ANF(r),-)

SSAL(t, (Li(x;) = {t;i},)i) =t where (&(x;) : {ti},): where ¢ is a terminator
SSA.((let x = a;r), L) = (let x = a; SSA.(r, L))
SSAL((let (x,y) = a;r), L) = (let (x,y) = a;SSA4(r, L)) (20)
SSAa((case a {y x :s,1, y: t}),L) = (case a {yy x : br & x,1, y : br £ y})
where L, f(x) : {SSA(s)}, £ (y) : {SSA(t)}
SSAL((r where (6 (x;) : {ti},)i), L) = SSAq(r, (L, (€i(x:) : {SSA(t:)},)i))
The specification of these functions is as follows:

LEMMA 4.5 (SSA CONVERSION). Given an arbitrary regionr,

e ISSSA(SSA(r))
o IfT+re L, thenT +r=SSA(r)> L

In particular,
o IfISANF(r) and Vi, IsSSA(t;), then ISSSA(SSA,(r, (£i(x;) : {t;},)i))
o IfT +ro L (6(A),) andVi,T + t; > L, (£(A;), )i, thenT + (r where (£(x;) : {t:},)i) =
SSAL(r, (4i(x;) = {t;},)i) > L

ProoF. See Appendix C.2 O
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4.4.3 From (Lexical) SSA to SSA. We now come to the final part of our argument: that lexical SSA
is equivalent to standard SSA, where we take the basic-blocks-with-arguments dialect described
in Figure 4 as standard. We begin by recalling how, in Figure 7, we illustrated how a lexical SSA
region can alternatively be interpreted as a tuple of:

e A basic block S (the entry block), consisting of,
— A sequence of instructions let x = o;
— A terminator 7
e A map from labels ¢ to subtrees r (the region’s children), L

More formally, given a lexical SSA region r, we can define the following functions to compute r’s
entry block and children as follows

entry(let x = a;r) = (let x = a;entry(r))
entry(let (x,y) = a;r) = (let (x,y) = a;entry(r)) (21)
entry(r where (£(x;) : {t;},)i) =7
children(let x = a;r) = children(r)
children(let (x,y) = a;r) = children(r) (22)
children(z where (£(x;) : {t;},):) = [&(x;) : {t:}, ]
We can similarly define a function to construct a lexical SSA program from a basic block f and a
set of children as follows:
bb(let x = a; 5,L) = let x = a;bb(f, L)
bb(let (x,y) = a; B, L) =let (x,y) = a;bb(f,L) (23)
bb(z,L) = 7 where L
It is easy to see that these functions are mutually inverse: for any lexical SSA region r, we have
r = bb(entry(r), children(r)) (24)
Some other useful facts about bb(-, -) include:
e It is a congruence: if r = v’ and each t; = t/, bb(r, (£;(x;) : {t;},):) = bb(r’, (£:(x;) : {t]},):)
e It is invariant up to permutations o: bb(r, (£(x;) : {t;},):) = bb(r, (£s,(x5,) : {ts;},)i)
o Similarly, if both sides of the equation are well-typed, i.e.,

— All t; do not use y or any of the variables defined in s
- All branches to #; come from « or ¢; (and not from either r or G)

bb(r, (G, x(y) : {s}, (&:(x;) : {t:}.))) = bb(r, (G, k(y) : {s where (£;(x;) : {t:;},)}))  (25)
and hence
bb(r, (G, x(y) : {s}, (fi(x;) : {t:},))) = bb(r, (G,x(y) : {bb(s, (£;(x;) : {t:},))})) (26)

In particular, we may apply this rule twice to obtain

bb(r, (G, k(y) : {bb(s,G")}, (£i(xi) : {t:},))) = bb(r, (G, x(y) : {bb(s,G". (£i(x:) : {t:}.)})) (27)
We may hence define a function cfg(-) from lexical SSA programs r to control-flow graphs G as
follows:

cfg(r) = entry(r), (fi(x:) : {cfg(t:)}.) (6 (x):(4:}) echildren(r) (28)
where we recursively flatten

G, t(x): {B,G'} =G, t(x): {B),G (29)

At the level of program text, all this function is doing is “removing where-blocks;” so we’ll call the
result reased. An SSA program is well-formed if:
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e All variable uses are well-typed
o All variable uses respect dominance-based scoping

It is easy to see that any erased program is well-formed, since our typing rules guarantee every
expression is well-typed, while our lexical scoping for values ensures that variables are only
visible in the children of the block § in which they are defined, which the lexical scoping of labels
guarantees are dominated by f.

On the other hand, we may give an algorithm to convert any well-formed SSA program G into a
well-typed lexical SSA program r = reg(G) as follows:

(1) Compute the dominance tree of G, rooted at its entry block S.
(2) For each child ¢(x;) : {B;} of S, let G; denote the CFG composed of the descendants of
Bi (with f; as entry block), given in the order they appear in G. Recursively compute
ri = reg(G;j).
(3) Return the program bb(f, (¢;(x;) : {r:},):)
We will write G ~ G’ to mean “G is a permutation of G’” (that is, G and G’ have the same entry
block, but the other labels may be reordered). It is easy to see that this algorithm yields a lexical
SSA program which erases to a permutation of G, i.e., cfg(reg(G)) =~ G, as desired. To complete
our argument, it hence suffices to show that, given lexical SSA regionsT' + r > L, ' + 7' > L, such
that cfg(r) =~ cfg(r’), we have that T + r ~ r’ > L. We break this down into two lemmas:

LEMMA 4.6 (PERMUTATION INVARIANCE). IfG =~ G’ andT + reg(G) > L, thenT + reg(G’) > L and
T+ reg(G) ~ reg(G’) > L
Proor. See Appendix C.2 O

LEmMA 4.7 (CFG CoNVERSION). Given a lexical SSA region r (i.e., assuming IsSSA(r)) s.t. T + r> L,
we have thatT v r ~ reg(cfg(r)) > L.

ProoF. See Appendix C.2 O

It follows that, given lexical SSA regions '+ r> Land I + 1’ > L, if cfg(r) = cfg(r’), we have
thatT + r = r' > L, as desired, since in particular

r ~ reg(cfg(r)) ~ reg(cfg(r’)) = r’ (30)

5 Denotational Semantics

Now that we have given an equational theory for SSA, we would like to build a denotational
semantics for SSA: a mapping from well-typed programs I' + r > L to mathematical objects
[T + r > L]. This naturally gives us another way to reason about whether two programs “r, r’”
are “the same:” we can ask whether [T + r> L] =[[T + v’ > L]. Our goal is to build a denotational
semantics which is both sound and complete; that is, such that

Ttrar'pl & [[+rreL]=[T+r>L]

More specifically, we’ll begin by defining a notion of a model M of SSA, and then define the
denotational semantics w.r.t. a model [T + r > L]| pq. We’ll then prove that, for any model of SSA, if
Trr=r' L, then

[TrreLm=[T+rr>L]m
In other words, our equational theory is sound, and so never allows us to prove an equation which
does not in fact hold. We’ll then give an model M such that

[TrroLlm=[T+rr>Lm = Trraer>L
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showing that our equational theory is also complete: if an equation holds in an arbitrary model of
SSA, it must in fact be derivable via our theory.

We’d further like our denotational semantics to be compositional: the denotation of a program
should be a fixed function of the denotations of its parts. To do this, we will give SSA a categorical
semantics, interpreting (label) contexts as objects and programs as morphisms between them in
some target category C. Different program structures, such as branching and sequential composition,
will correspond more-or-less directly to structures in our target category.

Before we begin, we fix some notational conventions:

e We denote the composition of two morphisms f: A— Bandg: B — Cas f;g: A— C
e We denote the coproduct of a morphism f : B — C with the identity idq as f + A: B+ A —
C+AorA+f:A+B— A+C.

5.1 Freyd-Elgot Categories

Moggi [51] showed that the Kleisli category of a strong monad over a CCC interprets effectful
higher-order functional programs. There are two mismatches in using this as a semantics for SSA.
On one hand, SSA has features not necessarily supported by Moggi models such as arbitrary,
unstructured cyclic control-flow. On the other hand Moggi models support features SSA (as a
first-order language) does not have, such as higher-order functions and first-class computation
values.

Given that we want to model SSA with some category C, we hence have to think about what
structure we need C to possess so that it has exactly our desired features. Obviously, we need a
way to take the product of two objects, to be able to model contexts as well as pairs. The usual
way to do this is via monoidal categories. However, monoidal categories typically have too many
equations: computations operating on independent data must always commute (this is the “sliding
rule”), which is obviously not true for effects such as printing, since

print(x); print(y) # print(y); print(x)
Instead, we will only require that our category be premonoidal, as introduced by Power and Robinson
[55]: “monoidal, without sliding.” Indeed, the Kleisli category of a strong monad on a CCC is not
always monoidal, as demonstrated by the writer monad on Set (which exposes print), but is always
premonoidal. We define a premonoidal category as follows:

Definition 5.1 (Symmetric Premonoidal Category). We define a binoidal category to be a category
C equipped with a binary operation ® : |C| x |C| — |C| on the objects of C and, for each A, B € |C],
functors A® —,— ® B: C — C. We say a morphism f : A — A’ in a binoidal category is central if,
for all g : B — B, it satisfies sliding:

f®BA®g=ARqg;f®B B®f;g®A ' =g®A;B' Qf
in which case we may write these morphisms as f®g: AQB — A’®B andg®f : BRA — B'QA’
respectively. A premonoidal category is, then, a binoidal category equipped with:

o An identity object I € |C|

o For each triple of objects A, B, C € |C|, a central, natural isomorphism a4 g¢c : (A®B)®C —
A Q® (B® C), the associator

e For each object A, central, natural isomorphisms 14 : A® I > Aand ps : [® A — A, the
left and right unitors

satisfying the triangle and pentagon identity

a1 A®Ap=pa®B QAA®B,C,D; AAB,CoD = AABC ® D;aapec,p; A® apgc,p
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We say a premonoidal category is symmetric if it is also equipped with a central, natural involution
0aB :A®B — B® A, the symmetry, satisfying the hexagon identity

QAB,C;OABeC; dBC,A = 0aB ® C;apac; B® oac

We say a premonoidal category is monoidal if every morphism is central.
One important theorem about premonoidal categories is coherence:

THEOREM 5.2. The subcategory A generated by associators, unitors, and their tensor products is
an equivalence relation, i.e., for all A,B : |A|, if f,g : A — B can be constructed using only identity,
composition, associators, unitors, and their tensor products, then:

(@ f=g
(b) f,g are isomorphisms in A

In particular, as a syntactic convenience, we will often simply write “a" for the (unique) morphism
between objects A and B, when it exists, satisfying the requirements of Theorem 5.2. For example,
given f:A—>B® ((C®I) ®D)andg: ((B® (I®C)) ® D) — E, we have

fia9:=f;B® (Ac ® D);agep; (B® pc') ® Dsg

Just like for higher-order functional languages, we can interpret types A as objects [A] : |C|.
Similarly, we can interpret variable contexts I' by taking products of objects, as follows:

[1=1 [T.x:A]=[r]e[A]

We would like to interpret an expression-in-context ' . a : A as a morphism in C from [ T'] to [A].
However, in standard SSA, it is possible for a variable to be unused, or used multiple times. Our
premonoidal structure, however, does not give us any way to project out of a product type, making
it impossible to interpret expressions-in-context like x : A,y : B + x : A. In order to project out
individual variables, we need Cartesian structure, but a premonoidal category can only interpret
linear expressions, that is, those which use every variable exactly once. However, it is too much to
require the whole premonoidal category to be Cartesian, because that would validate the sliding
rule, which is what we set out to avoid.

In the case of the Kleisli category over a CCC, the Cartesian structure of the CCC becomes the
premonoidal structure of the Kleisli category. This lets us use the Cartesian structure to project out
the variables, while the product in the Kleisli category still does not satisfy sliding. By analogy with
this case, we can suppose that there is a subcategory C, of the premonoidal category C, which has
the property that the premonoidal structure in C behaves like a Cartesian product in C, .

If we generalize this structure to an arbitrary premonoidal category, we get the notion of a Freyd
category, as introduced in Levy et al. [47]:

Definition 5.3 (Freyd category). A Freyd category is a premonoidal category C equipped with a
wide subcategory C, C C of pure morphisms such that
e (), contains all associators, unitors, and symmetries
e [is a terminal object in C, . In particular, this implies the terminal morphisms !4 : A — I
are pure.
e For each A, B, A ® B is a cartesian product of A, Bin C;
e For pure morphisms f, g, f ® g = (75 f, 7,3 9)
Where C is clear from context, we will write A —, B to denote a pure morphism C, (A, B).
Alternatively, it is equivalent to require

e (), contains all associators, unitors, and symmetries
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e [is a terminal object in C;
e For each A, there exists a pure morphism A4 : A —» A ® A forming a comonoid with the
(pure) terminal morphism !4 : A — Lie: Agsla ® A p = A AQ 14 A =idy
e For every pure morphism f : A —, B, f;Ap=Aa;f ® fand f;!5 =la.
In both cases, we have that ;) = A® !g; A, 1 =4 ® B; p, (f,g) = Aa; f ® g, and Ay = (ida,ida)
For convenience, given f : A — B in a Freyd category, we will define the notation
let(f) :=A;AQf:A—> AQ®B (31)
Note that this is pure if and only if f is. This has the following useful properties:
o let(f); m, = f and, for f pure, let(f);r; =id
o let(f;g) =let(f);A® g andlet(idg) = Aa
o let(let(f)) = let(f);As ® B;aaap, and, therefore, given g : A ® B — C, we have
let(let(f); g) = let(f);let(g);m ®C

We now have everything we need to model effectful first-order expressions. For reasoning about
substitution, we will also demand that the denotation of “pure" expressions I' +, a : A lies in
CL([T], [A])- In general, we will write:

e Cr to mean just C, allowing us to write Ce for an effect € € {L, T}.
e Morphisms in C. as A — B, where C is clear from context.

At this point, we still have no way to interpret control-flow, i.e. case-expressions. Furthermore, if
we want to model regions as morphisms, we need some way of modelling label-contexts L. At first
glance, it seems sufficient for branching control-flow to require the existence of coproducts, and
indeed, assuming the existence of all coproducts and an initial object, we may model label-contexts

as follows:
[1=0 [Le)]=[L]+[A]l

Regions can now be interpreted as morphisms in C from [[T] to [L], as desired. Just like for
products, we will write “a*” for the (unique) morphism between objects A and B, when it exists,
satisfying the requirements of Theorem 5.2 where coproducts are taken as the monoidal structure;
we will sometimes also write aj; for clarity.

It turns out that our coproducts must be distributive to allow us to use variables in scope before
a branch. In particular, we define a distributive premonoidal category as follows:

Definition 5.4 (Distributive category). A premonoidal category C with all coproducts is distributive
if, for all A, B, C, the obvious morphism

dapc=[(A+1y),(A+14)]: (A®B)+(A®C) > A® (B+C)

has an inverse 6. We will say a Freyd category C is distributive if it has all coproducts and the
subcategory of pure morphisms C, is distributive (which implies, in particular, that C is distributive
when taken as a premonoidal category).

We note in particular that every cartesian closed category with coproducts is a distributive Freyd
category, as is the Kleisli category of a monad over a CCC with coproducts. For any finite coproduct
>;B;, we will introduce the notation J5, : 2;(A ® B;) —» A ® X;B; and 52‘1 :A®X;B; — 2i(A®B;)
to denote the obvious morphisms.

This gives us enough machinery to express any acyclic control-flow graph, however, we still
have no way to model loops. What we would like is to equip our category with an iteration operator
taking a morphism f : A — B + A, representing a “loop” which, given input A, either produces a
result B or continues to another iteration with a new A, to its fixpoint f T:A— B. Naturally, we
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require that this operator satisfies various properties, and in particular is strong, that is, compatible
with the distributor. Formally, we define a (strong) Conway iteration operator as follows:

Definition 5.5 (Conway iteration). A category C with all coproducts is said to have a iteration
operator if we can define an operator (—)' taking every morphism f : A — B + A to a morphism
fT: A — B, the fixpoint of f, with the following property: given f : A — B + A, we have
T = f;[id, f']. We say this operator is a Conway iteration operator if it additionally satisfies the
following properties:

e Naturality: given f : A — B+ Aand g : B — C, we have (f;g+id)" = fT;9: A— C
e Dinaturality: given morphisms g : A — B+Cand h : C — B+ A, we have that (g; [11,h])" =

g lidp, (hs [1,9])"]
e Codiagonal: given f : A — (B + A) + A, we have ()" = (f;[id,1,])": A — B

If C is distributive, we say this operator is strong if
VF:A—=B+A(Cef;6 ) =Cef'

Given a wide subcategory K C C, we say C is K-uniformif, forallh: A -4 B, f : B— C+ B,
and g: A — C + A, we have that

hf=¢C+h = hff =4

We will call Freyd categories equipped with an appropriate Elgot structure strong Elgot categories.
In particular, we define

Definition 5.6 ((Strong) Elgot structure). A Freyd category C with all coproducts is said to have
an Elgot structure if it has a Conway iteration operator which is C, -uniform. If C is distributive, we
say C is strong Elgot if its iteration operator is strong. In particular, we say a monad is Elgot if its
Kliesli category has an Elgot structure. Similarly, we say a strong monad is strong Elgot if its Kliesli
category has a strong Elgot structure.

It turns out that, to check something is a strong Elgot category, we do not need to explicitly
verify dinaturality. In particularly, we may verify the following:

PROPOSITION 5.7. If (=) is an iteration operator which satisfies naturality and codiagonal and is
K-uniform for K co-Cartesian, then it also satisfies dinaturality.

ProoOF. See Lemma 31 of Goncharov and Schréder [28] O

Since in a distributive Freyd category C, must be distributive (and hence co-cartesian), dinat-
urality follows from the other axioms of an Elgot category. Given a distributive Freyd category
equipped with a (strong) Elgot structure, we will often want to consider the fixpoint of a morphism
f:R®A — B+ A, where our “context” R does not change between iterations. To do this, we first
need to build up a morphism

rcase(f) :=let(f);;; ® (B+A);6 ' :R®A—>R®B+R®A (32)

which computes f and then distributes a copy of the read-only state R to each branch of the result.
We may then define the fixpoint

rfix(f) := (rcase(f))"; 7, : R® A —> B (33)

We consider some more properties of rcase(f) and rfix(f) in Appendix B.
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||

subprogram 1 Zero morphism
Region = / \\ T
| subprogram 2 subprogram 3

— | /

subprogram 4

Codiagonal morphism - - >~ T—J

Fig. 26. A string diagram using the coproduct as symmetric monoidal structure, interpreted as a CFG

5.2 String Diagrams

String diagrams provide a graphical calculus for reasoning about (symmetric) monoidal categories,
which allows us to succinctly express complex morphisms and rewrites. Since both cartesian and
co-cartesian categories are monoidal (with the product and coproduct as tensor, respectively), we
can use string diagrams to reason about both. In the co-cartesian case, string diagrams behave much
like control-flow diagrams, with boxes representing sub-programs, input wires entry points, and
output wires exit points. In particular, a region is just a box with a single input wire. Continuing this
analogy, we draw the codiagonal morphism [id4, id4] as joining two wires, and the zero morphism
as a wire coming from nowhere, as in Figure 26.

The power of string diagrams comes from the fact that many syntactically distinct ways to write
equal values are obviously graphically equivalent by isotopy: essentially, moving boxes and wires
around. String diagrams also give us an elegant way to represent and reason about Elgot structures.
It turns out that Elgot structures induce a trace on the coproduct [30]: given f : A+ C — B+ C, we
can define

T s(f) = us [fiB+u 1" =us fi[id, (u; )] : A — B (34)

Since this satisfies the axioms of a trace over a symmetric monoidal category, we can draw it, and
therefore the Elgot operator, as in Figure 27. Continuing with the control-flow diagram analogy,
such traces can be interpreted as loops, with the Elgot axioms, now drawn as diagrams in Figure 28.

Unfortunately, unmodified string diagrams do not work for premonoidal categories, and hence
for Freyd categories. The reason is because, since not all morphisms are central, premonoidal
categories do not in general validate sliding. However, this is easy enough to fix: we can postulate a
(dashed red) “state” wire which all impure morphisms require as an input and output, as in Figure 29.
Since the state wire linearly threads through all impure boxes, it establishes a unique order in which
they must be executed; this construction is shown to be sound in Roman [57]. Pure morphisms do
not have a state wire, so a diagram representing a pure morphism will simply have a dashed red
“stripe” on the side. This gives us a convenient way to distinguish between string diagrams using the
monoidal structure induced by the coproduct and those using the premonoidal structure induced
by the tensor product in a category having both (such as a distributive premonoidal category): the
latter will have a state wire, while the former will not.
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A A A A
°
\
T () = f c ff - f A
B B B B
(a) Thetraceof f: A+C —> B+ C (b) The fixpointof f: A —> B+ A

Fig. 27. Representations of the coproduct trace and Elgot structure as string diagrams

A A

/

~
]

oo}
s}

(a) Fixpoint

(c) Codiagonal (d) Dinaturality

Fig. 28. Representations of the Elgot axioms as string diagrams

5.3 Semantics

We now have all the ingredients we need to give a semantics to Assa expressions and regions. In
particular, an Agsa expression model of a signature Sg = (77, I') consists of:

e An distributive Freyd category C
e A map [-] from base types X to objects [X] : |C]
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\ N
\
\\
print
; *
Tt S+ 2
\ >
print

Fig. 29. A string diagram in a premonoidal category, demonstrating the necessity of using a state wire

e A map [-] from primitive instructions f € Z.(A, B) to morphisms [f] : [A] —¢ [B].
where we model a type A as follows:
— The unit type 1 is modelled as the monoidal unit I
— The empty type 0 is modelled as the initial object 0
— Products A ® B are modelled as tensor products [A] ® [B]
- Sum types A + B are modelled as coproducts [A] + [ B]

If an Agsa expression model additionally has an Elgot structure on C, we will refer to it simply as
an Assa model. We will model contexts and label contexts as tensor products and coproducts of the
denotations of their parameters, respectively, as in Figure 30.

We can now interpret Agsa-expressions I' +. a : A over a given signature Sg as morphisms
[T] —e¢ [A] using the rules in Figure 31. Up to this point, both our syntax and semantics are quite
standard; in particular:

e Variables x are modelled as projections from the appropriate index in the context’s denota-
tion mr . : [T] —1 [A]

e Applications of primitive instructions f a are modelled as [ f] precomposed with the
denotation of a.

e Unary let-bindings are modelled by:

— Duplicating the context using the diagonal morphism Ar)

— Passing the right copy of the context through [T F. a: A] to get an input of type
[Tl ®[A] =[T,x:A]

— Passing the result of this through [T, x : A + b : B] to get the final result of type [ B]|

e Pairs are modelled by passing the result of the diagonal morphism Ajrj to [T +¢ a : A] =
[T +c b : B] ie., first passing the left copy through [T . a : A] and then the right copy
through [T +¢ b : B]. By the axioms of a Freyd category, for pure morphisms, this is the
same as simply taking the product ([T ¢ a : A], [T r¢ b : B]).

e Binary let-bindings are modelled similarly to unary let-bindings, except that after passing
the right copy of the context through [T +. e : A ® B]], we re-associate [T] ® ([A] ®
[B]) to ([T] ® [A]) ® [B] = [T,x : A,y : B] before passing the entire result through
[[l",x:A,y:Bl—e C:C]].

e The unit value () is modelled as the terminal morphism 1jrj, while abort a is modelled as
the denotation of a postcomposed with the zero morphism 0Of 4} Injections, similarly, are
simply modelled as the appropriate coproduct injections.
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[1=1 [AeBl=[Ale[B] [ol=0 [A+B]=[A]+[B]

[-1=1 [Tx:A]=[r]e[A]

[[1=0 [LeA]=[L]+[A]

[T <A]:[r] —. [A]]
[-<-]=id; [Lx:A<A]=m;[T<A] [Lx:A<Ax:A]=[T<A]®[A]

[t < K] [L] - [T
[-<-]=ido [L<KeA] =[L<K];e [L,e(A) <K e(A] =L <K] +[A]

Fig. 30. Denotational semantics for Assa types, contexts, and weakenings

e A case-expression is modelled by
— Duplicating the context using the diagonal morphism Ajry
— Using the right copy of the context to compute the discriminant using [T . e : A + B]|
— Applying the inverse distributor §7! to obtain a coproduct [T] ® [A] + [T] ® [B]
— Computing [[T,x : A ¢ a: C] on the right branch and [T,y : B+ b : C] on the left
branch

Similarly, if we in fact have an Agsa model, we can interpret Assa regions I + r > L as morphisms
[T] — [L]; note that we don’t assume anything about the effect of these morphisms. As L is
a coproduct, we can view the result object of a region r as encoding both data and control-flow
information. In particular, we interpret a branch br ¢ a as simply the injection of the (pure)
expression I' -, a : A, our data, into the element of the coproduct corresponding to ¢, which
encodes the point in control-flow the rest of the program should jump to next. This is in contrast to
expressions, which purely encode data, with no particular instructions on how to use it afterwards.
Our interpretation of let-statements and case-statements, given in Figure 32, is exactly the same as
that of the corresponding expressions.

Finally, we come to the interpretation of where-statements, which is where the Elgot structure
comes in. The semantics of a where-block T' + r where (£(x;) : {t;},); > L can be broken down
into two major components:

e The terminator esemr (r) : [T] = [L] + =:[A;], which, given as input the context [T],
executes r and then re-associates the output. The output type [L] + 2;[[A;] expresses that
r may either:
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‘[[Fl-ea:A]]:[[I‘]] S [[A]]\

[T ke x: A] = 7rx
[Tre fa:B)l=[f]olTFea:A]
[Treletx=a; b:B]| =let([T e a:A]);[T,x:Are b:B]
[T re (a,b) : A®B] = Aprp; [T ke a: A < [T +c b : B]
[Trelet (x,y)=e€; c:C=let([Tree: A®B]);a;[[T.x:Ay:Brec:C]
[Tre O:1] =1ypy
[Treya:A+B]|=[Trea:A];y
[Tret, b: A+B]| =T reb:B];u
[Trecasee {yx:a y:b}:C] =let([T re e:A+B]]);5[fr1]];
[[T,x:Arca:C].[T,y:Breb:CJl
[T Fe aborta: A =T ke a:0];0p4)

where ‘”F,x T =L [A] \ A(Cx:A)x =T T(CyB)x = T T

Fig. 31. Denotational semantics for Assa expressions

— Via the left injection, return immediately, jumping to an enclosing label in L
— Via the right injection, jump to the i*# basic block ¢; in the where-statement by returning
avalue in [[A4;]

e The “loop” Isemr ((£(x;) = {t:},):) = [T] ® =i[Ai] — [L] + =:[A;i] which, given as
input the context [T'] and an input [A;] for the i*" basic block t;, executes t; and then
re-associates the output. The output type [L] + =;[ A;] again expresses that control-flow
may either exit the where-block (via [[L])) or jump to some other basic block (via ;[ A;])).

We glue these together in the obvious manner to get the semantics for a where-block:

e Compute let(esemr, (r)), which, given as input the context [ T']|, copies the context, executes
esem, () and then returns the copied context and the output as [I']] ® ([L] + Z:[A:])

e Distribute the context into each branch of the coproduct, yielding [T ® [L]| + [T] @ =:[ A:]l

e If we are in the left branch, project out the result to yield [L], and return immediately

o Otherwise, compute Isemr  ((£(x;) : {t;},);) in aloop, passing in a fresh copy of the context
each time. This is implemented with rfix.

This simplifies significantly in the case of a where-block defining just a single label, yielding
[T+ r where £(x) : {s}> L] = let([T + r> L £(A)]); 8% [z, rfix([T,x : Ar s> L £(A)])]
(35)
In particular, it is a consequence of label weakening (Lemma 5.8) that, in the case where s does not
call ¢, this simplifies further to

[T+ r where £(x) : {s} > L] =let([T r r> L £(A)]); 8 [, [T,x: Ar s> L]] (36)

5.4 Metatheory

We can now begin to state the metatheoretic properties of our denotational semantics. Before we
do so, we establish the convention that whenever we have an equation involving the interpretation
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1912
1013 ’[[FI—rDL]]:[[I‘]]—>|[L]]‘

1914

s [TrbreasL]=[Tra:Al;u,

191

1916 [Trletx=a;r>L] =let([T e a:A]);[[T,x:Arre>L]

1917 [Trlet (x,y) =e;r> L] =let([Tree: A®B]);os[T,x: Ay:Brri> L]
1:1: [T+casee{yx:riy:st> L] =let(T +ee: A+B]);6™"

1920 [[T,x:Arr>L],[T,y:Brs> L]]

1921 [Tk r where (£&(x;) : {t;},): > L] = let(esemr, (r)); 67" [, rfix(Isemp ((6:(x;) = {t:},)0)]

1923 where ‘l[_,[ : [[A]] 1 [[L]] ‘ L(L,[(A)),[ =1y l(L,K(B)),x = ll;lL,t’
1924

1925 ‘esemr,L(r) T] = [L] + =:[ A ‘

1926 _ AN T ot

o esemr (r) = [T Fre> L (6(A), )]s X ezl

[1semr (6:(x) s {t),)0) : [T] ® Zi[A] — [L] + = A |

1929

1930 Isemr (6(x;) : {t:}.)) =85 [[Toxi : A ki > L, (l’j(Aj),)j]],]i;a[f,_]]Jrzi[[Ai]]
1931

1932 Fig. 32. Denotational semantics for Assa regions

1933

1934

of a derivation (e.g., [ D] = [D’])), we assume that all the derivations (e.g., D and D’) exist and
are well-formed.
We begin with weakening: as shown in Figure 30, weakenings are modelled, essentially, as

1935
1936

17 projections from a larger product [[T] to a smaller product [A]], while label-weakenings are

" modelled as injections from a smaller coproduct [L] to a larger coproduct [K]; in particular, in

1:2 both cases, the morphisms are pure. A simple induction can then be used to derive the following
weakening lemmas:

1941

1942 LeEMMA 5.8 ((LABEL) WEAKENING). Given <T” andLl’ < L, K’ < K, we have

1943 (a) ForallT <A [T <A] =T <T'];[T" < A]

1944 (b) ForallL<K, L' <K] =[L" <L[;[[L <K]

1945 (© [Trea:A] =T <T'];[[T' tea:A]

1946 @TrreL] =T <[ Fre UL <L]

1947 (e) Forally :T— A [y : T Al =[T<T];[y:T"— A]

1948 (f) ForallTro:L~w K [Tro:LwK]|=[T <T@ [LL:[T+o: L~ K]:[K <K]

1949

1950 Proor. See Appendix C.4. )

199 We can now give a denotational semantics to substitutions in which a substitution y : T' +— A is

92 interpreted as a pure morphism from [[T']] to [A], as in Figure 33. We can now state the soundness

1993 of variable substitution as follows:

1954

1955 THEOREM 5.9 (SOUNDNESS (SUBSTITUTION)). Given [y : T — A] : [T] — [A] pure, we have that

1956 (@ [Trelyla: Al =[y: T A];[Are a: A]

1957 @) [Trylr>L]=[y:T— A];[A+r>L]

1958 © [lylp: A E]=[y:T—Alllp: A E]

1959 @ [Trlylo: L~ K] =[y:T= Al [Aro:L~K]

1960
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[[y:T Al [T] -, [A]]

[-:T~-] ="y [y.x—=e:T Ax: Al =Aprp: [y : T Al < [T Fpe: A

([T rx:L~K]:[T]@[L] - [K] |

[TF-:e~o K] =) ®054; 0«
[, e(x) > rrT:LeA) »w K] =68[[x+T:Lw K],[T[,x:A¥rr>K]]

Fig. 33. Denotational semantics for Assa (label) substitutions

ProoF. See Appendix C.4. O

In particular, this implies that the semantics of substitution composition [y]p is just composition
of the denotations of y, p. We can derive the following important corollary:

COROLLARY 5.10 (SOUNDNESS (SINGLE SUBSTITUTION)). GivenT +, a: A, we have
(1) GivenT,x : A+, b: B,
[T +e [a/x]b:B] =let([T +ya:A]);[T,x:Arcb:B] =[Treletx=a; b:B] (37)
(2) GivenT,x : A+ r> L, we have
[T+ [a/x]r> L] =let([T +L a: A]);[T,x:Arr> L] =[[T+letx =a;r> L] (38)

Proor. Follows immediately from the fact that
[x+a' :TT,x:A] =Arps [Tl ® [T Fya: Al =let([T . a: A]) (39)
O

We can now move on to stating the metatheoretic properties of label-substitutions in much
the same manner. In particular, in Figure 33, we interpret label substitutions T’ + ¢ : L ~» K as
morphisms taking a copy of the context [T']] and an element of the coproduct [ L] to an element of
the coproduct [ K], with an arbitrary effect. Label substitution is then sound in general, as stated in
the following theorem:

THEOREM 5.11 (SOUNDNESS (LABEL SUBSTITUTION)). GivenT + o : L ~» K, we have
(@) [T+ [o]lre K] =let([T +r>L]);[[T+o: L~ K]
() [Tr[olo" M~ K] =A@ L] [T]@[T+o" : M~ LI;[TFo: L~ K]

ProoF. See Appendix C.5 O

5.5 Equational Theory

Using the metatheory in the previous section, our goal is now to prove the equational theory
given in Section 4 sound with respect to any valid Assa model. Stated more precisely, we have the
following:

THEOREM 5.12 (SOUNDNESS (EQUATIONAL THEORY)). We have that
(@ Treamad :A = [[Trea:A] =[Tread :A]
O)TrrerelL = [TrreL] =[Trr L]

©y=y :I'o>A = [y:T=>A]=[y :T—A]
(do~cd+tT:LwK = [Tro:L~wK]=[[T+o :LwK]
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ProoF. See Appendix C.6 O

Now that we’ve proved the soundness of our equational theory, what remains is to prove that
it is complete, i.e., that every equation which holds in all Assy models can be derived from it, or,
stated more categorically, that our syntax quotiented by the equational theory forms an initial Assa
model. Our strategy for doing this is as follows:

(1) We begin by constructing a category of expressions Th®(T') and a category of regions

Th(T, L) quotiented by our equational theory, and constructing a functor from the former
to the latter.

We then show that the category of expressions and the category of regions have the structure
of an Agsp expression model and Assa model, respectively, and hence that expressions may
be interpreted in the former and both expressions and regions in the latter.

To do so, we will first need some notation to talk about the behaviour of the equivalence
classes of quotients. Suppose S and T are sets of terms. Then we will write I' - S : A to
mean that for every a € S, we have I . a : A, and similarly we will write[' - S~ T : A
when foralla € Sand b € T, we have T . a = b : A. We generalize in the obvious fashion
to regions as well as the case when only one side of an equivalence is a set of terms.
Then, it will turn out that, for a distinguished variable O and label m,

L,LO: (AY ke [AFca :A]]Th‘”(r) T A
Lo:(A)F[[Avea:Alney > L m(A) (40)
L,o:(A) F[A+r> K]rhry > Lm((K))
where packing of contexts into types (A) is defined as in Appendix A.

(3) Finally, we refine this result to show that

I,Oo:[A]lFe [Atea :A]]Th@’(r) ~{a):A
[,O:[A]l+[Are a: Al = ret (a) > L, m(A) (41)
Lo:[AlF[AFr> K]mry = (r) > Lm(K))
where ret a := br ® a. Since the packing operator (-) on terms and regions from Appendix A
is injective for pure contexts eff (I') = L, and hence in particular for T’ = -, L = -, it follows

that in this case the category of expressions and the category of regions are the initial
distributive Agsp expression model and Assy model respectively.

5.6 [Expressions

We’ll begin by going over the entire proof of completeness for expressions, which is the simpler
case. In particular, we may define the category Th®(T') of expressions with effect € as follows:

e Objects |[Th®(T')| are types A, B,C
e Morphisms Th®(T).(A,B) ={e | I,0: A r¢ e : B} quotiented by T, 0 : Arc e~ e’ : B
e Identity (T,0: A+, O:A) € Th®(I)(A, A)
e Composition e; e’ = (let O = e; e”), which satisfies
IO:Avrce:B, T,0:Brce’:C = Io:Arce;e’ :C

We may verify that this satisfies the axioms of a category w.r.t. our equational theory

In general, the category of expressions Th®(T') is simply then given by Th%(T'), which can be
viewed as the union of all Th®(T).

We now need to equip Th® (") with the structure of a premonoidal category. Obviously, we wish
to define the tensor product of types A and B to be simply A ® B; we can then begin by defining
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projections
I[LO:A®Btrem:=let (x,y) =0;x: A ILO:A®Btelet (x,y) =0;y : B (42)

By simply using the pair constructor as a cartesian product {a, b) = (a, ), this can be shown to
endow Th¥(T') with the structure of a cartesian category, allowing us to define the associators,
symmetries, and unitors in the natural manner. If we then define tensor functors

—®X:e let (O,x) =0; (e; (O, x)) X®—:e>slet (x,0) =0; (e; (x,0)) (43)

we find that Th®(T') and hence in particular Th®(T) is endowed with the structure of a Freyd
category with pure subcategory Th%(T).

Similarly, we wish to show that A + B is the coproduct of A and B in Th®(T). Since we already
have obvious injection morphisms

Io:Arcey:=y0:A+B ILOo:Btret, =1, 0:A+B (44)

we can define the coproduct of morphisms I',0: A+, a: CandI,0: B r¢ b : C to be simply given
by
ILOo:A+Bte [a,b] :=casea{yO:a,0:b}:C (45)

It is straightforward to verify that this indeed induces a coproduct on Th®(T') and hence on Th®(T')
All that remains is to show that Th®(T') is in fact a distributive Freyd category. To do so, we may
define an inverse distributor morphism

[,0:A®(B+C) ke 67 i=let (x,y) =D;case y {1y z: 4y(x,2),1, 2 : 1,(x,2)} : A® B+ A®C (46)

which can easily be shown to be an inverse to the obvious distributor morphism. We may now note
that

[ e =1 [Ax:Almer) =[Almer ® A = [Alltpe ) =<T)  (47)

Therefore, it follows that, as expected, that [, 0 : (A) k¢ [AFe a: A]]Th®(r) : A and it remains to
show that we in fact have

F,D : <A> ke I[A Fe a :A]]Th®(r) = [a] : A

which can be done by a relatively straightforward induction, implying, since [-] is injective w.r.t.
our equational theory for pure contexts, the following theorem:

THEOREM 5.13 (COMPLETENESS (EXPRESSIONS)). We have that, for all pure eff(T) = L,
Tree~e A & [Tree:Alppe) =[Tree : Ao,y
In particular, this implies that Th(:) is the initial Assp expression model
ProoF. See Appendix C.7 O
5.7 Regions

We define the category Th(T, L) of regions as follows:

e Objects |[Th(T, L)| types A, B,C

e Morphisms Th(I,L)(A,B) = {r | I,O : A+ r> L,m(B)} quotiented by I, O : A+ r =
r' > L, m(B)

e Identity I,O: A+ ret 0> L,m(A) wherereta:=brma

e Composition ;7" = [(m(O) — ")r
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In particular, we may view ret as an identity-on-objects functor Th®(I'") — Th(T, L) with action on
morphisms given by given by

ILo:Atr,e:B — I,O0(A) Freter L,m(B) (48)
We will use this to equip Th(T, L) with the structure of a Freyd category. In particular, taking our

subcategory of pure morphisms to be the image of ret in Th(T, L), we may define the obvious tensor
functors

—®X :rlet (Ox) =0; (r;ret (O, x)) X®-—:rlet (x,0) =0; (r;ret (x,0)) (49)

Our premonoidal structure is then completely described by requiring that ret preserves all relevant
structure, i.e., that we have

a=reta A=ret A p=retp o=reto A =ret A (50)

Just like for expressions, we can write the coproduct of I,O: A+ s>L,m(C) andT',O0: B+ t>L, m(C)
in Th(T, L) as

ILO:A+B¢ [s,t]:=caseO{yO:s,,0O:t}>LmC) (51)

with the obvious injections y; := ret i; and i, = ret i,. It turns out that in this case ret preserves
coproducts as well, and we can therefore easily conclude that our category is distributive by taking
inverse distributor 67! = ret §71.

All that remains now is to take Th(T, L) from an Assa expression model to an Assa model by giving
it an Elgot structure. We do so by defining the fixpoint of a morphism I, O : A+ r> L, m(B + A) as
follows:

Lo:A+r :=br go O where go(O: A) : {r;case O {1y x : ret x, 1, y : br go y}} > L,m(B) (52)

where go is an (arbitrary) fresh label. We can verify this indeed satisfies the axioms of an Elgot
structure through a somewhat tedious calculation. We may now note that

[Ny =1 [Ax:Almey =[Almey ®A = [Allthy =<
[ty =0, [K A Jthery = [K]nr +A = [Klthry = (K)
and hence that

(53)

L,O:(A)F[[Avea: Al > L m(A) [,a:(A)+F[Arr> K]rhry > Lm(K))
as expected. It is relatively easy to derive that
[,O:(A)F[Area:Alnry = ret (a) > L, m(A)
by a relatively straightforward induction. A much more tedious induction is required to prove that
Lo (A FIAFre Kl ~ [r] > Lm((K))

since the case for where-statements is particularly complex. With a little bit more book-keeping
(which can be found in the mechanization), we can state the completeness theorem as follows:

THEOREM 5.14 (COMPLETENESS (REGIONS)). We have that, for all pure eff(T') = L,
Ttrxrpol [[F Fr> L]]Th(-,-) = [[F Frl> L]]Th(~,-)
In particular, this implies that Th(-, -) is the initial Assp model.

Proor. See Appendix C.7 O
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6 Concrete Models
6.1 Monads and Monad Transformers

As previously stated, every strong monad over a CCC, by virtue of providing a model of higher-order
effectful programming, also provides a model of first-order effectful programming, i.e., (acyclic)
SSA. In particular, the Kleisli category Ct of every such strong monad T is a premonoidal category
and induces a Freyd category with pure morphisms given by

(Cr)L(AB)={finp:A—>TB| f:A— B} C C(ATB) =Ct1(A,B) (54)

It follows that every strong Elgot monad over a CCC with all coproducts is an Ass4 model (since, in
particular, every CCC with coproducts is distributive). This allows us to very quickly amass a large
collection of Assa models from the literature on strong Elgot monads (see e.g. [28], [26]).

Probably the simplest example of an Assp model is given by the option monad Option A = A + 1
2, with fixpoint operation

ff =someb if 3n, f"a=some (4 b) " =none otherwise
where
fPa=some (i) f"'a=bind (f" a) [(pure;y), f]

This model allows us to interpret potentially divergent but otherwise purely functional programs.
Another very important Assa model is generated by the powerset monad P over Set, which has
fixpoint operation

f*a=U{b|l,bef"a}

We can use this monad to interpret nondeterministic potentially divergent functional programs.
We can further expand our repertoire of Assp models by considering monad transformers, many of
which preserve Elgot-ness. For example, if T is a strong Elgot over Set,

e For all types R, the reader transformer ReaderT R T A = R — T A is strong Elgot with
monad operations

na=A-.nra bind a f = Ar.bindr (ar) (Aa.f ar) (55)
and fixpoint
ff=Ar.(Aa.far)r (56)
e For all monoids W, the writer transformer WriterT W T A =T (A X W) is strong Elgot with
monad operations

na=nr(al) bind a f = bindt a (A(a, w).bindr (f @) (A(b,w').(b,w-w")))  (57)
and fixpoint
a = (A(a, w).bindr (f a) (A(b, w).nr([(Ac. (e, w - W), (Ac. (c, w - w')] b)) T(a,1)  (58)

e For all types S, the state transformer StateT ST A =S — T(A X S) is strong Elgot with
monad operations

na=2Asnt (as) bind a f = As.bindr (a s) (A(a,s").f as’) (59)
and fixpoint
7= 2s.(A(a,s").bindr (f as’) (A(b,s").pr([(Ac. (¢, s")), (Ac.(c,s7))] b)))TT (60)

One other important source of Assa models is via Elgot submonads of monads on Set, which we
define as follows:

+

f

%In a constructive setting, we may equivalently use the partial values monad Partial A := %¢ : Prop.¢ — A.
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Definition 6.1 (Elgot submonad). A monad (S, n’, ') is a submonad of (T, n, p) if n = ', VA,S A C
T A, and, onthesetS (SA) CT (T A), u=p'. Wesay S is strong Elgot if T is strong Elgot and, for
all fe A— S (A+B), fT € A— S B (i.e. the fixpoint operation sends the Kleisli category of S to
itself).

One useful property this definition has is that the intersection of arbitrarily many (Elgot) sub-
monads forms an (Elgot) submonad, i.e., the (Elgot) submonads form a complete lattice.

6.2 Trace Models

A particularly important class of Assa models are what we will call trace models, which can be
viewed as programs which either diverge or produce a result, while also producing (potentially
nondeterministic, potentially infinite) traces of events € € E.

Definition 6.2 (Stream Action). A stream action (M, I, -, ¥) is a monoid actions (M, I, -) of finite
effects M acting on divergent effects I, along with a function ¥ : M® — I mapping infinite streams
of M to an element of I satisfying Yo = oy - Z;04+1, where X;0; = 2(Ai.o;).

The most important example of a stream action is the free stream action over a set E, called the
set of events, where:

e M = E* is the free monoid over a set of “events" € € E, i.e., the monoid of finite lists of
events

e [ = E=? is the set of potentially infinite streams of events € € E

e m-iis defined in the obvious manner, i.e. by prepending the (finite) list m to the (potentially
infinite) stream i

e Y o is defined as the supremum | |; t;, where ¢t < t’ iff t is a prefix of ¢, ) = L (the empty
stream), and ;. = ¢; - 0;

Definition 6.3 (Trace Monad Transformer). Given a stream action (M, I, -, X), we can define the
trace monad transformer over Set as follows: TraceT © T A =T (A X M + I) with monad operations
n = (Aa.y(a,0));nt bind a f = bindr a [A(a, m).m - fa, Ai.n7 (4 i)]

This yields a family of useful Elgot monads, including
e Traces? ¥ = TraceT X P, with the fixpoint of f : A — B + A given by

ffa=flau LanT a where (61)
£ a={u (bm) | u(ub,m) € [ids, FI"(r @} U ftr i | 1r i € [ids, F1°Gr @} (62)
P a={pZc | Ja: A° ay =a AVi,y (ir @i41,09) € f o} (63)

We say a morphism f : A — Traces? X B is total if all f a are nonempty, and deterministic
if all f a are subsingletons.

e Traces X = TraceT 3 P*, which can be viewed as an Elgot submonad of Traces? 3 since
the fixpoint of a total function is total

e Trace? X = TraceT ¥ Option, which can be viewed as an Elgot submonad of Traces? X since
the fixpoint of a deterministic function is deterministic

e Trace X = TraceT ¥ Id, which can be viewed as an Elgot submonad of Traces? 3, and in
particular the intersection Trace? ¥ N Traces X.

As a simple, concrete example of this type of model this construction lets us define, consider
the nondeterministic printing monad, which is simply defined as Print A = Traces X, where
% : (byte")® — byte=“ denotes concatenation of bytestrings into a (potentially infinite) bytestream.
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This gives us us an Assa model supporting effectful instructions print : byte® — 1 and nondet : 1 —
A (for A nonempty), with semantics [ print]] = Ab.{,0((),b)}, [nondet]] = A().{to(a, []) | a € A}.

We can make things a little more interesting by adding a heap to the mix, defining our monad
Comp = StateT Heap Print, where Heap = N — N is simply a partial function with finite support.
The Kleisli category of this monad is also a Freyd category and inherits an Elgot structure from
that on Setpyint; we therefore have an Assa model supporting the instructions set : N XN — 1, get :
N — N, alloc : N — N), and free : N — 1. We can assign semantics to set in the standard fashion,
with [set] = A(p,v) h.{1((), [p — v]h, [])}. get is a bit more tricky, since it is unclear what to do
when we try to access uninitialized memory: one option is simply to return an arbitrary value, with
[get]]l = Ap h-{w(v, B, []) | o =h pV p ¢ h}. Finally, [alloc]] = Ao h{sy (p,H',[]) | ¥ =hUp - v}
simply fills a random empty heap cell with the provided value, returning a pointer to the cell, while
[free] = Ap h{to (0. \ p. [D)}.

As we can see, the trace monad is a very powerful tool for quickly constructing families of
Assa models, at least for relatively simple side-effects. The resulting family of models is somewhat
similar to interaction trees, which were introduced by Xia et al. [61] to give convenient denotational
semantics to imperative programs: these also form an Elgot monad. Because they form an Elgot
monad, they immediately form a model of Agss. Similar techniques can be used to tackle much
more complex side-effects; to demonstrate this, we will show how the model of TSO weak given in
Kavanagh and Brookes [38] can be adapted to our framework.

6.3 TSO weak memory

Rather than a sequential trace consisting of a stream of events (here, actions) ay, as, as, ..., Kavanagh
and Brookes [38] model concurrency by considering a partially ordered multiset, or pomset, of
actions. The incomparable actions in our pomset are then precisely those which are executed in
parallel. More formally, we define:

Definition 6.4 (Pomset). A pomset o over a set of actions ‘A with a distinguished null action
"tick" § € A is a nonempty partially-ordered carrier set P such that every p € P has finitely many
predecessors equipped with a mapping « : P — A. A pomset is finite if its carrier set is. We will
quotient pomsets over the removal of arbitrarily many copies of § as long as infinite sets are only
equated to other infinite pomsets. We will write unordered pomsets using multiset notation, e.g.
{a, a, b}, and linearly ordered pomsets using list notation, e.g. [a, a, b].

(Finite) pomsets form a monoid under sequential composition «; f, which is defined by the
function [a, ] : trim(P + Q) — A, where P + Q is given the lexicographic ordering and trim(R)
removes all elements of R with infinitely many predecessors. They also form a monoid under
parallel composition, defining a||f = [a, f] : P+ Q — A where P + Q is given the standard partial
ordering (with elements of P and Q incomparable). Note in both cases the monoidal unit is {5},
since we only consider nonempty pomsets but allow the removal of finitely many ticks. Given
any partially ordered set N and a family of pomsets a, for n € N, we can define their sum 2,a,
to be given by the function (n,a) — a, a: trim(Z,P,) — A, where the dependent product %,P,
is given the lexicographic order. In particular, choosing N = N makes 3 : Pom{; — Pom into a
stream action monoid w.r.t the sequential composition monoid on finite pomsets.

For simplicity, we will consider an infinite set of named locations x, y, z € Loc which are subject
to concurrent modification by all threads via TSO reads, writes, and fences. In particular, we define
a program order pomset to be a pomset with Apg = A,, U A, U {5}, where A, consists of reads of
the form x = v and A,, consists of writes of the form x := v for locations x and values v € Word.

We may now define the program order monad PO A = Traces % A, where ¥ is taken as
a stream action on finite program order pomsets. This yields an Assy model with support for
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concurrent read and write operations ready : Z;)‘a(l, Word), writey : Z;)Q’ (Word, 1) with semantics
[reads] = RP© = 1(0).{(v,{x = v})|o € Word}, [write,] = W'° = 20.{((),{x := 0v})}. The
semantics of read in particular give a hint as to how this model works: rather than tracking the
state of the heap, we simply emit a pomset of the events that would have been generated by a given
execution (in the case of a read, a read event x = v whenever the read returns v, and in the case of
a write, the single write event x := v for a write of v), and later post-filter to obtain a set of valid
executions. By doing so, our semantics remains compositional, allowing us to reason about each
program fragment individually, while still allowing other program fragments to perform concurrent
operations affecting our potential executions. On that note, we can define the parallel execution of
two morphisms as follows:

follfi = Aao, a1) {1o((bo, b1), aoller) | 10(bi, i) € fi ai}
U {u(aollar) | (to(bo, a0) € fo aVig ag € fo ap) Ay € fi ar} (64)
U {11 (aollor) | 11 ap € fo a0 A to(as, @1) € f1 a1} : Setpo(A® A’,B® B')

It’s tempting to try to use this to define a tensor product of morphisms to obtain a monoidal (rather
than premonoidal) category, but unfortunately, sliding still fails: (WF©|[id); (id||WyP O) emits the
pomset [x := a,y := b], while (id||W;O); (WFO|lid) emits the pomset [y := b, x := a].

To graduate from sequential consistency to a genuine, if maximally simple, weak memory model,
we introduce load buffering of write actions. We will implement TSO ordering by buffering all our
writes, in which case they are only visible to the local thread. On the other hand, read events will
first attempt to read from the buffer, and, if there is no corresponding write in the buffer, will read
an arbitrary value, in both cases pushing an event to the global pomset. At any point, we may
choose to flush some of the buffered writes. We introduce the set A, = {(x :=v)} of buffer write
actions, where an action x := v by a thread denotes adding a write x := v to the thread’s write
buffer. We may then define the set of TSO actions Arso = Apo U Ap; a pomset over this set is
called a TSO pomset. A buffer will be defined to be a list of write actions Buf = ﬂz, which we will
interpret as linear pomsets over Arso ordered by index (with the empty list corresponding to {}).
In particular, we define the monad TSO = StateT Buf (Trace X), where ¥ is taken as a the stream
action of finite TSO pomsets on TSO pomsets. We can view PO as a submonad of this monad.

Given a buffer Buf, we can define the result of reads [-], : Buf — Word LI { L} from the buffer
by induction to be: (L; {x := 0v})[x] =0, (L;{y := v})[x] = L[x], [][x] = L. Note that writes at
the end of the buffer are prioritized, since later writes overwrite earlier ones!

The semantics of reads and writes can then be given by

[read,] = RI*© = pflush; (A() L{(v,L, {x = 0}) | L[x] =0 V L[x] = 1}); pflush )
65
[write, ] = WSO = pflush; (Ao L.{(0, (L; {X := 0}), {x := 0})}); pflush

where buffer flushing is implemented via the morphism
pflush, = Aa L{(a, R, @)|L = a; R} : Setrso (A, A)

(called split in [38]). To be able to perform synchronization, we will also need to introduce a
fence : Iog(l, 1) instruction, which simply causes all actions before the fence to be observed before
any actions after the fence. For TSO, implementing this is as simple as flushing the buffer, i.e., we

define
[fence]l = A() L.{((), [, L; {6})}

We can now define the parallel composition of morphisms in a "fork-join" style as follows: we
first flush the buffer completely (i.e., taking it and sticking it at the beginning of our pomset), then
execute f and g in parallel with separate buffers, filtering out executions which completely flush the
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buffer. Since both threads end up with an empty buffer, the resulting joined buffer is also empty,
giving us the following definition:

follfi = Aao, a1) LA{1o((bo, b1), [, L; (aoller)) | t0(bi, [1, i) € fi ai [1}
U {1 (aollar) | (10(bo, [1.0) € foa Vi ao € fo ao [1) Auas € fi a1 [1} (66)
U{n(aoller) | 1 ao € fo ao [ Awo(ay, [l 1) € fiaq [1}

One issue with this model is that our category currently has “too many” operations besides the
ones we want: for example, it is a perfectly valid morphism to simply add an event into the buffer
without any flushing. Of course, one thing we could do is consider the smallest Elgot subcategory
generated by the atomic instructions we want to support, such as ready, writey, and fence, which
can be a perfectly valid approach, but is somewhat unwieldy. Another approach, however, is to
think about what “valid” morphisms might look like in general; this also has the benefit of letting us
write down specifications that may not be trivially implementable in terms of actual instructions.

There are many potential properties we might want “valid” morphisms to have; in general, the
less valid morphisms we admit, the more equations we have to work with when reasoning. One
simple property we might consider is that a “valid” morphism must have at least one execution
in which the buffer is completely flushed, regardless of initial state. This is a perfectly reasonable
property to impose, since it ensures that we do not encounter degenerate cases where, for example,
the parallel composition of two processes has an empty trace set even though both processes have a
nonempty trace set (since neither empties the buffer). We might even want to go a little bit further
and, representing the fact that a buffer flush can happen at any time between instructions, require
that a nondeterministic buffer flush before or after an instruction does not change its semantics,
i.e, that pflush; f; pflushg = f. Unfortunately, this does not hold for the identity, since

pflush; id; pflush = pflush; pflush = pflush # id (67)

so this would not give us a subcategory. While one possible solution is to simply add the identity
back in (and this would give us a valid subcategory), we have the issue that, for example, morphisms
like the associator and unitor would still be excluded. Instead, we can take into account the fact
that all pflush 4 are idempotent and define a new category PTSO with objects sets and morphisms
of the form
PTSO(A, B) = {pflush; f; pflushg | f € Setrso(A, B)} (68)
In this category, pflush 4 is the identity on A, since
pflush 4; pflush 4; f; pflushg = pflush ; f; pflushy

pflush 4; f; pflushg; pflushy = pflush 4; f; pflushg (69)
This is especially useful since it frees us from needing to remember to sprinkle pflush everywhere
when specifying things (and, of course, when that level of control is desired, we can specify in
Settso and then lift to PTSO).

It turns out that this is a general construction we can do, which gives us another useful way to
build up Assa models that can often be quite difficult to express as simply monads. In particular, we
have the following definition

Definition 6.5 (Idempotent envelope category). Let C be a category and d be a family of morphisms
for each A € |C| such that each d4 : C(A, A) is idempotent, i.e., da;ds = d4. We may then define
the subsemicategory Ide(C, d) of C to be given by

Ide(C.,d)(A,B) ={f € C(A,B) | f =da; f;dp} ={da; fdp | f € C(A B)} (70)

Note that Ide(C, d) is not a subcategory unless d4 = ida for all A, in which case Ide(C,d) = C.
However, Ide(C, d) can be independently viewed as a category with identity d4 at A.
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We have that, if C has coproducts and da+p = d4 + dp, then Ide(C, d) inherits coproducts from
C with injections

dasu =13dass =dasi;dasp € 1de(C,d)(A A+ B)
d;tr = tr;dasp  =dp;1r;dasp € 1de(C,d)(B, A + B)
since, for f € Ide(C,d)(A, C), g € Ide(C, d)(A, C), we have that
da+; [, 9)sdc = da + B; [ f, gl;dc = [da; fde. dp; g;dc] = [f. g] (72)
In particular, it follows that Ide; preserves coproducts. If C in addition has an Elgot structure, then
Ide(C, d) also inherits this structure (and therefore lde, preserves it), as for f € lde(C,d) (A, B+ A),
we have

f1=das frdp+da)" = (das frdp +da)'sdp = da; (fidp + (dasda)) 'idp = das f1idp (73)

On the other hand, if C is equipped with a (symmetric) premonoidal structure and we have that

(71)

dagp =dax<dp =dy = dp dagr =da®1 diga =1®dy (74)

(note that d does not have to be central!), it follows that 1de(C, d) has (symmetric) premonoidal
structure as well, with inherited tensor product functors and associators, unitors, and symmetries
given by
d(AeB)eC; AABC = @A BC; dae(BoC) = d(A®B)aC; XA,B,C; dA®(BaC)
dasr; Aa = Aasda = daer; Aasda digas pA = pasda = diga; pasda (75)
daeB; 0aB = 0AB;dBea = dagB; 0aB; dBaa

respectively. It follows that if C is distributive, so is Ide(C, d), since we can verify that the distributor
[da ® (dB; 1), da ® (dc;1r)] has the expected inverse

dae(B+0); 0 s d(AsB)+(AsC) (76)

If we in fact have that dygg = A ® dp = d4 ® B for all A, B (which implies Equation 74) and C is

equipped with the structure of a Freyd category, then so is Ide(C, d), with projections and diagonal
given by

daep; m = 7m5da = dagp; 715 da dagB; mr = 73 dp = dags; 75 dp

da; A = N;daga = da; DNsdaga
Hence, it follows that if C is an Assa (expression) model, d4 is idempotent, darp = da + dp, and
dags = A ®dp =dy ® B, then Ide(C, d) is an Agsp (expression) model as well. It turns out that all

these properties hold for d = pflush, giving us our final categorical model for TSO weak memory,
PTSO = Ide(Setrso, pflush).

(77)

6.4 Brookes-Style Models

In this section, we show how to construct a concurrency monad from a Brookes [12]-style model
of concurrency, which we axiomatize. We will then explicitly show how to instantiate the model
for sequentially consistent execution from Brookes [12]. We begin by defining a countable closure
operator, given below:

Definition 6.6 (Countable Closure Operator). We define a (countable) closure operator ¢ : P(T) —
P(T) on T to be a function on sets of T which:

o is extensive: X C c(X)

o is idempotent: c(c(X)) = c(X)

e distributes over countable unions: c(|J; X;) = U; ¢(X;)
We say a set X such that c(X) = X is closed under c.
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Note that this differs from the standard definition of a Kuratowski topological closure operator,
which only requires us to distributive over finite unions. We define the [ift of a closure operator
ca: P(TxA) — P(T x A) to be given by

ca(X) = U{(t', a) |t ec({t|(t.a) € X})}

acA
Identifying P (T x A) with A — P(T), this is equivalent to stating that c4(X) := c o X. It is hence
easy to check that this gives a closure operator on T X A.

Definition 6.7 (Brookes Monad). Given a monoid of traces T and a closure operator ¢ : (T) —
P(T), we define the Brookes monad B, over c to be given by closed sets of pairs ¢ .. a of traces
t € T and results a € A. In particular, we define

Bc(A) :=cA(P(T xA)) =~ A — c(P(T))
with
ne. a:=ca({1.. a}) X>»=p f=ca({t-t' ~.b|Fat. . aeX,t' .. beX'})

It is easy to see that the Brookes monad is in fact poset-enriched under the inclusion order. We say
a Brookes monad is standard if T = (S, S)* is the monoid of finite sequences of rely-guarantee pairs
of states S.

We note that this definition gives us a Kleisli category which is not only poset-enriched, but in
fact compatible with countable unions: with the usual definition U; f; := Aa. U; f;(a), we have

(U@ =ccllt-t' el 3bebel Jfia.r wcegd)))
| = C(U{t ot oc|3btobe }i(a), t' - ceg(b)))
= Ulc({t ¥ o]t be fi(a)t o cegd)))
= O(ﬁ;g)(a)
H(GIOE cl({t el Fbebe flant el Ja))
| = C(U{t ¥ o c|Tbtobe fla),t e elgi(b)})
- Ulc({t ot coc|3bt L be fla)t . cegi(b)})
= U(f:gi)(a)

and likewise for coproducts.
We can always equip B, with an Elgot structure (-)T by, for f : A — B.(B + A), defining

=
ieN
where f; : A — B¢(B) are the iterates of f, defined inductively as follows
Jor=04p=Ux02)  fis1 = f;idp, fi]
We note in particular that Vi.f; C fiy1; similarly, if g C f, we have that g; C f;. We can think of
analysis using this structure as corresponding to partial correctness, since any infinite traces are
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simply discarded (a program which always diverges will have denotation @). It is straightforward
to check that this is indeed an Elgot structure, since it satisfies:

o Fixpoint: we have, since fy Ug =g,

== = lids £1) = £ lids, |_) i1 = £ Tids, £]

ieN ieN ieN ieN
as desired.
o Naturality: by induction, we show that (f;9 + A); = fi; g, since (f;59+ A)o =04ac =0aB: g
and

(fig+ A1 = fr9+ A;lide, (f;9+ A)il = f3 19, fisg] = f; lids. fil; g = firis g
and therefore
(Frg+a) =g+ = Jhio = frg=F"g
ieN ieN ieN
e Codiagonal: given f : A — (B + A) + A, define g = f; [idgsa, 1] and h = fT. We have
hivy = £ [id, bi] = £ [id, £7; [id, Ai]
= f; [[id, hi] ,f s [id, hi]] = f5 [[id, hi], hisa]
gi+1 = f3lidp, 115 [id, gi] = f3 [[id, g:], g:]
It follows by induction that g; C h;, since gy = ho, and

gir1 = f3[[id, g:l. g:] € f5 [[id, bl hi] € f5 [[id, il hiva] = hia
We therefore have that g* C h'. On the other hand, we may show by induction on j that
fis [id,gT] - gT, since 0 C gT and
frer:lid, g1 = f31id, fi1: [id, ¢'] = £3 [[id, '], fj; [id, g1] < f3[[id.g']. 9] = ¢
We now show by induction that h; C g': noting that hy = 0 C g', it suffices to show that
his = fi[id, hal. f7: [id, hil] € £ [[id. "], f [id. g"1]
= | lidg'L £ lid 1D < | (£ Llid g"].1) = o'

jeN jeN

It follows that h' C g" and hence that h' = g, as desired.
e Uniformity: given arbitrary f : A - B+ A, g: X - B+ X and h : X — A such that
h; f = g; B + h, for all f;, we show by induction that k; f; = g; since h; fy = 0 = gy and

h; fisr = b f3 [id, fi] = g; B+ b [id, fi] = g; [id, h; fi] = g [id, gi] = gina
Therefore, h; f* = U, h; fi = U, g; = g', as desired.

Following Brookes [12], we can build up a model of sequentially consistent concurrent computation
by taking a standard Brookes monad with

e States maps from locations to values S := Loc — Val
e Closure operator generated by:

— Stuttering Yy € S.- - (1, 1)

— Mumbling Yy, p,0 € S.{u, p){p, 0) » {(p,0)
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The semantics of a write, for example, is then given by
write : Loc X Val — B.(1) := A(£,0).c;({{ [£ — o]p) -. ) | p € S})

More complex states (e.g. involving per-thread buffers) and closure operators can allow us to model
weak memory models. In particular, Jagadeesan et al. [36] gives a Brookes model of TSO, while
Dvir et al. [18] gives a Brookes model of release-acquire.

6.5 Non-examples

Weak memory is very complicated, and it has been very difficult to build models which satisfy
even “obvious” properties. For example, the model of Jagadeesan et al. [35] fails to even satisfy the
associativity of sequencing (i.e., [ (S1;S2);S3] = [S1; (S2;S3)]), and it took a nontrivial effort by
Jeffrey et al. [37] to establish this property. However, properties like distributivity

[S;if b {T1} else {T,}] = [if b {S;Tv} else {S; Tx}]

do not hold, and there is often no semantics of loops at all. This makes them impossible to apply to
SSA without extensive adaptation.

One of the easiest ways to build a model with “nice” properties is to make the model monadic;
indeed, all the models presented in the above section are an example of this technique. This
handles sequencing and distributivity “for free” via the monad laws and the fact that monads
always preserve coproducts; however, this still requires us to verify the Conway iteration axioms
to support loops, as is done in Xia et al. [62]. Our work identifies the minimal conditions required
to have a compositional model of general first-order side effects compatible with the standard
interpretation of SSA; the higher-order analogue is precisely a (complete) Elgot monad [2], as
presented in Goncharov et al. [29].

7 Discussion and Related Work
7.1 Lean Formalization

We have formalized many of the lemmas and theorems presented in this paper in the Lean 4 proof
assistant; as of now, our main formalization, debruijn-ssa (https://github.com/imbrem/debruijn-
ssa), weighs about 29 kloc. While our paper uses named variables for simplicity, all our rules and
syntax are formalized using de-Bruijn indices. Each formalized theorem is tagged as such in the
respective proof. It was also necessary to fork Mathlib’s monoidal category implementation to
support Freyd categories, distributivity, and Elgot structure: the resulting library, discretion
(https://github.com/imbrem/discretion), weighs about 27 kloc. We are currently trying to upstream
support for premonoidal categories into Mathlib.

7.2 SSA, FP and IRs

Static Single Assignment (SSA) form was first introduced as a compiler intermediate representation
by Alpern et al. [4] and Rosen et al. [58], with the goal of facilitating effective reasoning about
program variable equivalence. To perform optimizations like common subexpression elimination
(CSE) effectively, we need to determine which expressions are equal at a given point in time. By
transforming the program into SSA form, we introduce unique variables for each assignment and
use ¢-nodes to merge variable values at points where control paths converge. Since each variable
then corresponds to a unique value at a specific point in the program’s execution, SSA unlocks the
ability to perform algebraic reasoning about variable values over time. As a result, analyses like
CSE become a matter of simple algebraic rewriting based on variable names.

Cytron et al. [16] provided the first efficient algorithm for converting 3-address code programs
to SSA form using a minimal number of ¢-nodes. They observed that a ¢-node only needs to be
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introduced at the earliest point where a variable may have different values based on control flow.
This point is computable via the graph-theoretic notion of a dominance frontier, which identifies
where control paths merge in the program’s control flow graph. Since then, SSA has become the
intermediate representation of choice for most production-grade compiler toolchains.

One of the most famous optimizations enabled by SSA’s support for effective algebraic reasoning
is sparse conditional constant propagation (SCCP), introduced in Wegman and Zadeck [60]. This
algorithm leverages the SSA property to reason about the possible set of values each variable may
take using a lattice-based data-flow analysis, which models variable values in terms of abstract
states like unknown, constant, or overdefined. Without SSA, one could naively consider all variable
definitions, which would likely detect fewer constants due to imprecision. Alternatively, achieving
more precise results would require a complex and computationally intensive reaching-definitions
analysis.

However, while SSA is an excellent representation for implementing compilers, the semantics of
¢-nodes can be quite unintuitive due to their lack of an obvious operational interpretation, making
them challenging to reason about formally. Kelsey [39] establishes a correspondence between SSA
and a subset of continuation-passing style (CPS), a common intermediate representation for functional
compilers. In particular, while not all CPS programs can be directly converted to SSA form—those
using non-local returns like longjmp or call/cc—the typical outputs of CPS transformations avoid
such features. Kelsey observed that many optimizations requiring flow analysis in CPS could be
performed directly in SSA, often dramatically simplifying them.

Appel [5] builds on this work by informally showing that the functional subset of CPS programs
“hidden inside" SSA is, in fact, simply nested, mutually tail-recursive functions, with each function
corresponding to a basic block. He makes the key observation that the dominance-based scoping
of SSA corresponds to the lexical scoping of functions. For a variable to be visible in a function,
it must appear in the lexical scope of that variable’s definition and therefore be dominated by it;
otherwise, there would be no way to call the function.

In fact, the subset of functional programs identified by Appel [5] corresponds to A-normal
form (ANF), another functional intermediate representation advocated by Flanagan et al. [21].
Chakravarty et al. [14] formalizes this correspondence giving an algorithm to convert SSA programs
to ANF, and then showing how SSA optimizations such as SCCP can be written to operate on
ANF programs. The authors highlight that the semantic rigor of their notation, combined with the
well-defined semantics of ANF, make their presentation of SCCP significantly more amenable to
formal analysis.

Going in the other direction, Leifa et al. [43] introduce the Thorin intermediate representation,
which consists of CPS extended with SSA-style dominance-based scoping. As SSA is a first-order
language, it is often difficult to represent programs using closures effectively, and consequently,
difficult to optimize them well. The authors give the example of LLVM, which often needs to
generate a new struct and a large amount of boilerplate code for every closure, which, even after
optimization, is often not significantly reduced. By contrast, Thorin retains the advantages of CPS
for representing functional programs, while enabling SSA-like graph-based use-def analysis by
prohibiting variable shadowing.

The primary focus of the works we have covered so far is establishing the correspondence
between SSA, an imperative intermediate representation, and widely used functional intermedi-
ate representations. However, to advance beyond these correspondences and directly study the
optimization and verification of SSA programs themselves, we require an equational theory un-
derpinned by formal semantics. One approach found in the literature (and which we also use) is
to relax SSA into forms that support richer substitution principles and well-defined operational
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semantics, which can then be used to reason about SSA itself. Two papers which exemplify this
approach are Benton and Kennedy [9] and Garbuzov et al. [23].

One of the difficulties of working with ANF as an intermediate representation is that it does
not, in general, satisfy substitution: replacing a variable x with a compound expression like a
function call can take a program out of the ANF-fragment. The monadic intermediate language
(MIL) introduced by Benton and Kennedy [9] for use in the MLj compiler for Standard ML can be
viewed as a relaxation of ANF (and hence, of SSA) to get a nicer substitution principle. Benton and
Kennedy then use this flexibility to build up an equational theory justified by their operational
semantics. One interesting feature is that, unlike Moggi’s equational metalanguage [51] (and like
our Agsa calculus), MIL enforces a stratification of values and computations, without supporting
“computations of computations” (corresponding to nested monad types T(T(A)))). This hints at Freyd
categories, rather than general Kleisli categories, being a natural model of MIL-like intermediate
representations.

Similarly, Garbuzov et al. [23] exhibit a correspondence between an operational semantics for
SSA and an operational semantics for call-by-push-value (CBPV) [45]. They then use the normal
form bisimulations of Lassen and Levy [40] to derive an equational theory for use in justifying
optimizations. In particular, we can view their paper as interpreting CBPV as a relaxation of SSA
more suited for developing an equational theory and for semantics work; in particular, to be able to
take advantage of CBPV to give a structural operational semantics for (unstructured) SSA programs.
The semantics of CBPV are widely studied, and hint at a large variety of potential models for SSA,
but the formalization in [23] does not support any effects other than nontermination.

7.3 Formalizations of SSA

7.3.1 Other SSA type systems. Several attempts have been made to provide a type-theoretic treat-
ment of SSA. The work most similar to ours is by Rigon et al. [56], who present a typed translation
from SSA into the lambda calculus using a type-and-effect system, observing that the algorithm for
converting programs to SSA form may also be viewed as a mechanism for transforming programs
in a functional language with unstructured control flow into equivalent expressions.

Similarly to Assa, they extend the lambda calculus with a mutually recursive where-binding,
which allows them to directly translate unstructured SSA control flow. However, their calculus uses
only a single syntactic category of expressions, whereas we attempt to model (generalized) SSA
directly by distinguishing between expressions and regions. Their language also includes support
for effect handlers, which are beyond the scope of our current study but represent an interesting
direction for future work. While the authors do not provide an equational theory or a semantics
for their language, we believe that our equational theory could be adapted to the fragment of their
language without effect handlers.

An interesting alternative approach is demonstrated by Matsuno and Ohori [49], who give a type
theory for what appear to be ordinary three-address code programs. However, every well-typed
program can be placed into SSA-form by inserting ¢-nodes in a fully type-directed way. This lets
them model SSA without any ¢-nodes, letting them use the standard semantics for three-address
code.

Menon et al. [50] give a type-safe formalization of SSA, along with an operational semantics and
formal definitions of dominance, definition/use points, and the SSA property for 3-address code. By
augmenting SSA with first-class proof variables, they aim to give a representation which allows
aggressive optimizations to preserve safety information. Their type system requires checking the
SSA property separately from well-typedness, but is proven sound if the SSA property holds. Hua
et al. [33] give another type system and direct operational semantics for standard SSA, and prove
type safety for it.
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Many operational semantics for SSA have arisen from compiler verification efforts. Barthe
et al. [7] give an operational semantics as part of the CompCertSSA project, and give a semantics-
preserving translation from three-address code into SSA. Herklotz et al. [31] formalise "gated
SSA" and give semantics-preserving translations between it and ordinary SSA. Going beyond
CompCertSSA, Zhao et al. [63] have studied the semantics of the LLVM IR itself as part of the
Vellvm project; Li and Gunter [48] goes further and gives an operational semantics for LLVM in
the (sequentially consistent) multithreaded setting.

There has been much less work on denotational semantics for SSA, or directly on its equational
theory. Pop et al. [54] give an unusual denotational model of SSA in terms of the iteration structure
of a program, which they use to better understand the loop-closing ¢-nodes found both in the
gated SSA representation as well as practical compilers such as GCC. Xia et al. [61] describe a
toolkit for building denotational semantics for imperative languages, including the standard IMP
language and a simple assembly language, using the interaction tree monad and continuation tree
monad, which they show to satisfy the Elgot axioms. Recently, Chappe et al. [15] introduced choice
trees (CTrees), which extend ITrees to support weak memory concurrency, and use this to model a
subset of LLVM IR.

7.3.2  Mechanizations of SSA. CompcertSSA [6] is an attempt to extend the CompCert verified
compiler [44] with an SSA-based middle-end. This is achieved by generating a pruned SSA IR
from CompCert’s RTL format. Instead of verifying the RTL-to-SSA translation within Cogq, this
translation is performed by unverified code, and a separate translation validation stage uses a
verified checker to ensure correctness. After performing (verified) SSA optimizations, the IR is
naively lowered back to RTL for the rest of CompCert’s machinery to work on. Demange et al. [17]
build on this work by providing realistic, verified implementations of Sparse Conditional Constant
Propagation (SCCP) [60], Common Subexpression Elimination (CSE), and Global Value Numbering
(GVN) [58] within a general framework of flow-insensitive static analysis for CompCertSSA.

While CompCert is a verified implementation of a new compiler in Coq, the Vellvm project [63]
attempts to mechanize a subset of the LLVM intermediate representation (IR), covering the LLVM
type system, operational semantics, and the well-formedness and structural properties of valid
LLVM IR. The authors adopt a memory model for LLVM based on CompCert’s [44], allowing them
to leverage significant portions of CompCert’s Coq infrastructure. Similarly, Bhat et al. [10] attempt
to mechanize a well-defined subset of the Multi-Level Intermediate Representation (MLIR) in the
Lean 4 theorem prover. Their formalization features a user-friendly front end to convert MLIR
syntax into their calculus and scaffolding for defining and verifying peephole rewrites using tactics.
Their framework has been tested on bitvector rewrites from LLVM, structured control flow, and
fully homomorphic encryption; however, as of publication, only structured control flow was fully
supported.

7.3.3 Completeness. Most other formalizations oF SSA have given specific semantics for it, whether
operational or denotational. One of the features which makes our work distinctive is that we give our
type theory semantics relative to a categorical axiomatization. Essentially, we have parameterized
our interpretation over any model satisfying the Freyd-Elgot axioms. First, this lets us show that
many different concrete semantics are valid models of SSA, as can be seen in section 6. This also
let us show that our equational theory is complete: we have exactly the equations valid in all
Freyd-Elgot models, no more and (crucially) no less. As a result, implementors and researchers
proving things about compiler optimizations do not have to deal with any of the messy details of
(for example) weak memory semantics, unless they are trying to study optimizations specifically
involving weak memory. All the usual equations used in control- and data-flow optimizations are
independent of those details, and can be validated using the equational theory.
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Conversely, researchers working on models of weak memory (and other strange models of
computation such as quantum computation), can use the Freyd-Elgot axioms as a target. If they
ensure their models satisfy these axioms, then using an SSA-based IR in their compiler is justified.

7.4 Compositional (Relaxed) Concurrency

The most natural way to think about concurrency is often in terms of an operational semantics on
an abstract machine, in which concurrent threads interleave and interact. Such semantics, naturally,
are designed to reason about an entire program at a time. Batty [8] argues that a compositional
semantics of concurrency is necessary to be able to reason about properties of large software systems
effectively, particularly in the presence of complicating factors such as compiler optimizations
and weak memory semantics. However, it is generally very challenging to reason about a small
component of a concurrent system in isolation since its behaviour may be drastically affected by
other components running in parallel.

One natural approach to constructing denotational models of concurrency is to consider the
extension of an abstract machine’s behavior. Each thread performs a sequence of atomic actions,
and so from the outside, the machine can produce any interleaving of the atomic actions of
each thread. Just by itself, considering sets of possible traces is not sufficiently abstract, and so
Brookes [12] takes the closure of these sets under semantics-preserving transformations, such as
stuttering (introducing extra identity steps) and mumbling (which fuse sequential atomic operations,
thereby hiding implementation details), to obtain a model with good equational properties such as
associativity ([a; (B;7)] = [(«; B); v]) and the expected identities for branches and loops.

If the machine model is sequentially consistent - i.e., all allowed behaviors arise from interleavings
of sequences of atomic events - then this style of trace semantics is sufficient. However, real
hardware often exhibits relaxed behaviour, in which additional behaviours which do not correspond
to the interleaving of parallel threads are allowed. Even more relaxed behaviours arise from
fundamental compiler optimizations, such as re-ordering of independent reads and writes. These
are perfectly valid in a single-threaded context but can introduce new behaviours in multithreaded
programs — for example, another thread could distinguish the order of writes. In general, we need
tools to reason about interactions with a system that is not linearizable (i.e., in which concurrent
operations cannot be reduced to interleaved atomic operations on a single thread), of which actual
hardware is only one example. There are two major approaches to this problem.

One idea we might have is to augment traces with additional structure, which we can then
quotient away to maintain extensionality by using an appropriate closure operator. What’s nice
about this method is that we can often use structures analogous to the additional state in the
machine model which leads to the relaxed behaviour in the first place. For example, in Jagadeesan
et al. [36], the authors extend Brookes [12] with additional state corresponding to the contents of a
thread-local buffer, and then take the closure of their trace-set with respect to buffer operations such
as nondeterministic flushing. This gives them a model of TSO weak memory with good equational
properties and a monadic structure, which remains intuitive, since it has a connection to the original
TSO model which can also be framed in terms of the abstract machine having thread-local buffers.
Dvir et al. [18] use this approach to derive a trace-based semantics for release-acquire atomics
inspired by their operational semantics, showing the viability of this technique even for very
complex memory models.

The idea of augmenting traces leads naturally to games, which we can view one variant of
as sequential traces of moves between a proponent and an opponent. Game semantics were first
used with great success to give a semantics to sequential computation; for example, Abramsky and
McCusker [1] give an adequate denotational semantics for sequential Algol using Hyland-Ong
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games [34]. Ghica and Murawski [25] observe that the sequentiality of Hyland-Ong games corre-
sponds to a highly constrained, deterministic form of interleaving between concurrent processes.
By generalizing away many of the rules of Hyland-Ong games, and in particular alternation (i.e.,
the proponent and the opponent must take turns), the authors obtain a form of game-semantics for
concurrent programs, which they use to build a fully abstract semantics for fine-grained concurrency
(in contrast to Brookes [12], which implements coarse-grained concurrency using the somewhat
unrealistic await primitive).

In general, generalizing traces to represent true concurrency leads us to another approach:
replacing sets of linear traces with (sets of) partially ordered structures that directly represent the
concurrency of their component operations. This approach directly captures the idea that executing
two operations concurrently (i.e., without specifying an order between them) is fundamentally
different from executing them in some particular order. The most basic such data structure is a
partially ordered multiset, or pomset, which we describe in Section 6.3 of our paper. Pomsets can
naturally model sequential consistency, and, like traces, can be augmented with additional structure
to model relaxed memory models such as TSO weak memory, as in Kavanagh and Brookes [38].

One issue with this approach is that it can be very challenging to determine the appropriate
structures to augment pomsets with in order to model more advanced memory models. For example,
Jagadeesan et al. [35] introduce pomsets with preconditions (PwP), which augment pomsets with
logical formulae, to model weak memory behaviors. However, Jeffrey et al. [37] demonstrate that
sequential composition (the semicolon operator) in PwP is not associative. This lack of associativity
undermines many common program optimizations and breaks the monadic structure necessary
for compositional reasoning. To address this issue, Jeffrey et al. [37] propose pomsets with predi-
cate transformers (PwT), which restore the associativity of sequential composition. Despite this
improvement, their semantics still do not support loops, and developing a monadic structure based
on PwT that fully supports recursion and iterative constructs remains future work.

Another potential generalization of pomsets, inspired by game semantics, is the use of event
structures, which introduce a conflict relation to represent many potentially conflicting executions
within a single mathematical object. Castellan [13] show how to use event structures to represent
concurrent executions with respect to a memory model. They study a simple language supporting
parallel composition of n linear programs defined as lists of loads, stores, and arithmetic operations,
for which event structures provide a denotational semantics. Paviotti et al. [53] use the event
structure approach to give denotational semantics for relaxed memory concurrency in a more
realistic language, including semantics for branches and loops. However, they employ step indexing
in their semantics, and as a result, loop unrolling is only a refinement rather than an equation.
Since event structures satisfy the axioms of axiomatic domain theory [20], it should be possible to
modify this semantics into one where loop unrolling is an equation, at which point it would be a
model of our calculus.

7.5 Future Work

7.5.1 Substructural Types and Effects. Currently, our treatment of effects is relatively primitive, in
that, while we postulate a lattice of effects, our equational theory only distinguishes between pure
and impure functions, the former having effect L. Fithrmann [22] studies languages with semantics
given in an abstract Kleisli category. In particular, he introduces the notion of

o Central operations, which commute with all other operations; we like to call such morphisms
linear

o Duplicable operations f, for which let y = f(x); (y,y) = (f(x), f(x))

e Discardable operations f, for which let y = f(x); e = e when e does not depend on y
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While, as we make use of in our calculus, pure operations are central, duplicable, and discardable, it
can be useful to study each notion in isolation, as well as to consider morphisms which are central
and duplicable (which we have taken to calling relevant) and morphisms which are both central
and discardable (which we have taken to calling affine). Examples of morphisms which are not
pure but nonetheless relevant or affine abound; for example,

e In a programming language with nondeterminism, nondeterministic functions are impure
(since let y = f(x); (y,y) is a strict refinement of (f(x), f(x))), but are nontheless affine,
because discarding the result of a nondeterministic function does not affect the program’s
behavior, assuming they have no other effect.

e In a programming language with nontermination, nonterminating functions with no other
effect are impure (since let y = f(x); e may diverge even if e does not) but are always
duplicable, because duplicating a nonterminating function does not introduce new effects
beyond divergence. Depending on whether the language’s other effects commute with
nontermination, they may in fact be relevant.

All three of these concepts still make perfect sense when interpreted as-is in a Freyd category, and
are particularly useful when reasoning about models of probabilistic programming, such as Markov
categories (which have many affine morphisms) [52].

Given that such relevant and affine side-effects have substitution principles which depend on how
often a variable is used in a term, we call such side-effects substructural. We might also consider how
we could support substructural, and in particular linear, types. Categorically, this corresponds to
weakening the requirement that our base category be cartesian, instead requiring only a symmetric
monoidal category. The resulting generalization of a Freyd category is called an effectful category
by Roman [57].

7.5.2  Refinement and Enrichment. Throughout this work, we have focused on the notion of program
equivalence T + r ~ r’ > L. In many settings, especially when considering the nondeterminism and
concurrency, we would also like to study program refinement I' + r C r’ > L. Semantically, this
corresponds to an enrichment of our model in the category of partial orders; we conjecture that
adding this to our semantics would require minimal changes. We may also consider how our syntax
could be extended to support explicit parallelism and how we could reflect the corresponding
algebraic laws (as given in, e.g., Hoare and van Staden [32]), such as

(P Q):(RIIS)C (P:R) I (Q55) (78)

in our equational theory. More generally, we can consider enrichment with further structures,
such as distributive lattices and dcpos, and the language features these correspond to, such as
nondeterministic choice between programs P V C. These features are particularly interesting from
the perspective of programs as specifications, as they offer the potential for representing complex
specifications within SSA.

7.5.3  Guarded lteration. Elgot categories and monads were introduced in Elgot [19], and subse-
quently formalized in Adamek et al. [2]. Levy and Goncharov [46] generalize Elgot categories to
guarded Elgot categories (and, correspondingly, guarded Elgot monads, whose Kleisli categories are
guarded Elgot), to support partial non-unique iteration — in other words, categories where the
fixed point does not always exist. Generalizing our language with support for guarded iteration
could allow us to study applications of SSA to domains for which not all fixpoints exist, such as the
representation of terminating languages (as, for example, one would find in a proof assistant) or
productive processes.
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Goncharov et al. [27] introduce a metalanguage for guarded iteration based on labelled iteration
as presented by Geron and Levy [24]. Interestingly, they refer to the labels in their systems as
exceptions, making the claim that this more closely matches their semantics. Similar to our work,
they provide a denotational semantics for this language using the Kleisli category of a strong
guarded pre-iterative monad T—that is, a monad with a guarded fixpoint operator—on a distributive
category C. They then demonstrate that this semantics is sound and adequate with respect to
a big-step operational semantics for a specific monad, namely T X = (X X N*) + N“ over Set.
Notably, unlike our trace monad, their monad is guarded iterative rather than merely iterative. The
infinite branch of the coproduct N represents an infinite sequence of natural numbers, effectively
prohibiting non-productive infinite loops — that is, recursion that does not pass through a guard,
which in this context is emitting a natural number. Their treatment of iteration is thus somewhat
more general than ours, as they support guarded iteration and require only a pre-iterative monad.
However, they focus on Kleisli categories rather than providing a general treatment for Freyd
categories. Additionally, their language supports functional types, whereas our language is purely
first-order. We are very interested in exploring the connection between guarded labelled-iteration
and SSA implied by the similarities between our respective syntaxes and semantics.
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A Records and Enums

For simplicity, we defined our language to have only binary products and sums. However, we would
like to support records (named n-ary products) and enums (named n-ary sums). We will implement
these on top of our language using contexts; the resulting machinery will turn out to be crucial in
proving the Bshm-Jacopini theorem in Appendix A.1 and completeness in Section 5.5. We begin by
defining packing of variable contexts as follows:

(y=1 T,x:A)=(IHQA (79)

While in general we destructure pairs using binary let-bindings, it will be more convenient to start
defining operations on records in terms of projections. We begin by defining projections on pairs
in the obvious manner:

T'tee:A®B T'tee:A®B

1

Ty

Treme:=(let(x,y)=¢ x):A " Tremre:=(let(xy)=ey):A (80)
We may then define projections on records as follows:
T(Ax:A),y € = ”A,y(ﬂl e) T(Ax:A),x € =Ty € (81)

with typing rule
Tree:{(A) A(x)=A
Frempxe: A e (82)
We will omit A when it is clear from context. We can define a term T +, packed(T) : [T'] to “pack”
up the current context into a record as follows:
packed(-) = () packed(T, x : A) = (packed(T), x) (83)

We may now define packing and unpacking substitutions packi’(l’) :T >y : (T), unpackf/’(l“) :
y : (T) > T as follows:

packf(r) =y — packed(T) unpack?(l") = (X 7Ty Y)xer (84)

Our equational theory is sufficient to show that the pack and unpack substitutions are inverses of

each other:
[unpack?(l")]pack?(l") ~idr: T+ T

(85)
[packf(r)]unpacki’(l’) ~idyryiy: T y:T
Similarly, we may define a “packing” operation (-) on label-contexts as follows:
(y=0  (LeA)=()+A (86)
We may then define injections on enums as follows:
e e =i e)  Leapee=tre (87)
with typing rule
Tree:A L) =A
Thenee: (L) " (88)
Similarly, we can define n-ary case-statements on enums by induction as follows:
case. e {} =
caser x(a) € {(6i(xi) : t:)i, k(y) : s} = case e {1 x : caser x {(6;(A;) i)}, 1r y = 5} ®)
with typing rule
Tree:[L] Vil,x;:Airt>K
I'+case. e {(£i(x;): t;)i} > K casCenum (90)
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where

I't+oo:=brt () where £(x) : {br £ x} > L « (91)
We may now define “packing” and “unpacking” label-substitutions - + pack’ (L) : L ~» x([L]),
-+ unpacky (L) : ([L]) ~ L as follows:

pack’(:) =- pack® (L, £(A)) = [k(x) > br k y x]pack} (L), £(x) — br k 1, x (92)
unpack? (L) = k(x) — unpack™ (L) x (93)
where we have
Tree:L .
T + unpack™(L) e> L unpack (94)

defined as follows:
unpack*(-) e = o0 unpack* (L, £(A)) e = case e {y x : unpack*(L) x,t, y: br £y} (95)
We can further show that, in this case for all label contexts L, these substitutions are mutually
inverse, i.e., that
T+ [unpacky (L)]pack} (L) ~id : L~ L
T+ [pack:(L)]unpack:(L) ~ ide(L)) : K([L]) ~> x([L]) (%)

Finally, fixing a distinguished variable O, it will be very useful to define a “variable packing”
operation on expressions and regions as follows:

Trr>L = oO:[T]F (r)® = [unpack(D)]r) > L 97)
In particular, for T pure, the packing operation [-] is an injection on expressions and regions w.r.t.

the equational theory, since unpack? (T) has an inverse. Similarly, fixing a distinguished label m,
we may define a “label packing” operation on regions as follows:

Trr>L = T+ ()" = [packg(L)]r > m([L]) (98)
Since the packing substitution has an inverse, it similarly follows that label packing is an injection
w.r.t. the equational theory, i.e.
Trrxropl & T+ =)L (99)
Finally, we can define a “packing” operation on regions to be given by label-packing followed by
variable-packing, or vice versa (since it turns out the operations commute), as follows:

Trr>L = O:[T]+ ) =M% =" >m(L) (100)
We similarly have that this is an injection for I" pure, i.e.
Ttr=reslL = THI) =)L (101)

A.1 Bohm-Jacopini for SSA

Now that we have given our equational theory, we want to show it is “good enough” to reason about
the properties inherent to all SSA-based languages. In particular, we wish to show that we have
enough power to reason about interconversion between data-flow and control-flow. For example,
a state machine can be implemented either as a switch on a state value, or as a set of mutually-
tail-recursive functions (i.e., the state can be encoded in the program counter). We demonstrate
this by using some of the machinery from the previous section to state and prove a form of the
Bohm-Jacopini theorem [11] for SSA.

The Bohm-Jacopini theorem states that every general control-flow graph program can be rewrit-
ten to an equivalent program which uses only structured control-flow: i.e., it can be rewritten to a
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program using only conditional branching, sequencing, and loops. To adapt this result to SSA, we
need to express branching, sequencing and loops as SSA regions I + r > L, so that we can build
up an inductive set of structured regions. We will be maximally strict, and allow branching to an
exit label in L only as the terminal statement in a structured program (and, in particular, not from
within a loop!). It is obvious that we can represent conditional branching using case-statements,
but we need convenient primitives for sequencing and looping. Sequencing can be expressed using
a where-block as follows (with ¢ fresh):

T'rreom(A) TLOo:Ars>L
T+ seq(r,s) == ([m(x) — br £ x]r where £(0) : {s}) > L °

“ (102)
where “0" is a distinguished input variable, and “®” is a distinguished output label. Another,
equivalent, way of writing sequencing is:

T+ seq(r,s) =~ [m(O) —s]r> L (103)

That is, when we exit r, we jump to (a copy of) s.

Expressing structured looping is a bit more complicated, since we do not have mutable variables
and hence cannot directly express while loops. If we recall that loops can be expressed as tail-
recursive procedures which carry the loop state in the argument, then we can define a “functional
do-while loop” as follows:

F'tee:A T,O0:Arr>m(B+A)
I + loop(e,r) := (br £ e where £(0O0) : {seq(r,case O {4y x : br m x,1, y: br £ y})}) > W(B) toop
(104)

We can now define the inductive predicate I' +° r > L, which says that r is a structured region
with input variables I' and output labels L, as in Figure 34. Note that this defines a subset of the
well-typed regions: every region r such that T' +° r > L is also well-typed as T + r > L.

It now remains to give an algorithm to convert a region r targeting label-context L into an
equivalent structured region WHy (r). In particular, we define

WH_ (r) = [unpackg (L)]PWL(r) (105)

where we define
PWi(brfa)=brmui,a
PW_(let x = a;r) =let x = a; PW (r)
PW (let (x,y) =a;r) =let (x,y) = a; PW(r)
PWi(case e {yy x :r,1, y:s}) =case e {yy x : PWL(r), 1, y : PWL(5)}
PW_(r where (£;(x;) : {t;},):;) =seq(PW_(r),case uaO {y x : br m x
sty + loop(y, caser O {£;(x;) : seq(PW_(¢;), br m (uam)}})
where R = (¢(A),)

(106)
and
ua,.e=e uap (re(a)) € =casee {yx:caseuar X {yz:yuzwi uwhiy:i (4 y)}
(107)

Note that the base case PW| (br £ a) is The PW| (r) function does the actual transformation, and
we can see that most of the cases are trivial except for:

o The base case, in which we simply replace a branch br ¢ a with a branch to the output label
m with the appropriate injection 1 , a as parameter.
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F'ria:A Lt=A F'tea:A T)x:AF¥r>L
T SbreasL F't’letx=ar> L
Ftee:A®B T,x:Ay:B+r’r>L
T let (x,y)=e;r>L
T'tee:A+B Tx:Ar®r>L Ly:BrspL
Tt casee{yx:r,y:st>L
Irr*reom(A) ILO:AF s> L IF'tee:m(A) T,O:A° r>m(B+A)
T+ seq(r,s) > L e T +° loop(e,r) > m(B)

s-lety-r

s-lety-r

s-case-r

s-loop

Fig. 34. Typing rules for structured regions

o The r where (£(x;) : {t;},); case, in which we replace the set of labels bound by the where
clause with a tag and a while loop containing a case statement branching on the tag. (This
uses the ua function, which implements associativity of n-ary coproducts. That is, given
I'+, e:[L,R], we have thatT' +, ua_ e: [L] + [R].)

The Bohm-Jacopini theorem for SSA can then be written:

THEOREM A.1 (BOHM-JACOPINI FOR SSA). For allT + r > L, we have that T +° WHy(r) > L is
structured, and T + r ~ WH(r) > L. In particular, we have that T +° PW | (r) > m({L)) is structured,
andT + (r)* ~ PW,(>)m({L)).

Proor. See Appendix C.3 O

B The Environment Comonad

If C is a Freyd category, then given an object R € |C|, the functor R ® - is a comonad with counit
7y : R® A — A and comultiplication Ag® A; ¢ : R® A — R® (R® A), often called the environment
comonad or coreader comonad. In Set, the co-Kleisli category of R ® - is isomorphic to the Kleisli
category of the reader monad R — -, and thus can be equipped with the structure of a distributive
Elgot category. We might therefore intuit that, in general, if C is a distributive Elgot category, the
co-Kleisli category of R ® - has this structure, even if e.g. C lacks exponentials. The rest of this
section is dedicated to proving this, which, beyond providing yet another class of Assy models, will
also give us a some useful equations and notation to use in our proofs later in the appendix. We
begin by giving an explicit definition:

Definition B.1 (Environment Comonad). Given a Freyd category C and an object (the environment)
R € |C|, the environment comonad Crg. is given by the functor A — R ® A and has counit 7,
and comultiplication Ag ® A. It follows that composition of co-Kleisli morphisms f : R® A — B,
g:R® B — Cis given by

f>»rg:=Ap;;R® f;g:R®A—>C (108)
In particular, we can define an identity on objects functor envg : C — Cgg. as follows:

envr(f) == f (109)

Where it is clear from context, we will leave out the environment R.

Given f : R® A — B, we will introduce the syntax sugar

rlet(f) ==Ar;;R® f:R® A—> R®B (110)
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In particular, we have that f > g =rlet(f); g and rlet(env(f)) := R® f. It is trivial to verify (for
example, by drawing string diagrams) that
rlet(rlet(f);g) =rlet(f);rlet(g) = > (g> h)=(f>g) > h

Het(f)im =f = f>m=Ff ret(n)=id = m > f=f (111)

and hence that Cgrg. is indeed a category. To show it is in fact a Freyd category, we can define tensor

functors
fOrX=a ', f®X:R®(A®X) > B®X

112
X®rf:=R®0;f®rX;0:R®(X®A) > X®B (112)

We can define

Associators aﬁ’B’c :=envg(aapc)

Unitors /15; :=envg(44) and pﬁ :=envgr(pa)

Symmetries oﬁ,B :=envr(oaB)

Projections JZ'IR := envg(m) and zR := envg(7,)

Terminal morphisms !ﬁ :=envr(l4) =lrea

Diagonals Aﬁ :=envgr(Aa)
Pure morphisms Cgrg. | (A,B) =C.(R® A, B)

LEmMMA B.2. We can always equip Crg. with the structure of a Freyd category as described above ;

furthermore, envg(-) strictly preserves premonoidal structure.
Proor. We have that
envp(f®A) =1 f®A=a ' (n,;f) ® A =envg(f) ®r A 113)
113
envp(AQ f) =m;A® f =RQ® o3 a’l (7mr; f) ® A; 0 = A Qg envgr(f)

and hence that envg preserves products. Since envg is a functor, to check we indeed have a Freyd
category, it suffices to show that:

° “ﬁ,B,C is natural: we have that, given f : R A > A, g:R®B > B',h:RQC — ('
(f® B)®C> axpc=aapc > fOR(B®C) (114)
(A®rRg)®C > aap,c=aapc > A®r (g®rC) (115)
(A®B)®rh> aapc =aapc > A®r (Brh) (116)
(117)

since, for each equation, both sides are equal to the same string diagram in Figure 35a, 35b,
and 35c respectively.
° Aﬁ is natural: we have that, for f : R® A — A’,

f®r1> AR = Ap;a;R® (L fe1);m;m
=R®m; f (118)
=Ar;;R® (15m); f =2 > f

In general, we note that, forallg: R® A - A’ ® 1,9 > AR = g; ;.
. pf; is natural:

1®r f > pﬁ, =ArR®(1®A);;R® (R® ;0 f ® 1;0); 73 7,
=R®m;f (119)
= Ap; ;R ® (775 717); f =pf>f
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, R A B C
f
T
|
A" B C C A BC
(a) Equation 114 (b) Equation 115 (c) Equation 116

Fig. 35. Naturality of the associator in the co-Kleisli category of the environment comonad

In general, we note that, forallg: R® A - 1® A’, g > pR = g; 7,
. aﬁ’B is natural: given f : R A —» A’ and g : R® B — B’, we have that

f®r B> 0—1142’,3 =AR®(A®B);a;RQ® (a_l;f®B);7rr;0'
=a_1;f®B;a

=R®0;R®0;f ®B;0 (120)
=Ar® (B®A);R® (7,;0);R®0;a” !, f®B;o =O’§’B > BQ®g f
and
A®g> 0'5,3' =AR®(A®B);;R® (R® 0,0 ;9 ® A;0); 750
=R®c;a ',g® Aore (121)

=AR®(A®B);;R® (m,;0);0 ;g® A =0'§’B > gQrA
e Pure morphisms are central: given f : R A — A’ and g : R® B — B’ pure, we have that
fO®rB>A ®g=Ag;a;R® (¢ };f®B;0);a ';g® A0
=Ar;t;R® (R® o0 ';g® Aj0);a” ' f® B (122)
=A®rg> @B

since both sides correspond to the diagram in Figure 36. We will write this as f ®g g.

. !ﬁ is terminal for pure morphisms: yes, since !§ is just 'rg4 Which is terminal in C

e AZ duplicates pure morphisms: we have
f> AR =Ap;a;R® fim5 A
Zf; Ay = AR®A§f®f (123)
=Ag;;R® (¢, f®A ;R0 fA 0 = Af; > forf

]

Now, assume C is distributive. We wish to show that A+ B is a coproduct in Crg., and furthermore
that Crg. is distributive; note that even the former may not be the case without distributivity! We
proceed as follows:

LeEMMA B.3. IfC is a distributive Freyd category, then Crg. is also distributive Freyd
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R A B R A B
f B g
f
g /
A’ B A’ B

Fig. 36. Centrality of pure morphisms in the environment comonad’s co-Kleisli category

Proor. Given f : R® A — Bandg: R® A — C, we may define the coproduct and injections

[f.glr =67 [f.g] :RRA - B+C 1 :=my;1, : RRA—> A+B  1f :=my;1, : R®B — A+B

(124)
To verify this is indeed a coproduct, we can check that
i > [foglr = AR asR® (m51): 675 [fo9] =R® 1,387 [fog] = f (125)
> [f.glr = A asR® (5 0); 875 [fog] =R®us 675 [f.9] =g
This morphism is obviously unique, since we have forallh: R® (A+B) —» C
[ > bl > hlg =8 [Ars s R® ys s b Aps s R® 13 s h] = 5714 »R®ul;h (126)

To show that Reg. is indeed distributive, we need 581 := envg(6~!) = ,; 5% to be the inverse to
R=[A® tf,A ® 1R]g, which can easily be derived from the functoriality of envg(-), since

envr(8) = 773 [us 1] = 875 [, 7pty] = 68 (127)

]

Note in particular that this allows us to define sums

f+rg=1f > tf,g > R]g

128
=6 [AR® (A+B);a;RQ® fim3u, AR ® (A+B)iasR® g mps 1] =851 +g 129

Our final task is to show that, if C is a strong Elgot category, then so is R¢g., and, in particular,
with fixpoint operator rfix(f). Note that, just like we needed distributivity to have coproducts at
all, we will need strength to have an Elgot structure. We begin by stating some generally useful
properties of rcase(f) and rfix(f). In particular, we have that: For f : R® A —» B+ C:

e Givenh:R® X — A, we have
rlet(h);rcase(f) = AR ® X;a; R® h; AR ® A;; R® f;67*
=AR®X;(X;R®(AR®X;a;R®h;f);5_l (129)
= rcase(rlet(h); f) =rcase(h > f)
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e Giveng: R®B— X,h: R®C — Y, we have

rcase(f > g+r h) =rlet(f > g+g h); 5"

=rlet(f);rlet(g +r h); 571

=rlet(f); AR ® (B+C);a;R® (6 g+ h); 67!

=rlet(f);AR® (B+C);a;R®5 ;6 ;(R®g) + (R® h)

= rlet(£); 7 *; rlet(g) + rlet(h)

= rcase(f);rlet(g) + rlet(h)

= rlet(f); rlet(g) +r rlet(h)

Similarly, for f:R® A — B+ A:
o Given h: R — R, h ® A;rfix(f) = rfix(h ® A; f): we have that
h® A;rcase(f) =h® A;AR ® A;a;R® f;67!
=Ap ®@A;0;h® (h® A; f); 87!
=Ar ®A;0;R® (h®A;f);6 ,h®B+h®A
=rcase(h®A;f);h®B+h®A
and hence by uniformity that

h® A;rfix(f) = h ® A; (rcase(f))'; 7,
= (rcase(h® A; f);h@ B+ R ® A)'; 7,
= (rcase(h® A; f))";h ® B; , = rfix(h ® A; f)

e rlet(rfix(f)) = (rcase(f))': we have that

(AR ® A;); (R® rcase(f); 6 ;R® 1, + R® (R® A))
=Ar®A;a;R® (let(f);m; ® (B+A);671);85 ;R® 7, +R® (R® A)
=AR®A;;R® f;AR® (B+A);;R®6 6 ,R® 1, +R® (R® A)
=AR®A;;R® ;67 (AR ® A;a; R® ) + (AR ® A; )
=Aprea; (R®A)® f;m ® (B+A);6 ,ROA+ (AR ® A; )
=rcase(f);R® A+ (AR ® A; )
It follows by uniformity and strength that
rlet(rfix(f)) = let(rfix(f)); 71 ® B = Arga; (R® A) ® rfix(f); 1 ® B
= AR ® A; ;R ® rfix(f)
=AR®A;;R® ((rcase(f))T; )

=Ar®A;a; (R® rcase(f); 6 ;R® 1, + R® (R® A))f

= (rcase(f))"

as desired.

We also state some generally useful properties of rlet(f):

71

(130)

(131)

(132)

(133)

(134)
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e Foralf:R®A —>C,g:R®B — C,

rlet(57"5 [f,9]) =Ar ® (A+B);a;R® (575 [f, 9])
=51 [AR ® A;a; f, AR ® B a; g
=671 [rlet(f), rlet(g)]

We may now state our desired result as follows:

(135)

LemMmA B.4. If C is a premonoidal strong Elgot category, then so is Cre. with fixpoint operator

rfix(f).

Proor. We check each of the Elgot axioms as follows:

e Fixpoint: given f : R® A — B + A, we have that

rfix(f) = (rcase(f)) s 7, = (rlet(f);67") i m,
=rlet(f); 67 "; [idges, (rlet(f); 6711z,
= rlet(f); 67" [, (rcase(f))"; /] =f > [m, rfix(f)]r
as desired.
e Naturality: given f : R® A - B+ A, g: R® B — C, we have that
Hix(f > g +r A) = (tlet(Ag ® A;a;R® f:6 g+ m.): 67 ) i,
= (rlet(AR ® A;a;R® ;67 ');6 ', R®g+R® )’
=(AR®A;0;R® (AR® A;a;R® f3671);87 L (mr39) + R )T
= (AR®A;;R® ;67 (AR ® B;a; 1r59) + (AR @ A;a; R® )
=(AR®A;;R® ;6 g+ R A)T
= (AR ®A;a;R® f3671) ;g = (rease(f) ;g

On the other hand, we have that

rfix(f) > g = A ® A; ¢; R Q (rcase(f); 7, +R®A)T;g
= AR ® A;a; (R® (rcase(f); m + R® A); 67 1) 1 g
=AR®A;x;( R® (AR ®A;a;R® f;6 i m +R®A); 67 HTiyg
=Ar®A;0;(R® (AR®A;;R® £3671);6 ,R®71, +R® (R®A))T;g

By uniformity, it hence suffices to show that

(AR®A;); (R® (AR® A;;R® £;671); 6 ;R® 1, + R® (R® A))
= AR ®A;a;R®f;5_1;(AR ®B;a;R® 1m,) + (AR ® A; )
=rcase(f); (R®B) + (AR ® A; @)

to yield the desired result.
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3529 e Codiagonal: given f : R® A — (B + A) + A, we have
3530
3531 rle(rfIX(f))
3532 = (Ag ®A;a;R®((rcase(f))T;ﬂ,);ﬁ_l)T;ﬂr
3533
3534 = (AR ® A; ;R ® (rcase(f); 7y +R®A) 671,
3535 = (AR ® A;a; (R® (rcase(f); m + R® A); 67671 s, (140)
3536 Lo+
. = (AR ® A;a; (R® (rcase(f); 1, + RO A); 6756 +R® (R® A) ) 7,
3538 = (AR ® A;a; (R® (rcase(f);m + R® A); 67,67 +R® (R ®A) 1 +RoA)T
zzzz = (AR ® A;a; (R® (rcase(f);my + R® A); 875 (571 (m, + R® A)) + R® (R A)H)T
3541
On the other hand, we have
3542
o rfix(f > [, Lf]R) = rfix(AR ® A;a; R ® 3674 [ 7, s 11])
3544
3545 = rfix(f; [id, u])
3546 = (AR ® A; ;R ® (f; [id, ul); 8,
jz; =(AR®A;;R® £;67 587 + R® A; [id, y]) s 7, (141)
3549 =((AR® A; ;R ®f;5_1;5_1 +R®A)T)T;ﬂ'r
3930 =((AR®A;;R® ;66 ' +ROA) ;i m, + R A)T
3551
3552 =((AR®A;;R® f;07 8 ' +R®A; (1, + R® A) + R® A))T
3553
3554 By uniformity, it therefore suffices to show that
3555
3556 (AR ® A;); (R® (rcase(f); 1, + R® A); 67 (67 (1, + R®A)) + R® (R® A))
3957 =AR®A;;R® (AR®A;;R® ;87,1 +R®A); 6 (57 (1, +R®A)) +R® (R® A)
3558
4550 =AR®A;;R® (AR ® A; ;R ®f;5_1);
3560 LR, +R®(R®A); (57 (1, +R®A)) +R® (R® A)
ot =AR®A;GR® ;66 + (ROA); (1, + RQ A) + (AR ® A; )
3562
e (142)
?565 to obtain the desired result.
w0 e Uniformity: Given f : R® A— B+A,g: R®X — B+ X andh: R® X —, A such that
3965 h> f =g > B+g h, we have that
3566
3567 rlet(h); rcase(f) = rcase(h > f)
3568
4560 =rcase(g > B+rh) (143)
3570 =rcase(g); (R ® B) + rlet(h)
3571
3572 and hence by uniformity that
3573
3574 h > rfix(f) = rlet(h); (rcase(f))T;ﬂr = (rcase(g))T;ﬂr = rfix(g) (144)
3575
3576 o
3577
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C Definitions and Proofs
C.1 Syntactic Metatheory

(rxme)=e (ry=ex) =y () =x

[ylx=y(x)  [yl(letx=a; e)=letx=[yla [yle [yl(ab)=([ylalylt) [¥]O=0
[yl(let (x,y) = a; e) =let (x,y) =[yla; [yle  [yl(wa)=ulyla  [yI(wb) =14 [y]b
[¥](case e {ux : a1r y : b}) = case [yle {u x: [ylaty y: [y1b}

[y](abort a) = abort [y]a

[yl(br £ a) =br ¢ [y]a [yl(let x = a;r) =let x = [y]a; [y]r
[yl(et (x,y) =e;r) =let (x,y) = [yle; [y]r
[yl(case e {y x : r,1, y : s}) =case [yle {y x: [y]r,4r y: [y]s}
[y](r where (£;(x;) : {t;},):) = [y]r where (6(x;) : {[y]ti}.):

[yl(:) =- Y1(y.x = e) = ([yly’.x = [yle)

Y1() =- [yl(o,€(x) = r) = ([ylo, £(x) = [y]r)

Fig. 37. Capture-avoiding substititon for Assa terms, regions, and (label) substitutions; in particular, we
assume bound variables and labels are a-converted so as not to appear in y/o.

C.2 Lexical SSA and ANF
LEMMA 4.4 (A-NORMALIZATION). Given an arbitrary region r, we have that

e ISANF(ANF(r))

o IfT+re L, thenT +r~ANF(r)> L
Similarly, given an arbitrary variable x, expression a and region r If we are also given an arbitrary
expression a, then

e IsANF(r) = ISANF(ANFe:(x,a,1))
o [fTrca:AandT,x:Arr L, thenT Flet x = a;r = ANFiet(x,a,7) > L

Proor. We may show that ANF(r) is always in ANF and that ANF.(x, a, r) is in ANF if r is by
a straightforward induction. To prove the rest of the lemma, we begin by proving the correctness
of ANFiet(x, a, r) by induction on expressions a:

o IfT I—i”f a : A is atomic, we are done; otherwise
e If a = f e, then, since e is a subterm of a, by induction, we have

let x =a;r = lety=e;letx = f y;r ~ ANFiet(y, €, let x = f y;7) = ANFiee(x, a, 1) (145)

as desired.
o The cases for pairs, injections, and aborts containing expressions are analogous
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o Ifa=casee {yy:b,1 z:c}, then we may rewrite
letx=a;r~letw=e;casew {yyy:letb=x;r,i, z:letc=x; r} (146)
Since r is in ANF, by induction (since b, ¢ are subterms of a), this is equivalent to
let w =e;case w {1y y : ANFiet (b, x,7), 1 2 : ANFiet (¢, x, 1) } (147)
which is equal to ANFit(x, a,r), as desired.
e The cases for unary and binary let are analogous to the above

We may now prove the correctness of ANF(r) by a straightforward induction on r:

e If r = br ¢ a, by f-reduction, we have that
r = let x = a; br £ x ~ ANFt(x, a,br £ x) = ANF(r) (148)
e If r =let x = a;r’, then by induction we have that
r ~ let x = a; ANF(r") = ANF¢;(x, a, ANF(r")) = ANF(r) (149)

as desired.
o Ifr =let (x,y) = a;r’, then by induction we have that
rx~letz=alet (x,y) =zr
~ let z = a;let (x,y) = z; ANF(r’) (150)
~ ANFet(z, a, let (x,y) = z; ANF(r")) ~ ANF(r)

The proof for case-statements is analogous
e The case for control-flow graphs follows trivially by induction

LEMMA 4.5 (SSA CONVERSION). Given an arbitrary regionr,

e ISSSA(SSA(r))
o IfTrre L, thenT +r~SSA(r)> L

In particular,

o IfIsANF(r) and Vi, IsSSA(t;), then IsSSA(SSA,(r, (€;(x;) = {ti},)i))
o IfT +ro L (6(A),)i andVi,T' + t; > L, (6:;(A)), )i, thenT + (r where (£(x;) : {t:},)i) =
SSAL(r, (£i(x;) - {t:i},)i) > L

Proor. Given that SSA,(r, G) ~ r where G for r in ANF, it is trivial to see that
SSA(r) := SSAL(ANF(r),-) = (ANF(r) where -) ~ ANF(r) = r (151)
We hence only need to prove the second part of the lemma. We proceed by induction on ANF
regions r as follows:

o If r is a terminator, this holds trivially by reflexivity
e If r =let x = a;r’, then by induction, we have that

SSAL(r,G) :=let x = a; SSA.(r',G) ~ let x = a;’ where G =~ let x = a;r’ where G ~ r where G
(152)
as desired. The case for binary let-statements is analogous.
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o If r =case a {y x: 5,1, y : t}, then by induction, we have that
SSAL(r,G) := (case a {y x : br f; x,1, y : br £ y}) where G, £;(x) : {SSA(s)}, £ (y) : {SSA(t)}
:=(case a {y x:br & x,1, y : br £ y}) where G, £(x) : {s}, & (y) : {t}
~ ((case a {y x : br £ x,1, y : br £, y}) where f;(x) : {s}, £ (y) : {t}) where G

~case a {i x:s,1 y:t} where G = r where G
(153)
o If r =r" where ¢;(x;) : {t;},);, then by induction, we have that

SSA,(r, G) := SSAL(r', G, (£:(x;) : {SSA(t:)},):)
~ r’ where G, (fi(xi) : {l’i}, )i (154)
~ (r’ where (£(x;) : {t;},); where G ~ r where G
O

LEMMA 4.6 (PERMUTATION INVARIANCE). IfG =~ G’ andT + reg(G) > L, thenT r reg(G’) > L and
T+ reg(G) =~ reg(G') > L

Proor. We proceed by induction on the size of G. If G consists only of an entry block, there is
only one permutation, so we are done. Otherwise, assume G = f, (£;(x;) : {t;}, )ies. Furthermore,
let:

i (x;) : {P;} be the children of § in G in order

Gi = (ki j(yij) : {tij},)jer be the CFG composed of the descendants of §; in G, with f; as
entry block, in order

o /(x]) : {B;} be the children of § in G’ in order

G; be the CFG composed of the descendants of ] in G’, with ] as entry block, in order
By assumption, there exists some permutation ¢ : I — I such that G’ = f, (¢, (xs,) : {ts,}, )ier. It
follows that, since the dominance relation on labels is permutation-invariant, there exists some
permutation p such that Vi € I, £/ (x]) : {B;} = €,,(xp,) : {Bp,}, as well as permutations 7; such that
G} = (bp,ri; (Xp,.zi;) = {tpiry; }s ) jer, implying in particular that G} =~ G,,. By induction, we hence
have that, for all i, reg(G;) = reg(G,,), and hence that

reg(G") = bb(B, (£,,(x,,) : {reg(G)}. )ier)
~ bb(B, (£,,(xp,) : {reg(Gp,)}, )ier) (155)
~ bb(B, (£;(x;) : {reg(Gi)},)ier) = reg(G)

]

LEMMA 4.7 (CFG CONVERSION). Given a lexical SSA regionr (i.e., assuming IsSSA(r))s.t.T F ri> L,
we have that T + r ~ reg(cfg(r)) > L.

Proor. We will proceed by induction on the length of G = cfg(r). If G consists of only an
entry block f, then we trivially have that r = reg(cfg(r)), and so we are done. Otherwise, assume
r =bb(p, (£:(x;) : {ti},)ier)- Clearly, cfg(r) will have entry block ; moreover, since every block in
cfg(r) other than those of the form entry(#;) can only be reached from within the region ¢; (due to
lexical scoping of labels), we have f; = entry(t,,) for some injection p, where f; are the children
of f in the dominance tree of G. In particular, we can write {£;(x;) : {entry(t;)}, }; as the disjoint
union of:

o The immediate children of B, x;(y;) : {f;}, where x; = ¢,,, y; = x,,, and f; = entry(t,,)
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e The nodes dominated by each f; but not immediately dominated by f; we will write the
collection of such nodes for each i as «; ; (yi ;) : {Bi;}, where x;; = £, ,, yij = xp,;, and
Bij= entry(tpiyj).
As in the algorithm to compute reg(-), let G; denote the control-flow graph with entry block f;
consisting of all blocks dominated by f;. We may write

G = B, (xi(yi) : {Gi}, )ier Vi€ I,G; = B, (xij(yij) : {Bij},)jer Ri (156)

where R; is the “remainder” of the control-flow graph G;. Note the equations for G; are actually
equalities, rather than being equivalence up to permutation =, since the f; ;, appear in G before
any other elements, being immediate children of §. It follows that

reg(cfg(r)) = reg(cfg(bb(B, (£:(x;) : {t:},):))) = bb(p, (xi(y:) : {reg(Gi)},):) (157)
Now, define the lexical SSA regions

ri =bb(fi, (ki (yi;) : {tp,;},); children(t;))) (158)

It is easy to show that cfg(r;) ~ G;, since every basic block dominated by f; must be dominated
via either some t,, . or some child of ¢;. Since by induction reg(cfg(r;)) = r;, and by the previous
lemma reg(cfg(yr;) = reg(G;), it follows that

reg(cfg(r)) ~ bb(B, (xi(y:) : {ri}, )i) (159)
Define
Ti = (ki (y;) = {rj} )j<is (kj(yy) = {51 (ki (Y = {tpa b Db )jzi (160)
Using Equation 27, we may show that, for all i, bb(f, T;+1) = bb(f, T;), since

e Forall j, t,,, cannot use variables defined in f;, or r would not typecheck
e Forall j,if ry or ty, , calls k;;, then k =i, or f§; ; would not be dominated by f;
e Similarly, § cannot call k; j or §; ; would be a direct descendant of

We hence have by induction that
reg(cfg(r)) ~ bb(f, Tn) = bb(p,To) ~ r (161)

as desired, since Ty is a permutation of (£(x;) : {t;},);. ]

C.3 Bohm-Jacopini
LemMma C.1. The following facts hold:
e GivenT +ri>m(A) andl,0: A+ s> L, we have that
[T+ seq(r,s) := ([m(x) — br £ x]r where ¢(0) : {s}) > L]
=let([T + [m(x) — brex]r> e(A)]);[T]®ai:[T.Oo:Ars> L] (162)
=let([Trr>(A)]);[T]®af;[T,o:Ars> L]
o GivenI'tce: A T,0:Arr>m(B+A), we have that
[T + loop(e,r) := (br £ e where ¢(0) : {seq(r,case O {1y x : br @ x, 1, y : br £ y})}) > W(B)]
=let([T re e : A]);rfix([T,O0:Arr>m(B+A)|;a5,,4)
(163)
e GivenR = (£;(A;),); andT,x; : A; + t; > L, we have
[T,c: (R)F caser ¢ {£:(x;) : t;} > L]

= |[I‘]] ® (ZgiﬂAi]];(Sgl; [[[I‘,xl- ZA,' Ft> L]],]i

(164)
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We have that

[T Ly ua o (L) + R = s o ey

We have that
[T F packf(L) : L ~»> k({LY)] = 77.',;6(;_'_[“]]

and

[T+ unpack? (L) : k({L)) ~ L] = frr;a[‘[LL]]
In particular, given T + r > L, we have that

[Tr& >m(L)] =[T+reL]; a0+[[L]]

(165)
(166)

(167)

(168)

THEOREM A.1 (BOHM-JACOPINI FOR SSA). For allT + r > L, we have that T +°* WHy(r) > L is
structured, and T + r ~ WH_(r) > L. In particular, we have that T +* PW(r) > m({L)) is structured,

andT + (r)* ~ PW,(>)m({L)).

Proor. We begin by showing the correctness of PW| (r) by induction on r:
e If r = br £ a, we have that PW| (a) = pack*(L);(a) = [br ¢ a]* by definition
o If r =let x = a; s, we have by induction that

PW_(let x = a;s) = let x = a; PW_(s) = let x = a; [s]* = [let x = a;s]*

o Ifr =let (x,y) = a;s, we have by induction that

PW(let (x,y) = a;s) = let (x,y) = a; PWL(s) = let (x,y) = a;{s)* = (let (x,y) = a;s)"

o Ifr =case a {1 x:s,1 y: t}, we have by induction that
PW\ (case a {y x :s,1, y: t}) =case a {y x : PW(s),4, y : PW (#)}
~casea {yx: ()", y: ()"}

=(casea{yx:su,y:t})"

e Assume r = s where (£;(;) : {x;},);. Define R = (¢;(A;),);. By induction, we have that

Vi, PWr(%;) ~ (t;)*, and hence by soundness
[T, x: : A - PWL(t:) > m(LR) || = [T, x; - Ai - (t)" > m({L,R) |
Now, define
D = case O {£;(x;) : seq(PW_(¢;),br m (ua0)})
and L = loop(y, D). It follows that
[T [R] - Do m((L) + (R)]

=[r] ® a; [ ]];52_1; [[T,x; : A; + seq(PW_(¢;),br m (ua 0)) > m({L) + (R)], ]

=[r] ®a; Al 85 [T, xi : Ai k PWL(5) > m({LR) a0+([[L]]+HR]]),]-
- [[F]] ® 0(2 |[A]] [[[F, Xi :A F <tl>+ > .(<L R))]] aO+([[L]]+|IR]])’]
=Tl ®ag 4y 521, [T, xi : Ai v ti > LRI ag, pupopep) )i
and therefore that
[T.y:(R)+Lem(L))]
=let(T,y: (R) k1 y: A]);rfix([T,0: (R) + D> m({L) + (R))]],a(0+[[L]])+[[R]])
= rfix([T] ®a2 LA’ ;05 [T, x; = Ai k£ > (L R>]]’a(0+[[LJ])+|1RJ] 1)
=[T] e azi[[Ai]]’ rfix(Isemr . ((6(x;) : {ti}:)i));a0+[[|_]]
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Hence, we have that
[T,o:{LLR)FcaseuaO {y x:brmx,y:L}>m([L])]

=[r]® aﬁLHRﬂ;&l; ([T, : (L) + br m x> m({(L)], [T,y : (R) + L > m({L))]]

= [T1 @ &, yoep 075 U gy, [T @ g5 ixCIsemy () = {8:3,)0))s gy )

=[r]e a[J[rL]l+zi[[Ai]];5_1; [, rfix(Isemr L (6 (x;) : {ti},)i))];a;+[[L]]
It hence suffices by completeness (Theorem 5.14) to show that
[T+ seq(PW_(r),case ua 0 {y x :br mx, 4, y: L}) > m({L))]
=let([T + PWL(r) > m((LLR)]);[T] ® aIEL,R]];
[T,o:(LR)Fcaseua {y x:brmx,i y:L}>m(L))]
=let([T + PW_(r) > m({LLR)]); [T] ® “ELH+2.-|IA,-]1;5_1;
[7, rfix(Isemp L ((€(x;) - {t,-},)i))];a;+[[L]]
=[T + r where (£(x;) : {t;},); > L]];a(;:rl[l_]]
= [T+ [r where (6(x;) : {t:},)i]" > L]

C.4 Substitution
LemMma C.2. The following facts hold:
(a) Forallf :A—B®C,g: (A®B)®C — D, we have
let(f); a;let(g); (m1;m) ® D = let(let(f); a; g)
(b) Forallf :A—B+C,g:A®B —> D,h: A® C — D, we have
let(f); 67"; [let(9); m ® D, let(h); m ® D] = let(let(f); 6~ '; [g, h])
(c) Forall f; : R® A; — B, we have
555 llet(fi);m ® B, 1i = let(85 ' [fili);m ® B

ie.,
52_1; [rlet(f;),]: = rlet(55; [fil)
(d) Forallf :A—>B+C,g:A®B—> B, h:A®C — C’, we have
g

let(let(f); 67" g+ h) = let(f); 67"; [let(g); m @ u, let(h); m; ® 1]
= let(f); 5% (let(g); m1 @ B) + (let(h); 7 ® C'); §
= let(f); 6 !;rlet(g) + rlet(h); 8
In particular, we have
let(let(f); 8™z, + h) = let(f); 6 [A® 1y, let(h); m; ® 1]
=let(f);6 5 (A®B) + (let(h); ;; ® C'); 8
=let(£);8 % (A® B) +rlet(h); 8

and
let(let(f); 5_1;9 + 7)) = let(f);5_1; [let(g); m ® 1, A ® 1]

=let(f);6 % (let(g); m; ® B) + (A® C); 8
— let(f); 6 rlet(g) + (A ® C): 5

79

(172)

(173)

(174)

(175)

(176)

(177)

(178)

(179)

(180)
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LEMMA 5.8 ((LABEL) WEAKENING). GivenT <T” andLl’ <L, K’ < K, we have

(a) ForalllT < A [T <A] =T <T'[;[T" <A]

(b) ForallL< K, [L” <K] =l <L];[[L K]

@) [Trea:A] =T <T'];[T’ Fe a: A]

@TrreL] =T <[ Fre U] <L]

(e) Forally :T— A [y : T Al =[T<T';[y:T"— A]

(f) ForallTro: LK [[Tro:Law K] =T <I"]Q[LL:[TFo:LwK];[K <K]

Proor. To show that variable weakenings compose (a), we proceed by induction on the derivation
of I' < T” as follows:

e wk-nil: if I,T’ = -, then A = -, and so we trivially have [- <-[;[- < ] =[- <] =id

o wk-skip: we have I' = Z, x : A, and so by induction

[Ex:A<T' T <Al =n;[E<TIT <Al =a5[E<A] =[Ex: A<A] (181)
as desired

o wk-cons: we have ' ==,x : Aand I = Z’,x : A. We proceed by case analysis on I'" < A:
— wk-skip: we have

[Ex:A<E.,x:A[E <Al =[E<E]@[AL[E.x: A<A]
=[E <& [A];m;[E < A]
=a;[E<E'[E <A] (182)

as desired
— wk-cons: we have A = A’, x : A, and so by induction

[Ex:A<Z,x:A[E.x:A<N,x: Al =[E<E] @ [A:[E < A']®[A]
=([E<&[g <A @[A]
=[E<A]e[A]
= [[E,x tAL A]]

(183)

as desired

We can analogously show (b) (i.e., that label weakenings compose) by induction on the derivation
of L < K as follows:

e Iwk-nil: if L =K = -, then L’ = -, so the result follows trivially from the fact that [-] = L’ is
the initial object
o |wk-skip: we have K = K’, £(A), and therefore

[L"<L]sL<K,e(D] =L <L;[L <Ko =L <K' =[[L" K] (184)
o |wk-cons: we have L = R, £(A) and K = K’, £(A). We proceed by case splitting on L < K”:
— lwk-skip: we have
[U <R e(A]:[R £(A) <K, e(A)] =[L" <R];:[R < K] +[A]
=[U <RI [R<K ;e
=[L" <K'[;e
=L <K, ¢A)]

(185)
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— Iwk-cons: we have that L’ = R’, £(A), and therefore

[R,£(A) <R ¢(A)];[[R £(A) <K, e(A)] =[R <R +[A]:[R < K'] +[A]
=([R" <R[;[R <KD +[A]
=[R <K' +[A]
=[[R,€(A) <K, t(A)]

(186)

We can now show weakening for expressions A +. a : A (c) by induction on the typing derivation
as follows:

e var: we need to show that

[T<Al[Avrex: Al =T <Alsmax =T ke x: Al = 7irx (187)

we proceed by induction on T" < A:
— wk-nil: this case yields a contradiction, since if A = - it cannot define x.
— wk-cons: givenT =I",y : B, A = A",y : B,
* If x =y, then B = A, and

[T,x: A< A, x :A]];”(A,x:A),x =T <A e[Al = =7 = T(C,x:A) (188)

as desired.
* Otherwise, we have by induction that

[T.y:B<A,y:Bl;mn,ypx = [T <A]®[Bl; w70 x

189
=m; [T < A ] nx = s 7100 5 = v 0 (189)
— wk-skip: we have I' = I, y : B, and hence
[Ty :B<All;max = ;[T < Al Aax = 73 710 2 = 7 e (190)
e let;: we have
[T <A];[Ateletx =a; b:B]

=T < Al;let([A re a: A]);[Ax: Are b:B]
=let([T <Al;[Are a: AT <A @ [A]:[Ax:Are b:B] (19)
191

=let([T re a: A]);[T,x: A< Ax: A];[[A,x: A+ b: B]
=let([T Fe a: A]);[T,x: Are b: B]
=[Trcletx=a; b:B]
e unit: follows immediately since weakenings are pure and 1 is the terminal object.
e pair: we have
[T <A];[AFe (ab): A®B]
=[T <A An[Area: Al @[A e b: B]
=Ar; ([T <AL [Avea:A]) @ ([T < AJ;[A ve b : B]) (192)
=Ar;[Trea: A @[T e b:B]
=[T+e (ab) : AQ B]
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e lety: we have

[T <AJ;[[A e let (x,y) =a; b: B]

=T <A];let([A+ca: A®B]);a;[[A,x:Ay:Bre b: B

=let([T <A];[Arca:A®B]);a;[[T <Al ® [A] ® [B];[Ax:Ay:Brcb:B]
=let([Trea:A®B]);;[T,x:Ay:B<Ax:Ay:B];[Ax:Ay:Brcb:B]
=let([Tre a: A®B]);;[T,x: A, y:Bre b: B]

=T ke let (x,y) =a; b:B]

(193)

e case: we have
[T <A];[[Atecasea{y x:s,1,y:t}:B]
=[T < A];let([A re a: A]);67 5 [[Ax: Ares:B][Ay:Arct:B]]
=let([T < A];[[T rea:A]);67 Y
[(IT <Al QA [Ax:Ares:C,[T <A]Q[B];[Ay:Btret:CJ] (194)
=let([A ke a: A]);
[IT,x:A<Ax:AL[Ax:Avres:C],[T,y:B<Ay:B];[Ay:Bret:CJ]
=let(JArea: A]);[[T,x: Ares:C],[T,y:Bret:C]]
e op: we have
[T <A][Tre fa:B] =T <Al;[Avrea: Al f € Z(AB)]
=[Tt+eca:Al:[f € Z(AB)] (195)
=[T+e fa:B]
e inl, inr: analogous to the op case

Similarly, we can show weakening for regions A + r > L (d) by induction on the typing derivation
as follows:

e br: we have that
[T<A];[Arbreac L];[L<K] =T <A];[ArLa:Al;wes[[L K]

S[Tria:Alue[L<K] (196)

It hence suffices to show that 1 g; [L < K] = ik, which we can do by induction on L < K:
— lwk-nil: this case yields a contradiction, since if K = - it cannot define the label ¢.
— lwk-skip: we have K = K’, x(B), and hence

wealL<K,kB)] =weiL <K, xB)su =t =tke (197)

— Iwk-cons: we have L = L', x(B) and K = K’, x(B) .
x If x = ¢, then B=A and

veane [L€(A) <K e(A)] = [L" < K]+ [A] =0 = e (198)
* Otherwise, we have by induction that

L(L",k(B)).£5 [[L, k(B) < K, K(B)]] = el [[L/ < K’]] + [[B]]
we U <Ksu (199)

Ik es bl =K
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e let;-r: we have by induction that

[T<A];[Arletx=a;r> L];[[L < K]

=T < Alslet(JA re a: A [Ax: Arr> L] [[L < K]
=let([T < A;[Avrea: AT < Al @A [Ax:Arr L] [[L < K]
=let([T rea: A]);[T.x: A< Ax: A;[Ax: Arre L];[[L K]
=let([T Fe a: A]);[[,x: Arre K]

=[Trletx=ar>K]

(200)

o lety-r: we have by induction that

[T <AL [AFlet (x,y) =a;r> L] [[L < K]

=[T <Al;let([Are a: A®B]);a;[Ax:Ay:Brr>L[;[L <K]

=let([T <Al;[Arca: A®B]);:[T <Al ® [A] ® [B]:[Ax:Ay:BrreL];[L<K]
=let([Tre a: A®B]);o;[T.x: Ay:B<Ax:Ay:B];[Ax:Ay:Brr>L];[[L <K]

=let([Trte a: A®B]); [T, x: Ay: Brr>K]
(201)
e case-r: we have by induction that

[T<A];[Arcasea{yx:ry:st>L];[L<K]
=[T <A];let([Are a: A]):67Y
([A,x:Arse L], [Ay:Brt>L][L <K]
=let([T < A;[A re a: A]); 675
[T <Al ®[A]:[Ax:Ars>L];[L <K],
[T <Al ®|[B];[Ay:B+t>L];[L<K]] (202)
=let([T < As[Area:A]); 67
[T,x: A< Ax:Al[Ax:Ars> L)L <K],
[T,y:B<Ay:B];[Ay:Brtr>L];[L=<K]]
=let([T ke a: A]); 87 [[Tox:Arse K], [T,y:Brt>K]]
=[Trcasea{yx:sy:te>K]

o cfg: Let L = Isema | ((£(x;) : {t;},);) and R = (£;(A;), );. We have by induction that

[T <AL L < K] + =i Ai]

= |[F < A]];5_1; [([[A, X IAi Fit> L, R]]’)i];a[-[‘—L]]+Zi[[Ai]]; [[L < K]] + 21[[Al]]

= 52_1; [[[r < A]] ® [[Ai]]; ([[A,xi A RG> L R]]§“[[L]]+[[R]]; |IL < K]] + [[R]]’)i];aE—Lﬂ+ZiﬂAiﬂ
=0: 5[0 xi = A < Axi s Ails[Axi = Ai k1> LREIL R < KRIDili o g5, pa
= 5{:1; [([[F, Xi ZA,' Ft> K R]]’)i];aﬁl-]]‘*‘zi'[Ai]]

= Isemr x ((€:(x;) = {ti},)i)

(203)
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It follows that
[T < AJ;[[AFr where (6(x;) = {&:},); > L];[[L < K]
=[T < A];let(JA - r> LR]);[A] © "‘[fL]]+z,-[[A,-]]);5_l; [, rfix(L)]; L < K]
=let(JT < A];[A+r> L, R]];a[E—L]HZi[[A,-]]);(S_l; [z, [T < A]s rfix(L)]; L < K]
=let([T Fro LR o504, L L < K] rfix(Isemr e ((6:(x) = {t:},)0)]
=let([T +r> LRI opupesifa s [L < K]+ Zil[Ai]Ds [, rfix(Isemr ke ((6:(xi) = {t:},)i)] (204)
=let([T + r> LR epupesags [L < Kl + Zi[Ai]D; [, rfix(Isemr e (6 (i) = {t},):))]
=let([T + r> LR];[L R < K R]; aqipes,fa))s [ rfix(Isemr (£ (x:) = {t:},)i))]
=let([T + r > K R]; apqes,ga.)); [ rfix(Isemp  ((£&:(xi) = {t:},)i))]
=T + r where (£;(x;) : {t;},); > K]
Weakening for substitutions (e) and label substitututions (f) then follow by a trivial induction. O

LeEMMA C.3 (SUBSTITUTION PROJECTION). Fory : T +— A, eff(A) = L and A(x) = A, we have

[y:T e All;max =T *e [ylx: Al (205)

Proor. We proceed by induction on A:
e If A =, then A(x) = A is a contradiction.
e IfA=A,x:A theny =y, x+ [y]x, so we have
[y:Tw Al zax = A [y : T A @[T ko [ylx: Alls 2 = [T ve [y]x : A (206)
as desired.
o If A=A y:B(withy # x), theny =y’,y — [yly, so by induction we have
[y:T e All;max = Arrys [V : T AN Q[T Fo lyly : Bl s mar x (207)
=y : T ANiapx =[Tre [y ]x: A = [T ke [y]x : A]

]

THEOREM 5.9 (SOUNDNESS (SUBSTITUTION)). Given [y : T — A] : [T] — [A] pure, we have that

(@ [Trelyla:A] =y :T = A;[A e a: A]

@) [Trylr>L]=[y: T A];[Arr>L]

@ [lylp: A E]=[y: T Al [p: A E]

@ [Trlylo: L~ K] =[y: T A];[A+o:L~K]

ProorF. Fixy : T +— A with eff(A) = L. We will begin by showing the soundness of substitution
for expressions (a): we proceed by induction on the derivation A + e : E:

o If e = x is a variable, then by Lemma C.3, we have
[y: T Al [Avrex A =y : T = All;max = [T e [y]x : A] (208)
as desired.
e Ife = f ais an operation, then by induction we have that
[y:T=Al[Tre fa:B] =[y:T— Al;[[Avre a: Al [ f € Zs(e, A)]
=[Ire [yla: Al:[f € Is(e, A)] = [T +e [y](f a) : B]

as desired. The cases for left injections, right injections, and abort are analogous

(209)
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4117 o Ife = (let x = a; D) is a unary let-binding, then by induction we have that

o [y:T— Al ®[A];[Ax:Arcb:B]

4120 =[(r.x=x): (Cx:A) > (Ax:A)];[Ax:Arcb:B] (210)
4121 =[[,x:Ave [y, x> x]b:B] =[[T,x: At [y]b: B]

jzj as we can assume that x is a fresh variable. Hence, it follows that

4124 [y:T— Al;[Areletx =a; b: B]

ijz =[y:Tr Al AQp[A] ® [Are a: Al [Ax: Ave b B]

4127 =Arp [TT® [T ke [yla: Als[ly : T Al @ [A];[Ax : Are b: B] (211)
4128 =Arps [Tl ® [T ke [yla: A [T x: Ave [y]b: B]

ijz =T re [yl(let x = a; b) : B]

4131 as desired.

4132 o Ife = (a,b) is a pair, then by induction we have that

o [y:T e AL[A re (a,b) : Ax B]

4135 =[y:T = AL A [Area: Al < [Are b: B (212)
4136 =Aprps([y : T Al @[[Arca: A< ([y: T Al @ [A+e b: B])

o = Aprps [T ke [vla: Al = [T ke [y1b: B] = [T ke [yl(a,b) : Ax B]

4139 o Ife = (let (x,y) = a; b) is a binary let-binding, then by induction we have that

ii(l) [y:TeAle (Al ® [B]);a:[Ax:Ay:Breb:CJ

4142 =[x xyy): Cx:Ay:B) - (Ax:Ay:B);[Ax:Ay:Breb:C]|  (213)
4143 =[T.x:Ay:Bre [p, x> xy>ylb:C| =[T,x: Ay:Br: [y]b:C]

::—i as we can assume that x, y are fresh variables. Hence, it follows that

e [y:Te Al [Are let (x,y) =a; b: C]

iz =y: T A]];A[A]];[[A]] QArea:A®B];;[Ax:Ay:Br.b:C]

4149 =Aprs [Tl @ [T ke [yla: A®B]; [y : T = Al ® ([A]l ® [Bl); a: [A,x: A,y :Bre b: C]
0 AT eI ke IYla: A BEIT Ay Bre [y1b:C]

152 = [T re [yl(let (x,y) = a; b) : C]

4153 (214)
st as desired.

45 ® lfe=casea {y x : b, 1, y : c} is a case-expression, then by induction we have that

4156 [y:T—AlQ[Al:[Ax:Areb:C]

. =[(rx =) T A) o (Axs AL [Ax s Arc b (215)
4159 =[T,x:Are [,x x]b:C]| =[[T,x: Are [y]b: C]

4160 and

y:Tr Alo[Bl:[Ay: Bree:C]

e “[(ry ) Ty :B) o (Ay:B[Ay: Brec:C] @16)
4164 =[Ty:Btre [p.x > x]c:C| =T,y : Bre [ylc: C]

4165
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as we can assume that x, y are fresh variables. Hence, it follows that

[y :T Al Apap: [Al ® [Ave a: A+ B]; 87}

ZA[[F]];[[F]]®[[F I-e a A+B]], [lr]]’
My : T Al @ [AL[Ax:Arcb:Cll.[y:T— Al [B];[Ay: Brec:CJ] (217)

=AM [Tl ® [T ke [yla: A+ B];dp, [lT]]’ [[T,x:Are [y]lb:C] [T,y : Bre [yle: C]]

=T re [yl(case a {y x : b1, y: c}) : C]

as desired.
e If e = () is the null expression, since [y : T + A] is pure, the desired result holds trivially since
1 is the terminal object in the category of pure morphisms.

[A] [[Ax:Arcb:C].[Ay:Brec:C]]

We may now prove the soundness of substitution for regions as follows: assuming I' - r > L, we
proceed by induction on r as follows:

e If r = br ¢ a, then we have that
[v:Te=Al[Arbre AL =[y: T A];[[ArLa: A];uw,

=T+ [yla:Al;uwe =T+ [y](br£a)> L] (218)

o Ifr = (let x = a;t), then we have that, by induction,
[y:T— Al @[A]:[Ax:Ar i L]
=[x x): (Tx:A) = (Ax: A [Ax:Aris L] (219)
=[T,x:Ar [p,x x|t L] =[T,x: AF [yt > L]
since x can be taken to be a free variable. Hence,
[y:T—Al[Arletx =a; t> L]
=[y: T ALARp[Al ©[Avea: A [Ax: Arte L]
=Aprs [Tl @ [T ke [yla: Al [y : T = Al @ [Al;[Ax: Art> L] (220)
=Aprs [Tl @ [T ke [yla: A [T, x: Av [y]t > L]
=T+ [yl(let x =a; t) > L]
o If r = (let (x,y) = a;t), then we have that, by induction,
[y:T—=Ale ([Al @ [B]);a:[Ax:Ay:Brt>L]
=g(p,x—xyy) : (Ox:Ay:B) - (Ax:Ay:B);[Ax:Ay:Brt>L] (221)
=[T,x:Ay:Br [y, x> xy—ylte L] =[,x: Ay:Br [ylt> L]
since x, y can be taken to be free variables. Hence,
[y:T— Al [AFlet (x,y) =a; t> L]
=[y:T= AL AR [Al ©[Avrea: A®B]sa;[Ax: Ay :Brte L]
=Aprs [Tl ® [T ke [yla: A®B]; [y : T Al ® ([A]l ® [Bl); o [A,x: Ay :Brte L]
=Aprps [Tl ® [T ke [yla: A®B];[T,x: A,y : Br [y]t > L]

=[TF [yl(let (x,y) =a; t) > L]
(222)
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o Ifr =casea {y x:s,4 y: t}, then we have that, by induction
[y: T Al Q[A]:[Ax:Ars> L]
=[(y, x> x): ([,x:A) > (Ax:A;[Ax:Ars> L] (223)
=[[,x:Ar [p,xo x]s> L] =[[,x:AF [y]s> L]

and
[y:T— Al Q[B];[Ay:Brt>L]

=[(ry—y:Ty:B)— Ay:B:[Ay:BrteL] (224)
=[Ly:Br[p,y—ylt>L] =[T.y: B+ [ylt> L]
since x, y can be taken to be free variables. Hence,
[y:T e Al A [A] © A I—ea:A+B]];5[[_A1]];[[[A,x:AI—s>L]],[[A,y:Bktl> L1
=Aprp [T] ® [T ve [y]a:A+B]];5[[_l}]];
My : T Al [AL[Ax:Ars> L] [y:T— Al ®[B];[Ay:Brt>L]] (225)
=Aprp [T @ [T Fe [y]a:A+B]];5[[_13]]; [([T.x:Ar [yls> L],[T.y: B+ [ylt > L]]
=T+ [yl(case a {y x:s, 1, y:t}) > L]

as desired.
e Assume r = s where (£(x;) : {t;},);. Define R = (£(4;),); and S = [[y : T — A]. We have by
induction that, for all i,

[y:T— Al @ [A:[A x: : Ai - ti > LR]
=[x = xi) s (Txi: A) = (Axi s A [A xi - A F ;> LR] (226)
=[T,xi: Ak [y, xi = xi]t; > LR] = [T, x; : A; k [y]ti > LR]
and therefore that
S @ Zil[Aills Isema L (6 (i) = {t:},)i)
=S® S Aills 5" (A xi - Ai -t > LRI T o s pa
=55 IS @ LA [A i : Akt > LRI s o g5 (227)
=65 T X A v [yt L, R]]’]i;a[[rL]]ﬂ,-[[A,-]]
= Isemr, L ((&(xi) = {[y]t:})0)
It follows that
S;[A F s where (¢(x;) = {t;},); > L]
=S;let([Ars> L, R]];O![fLﬂJrziﬂAi]]);(S_l; [, Isema L (6 (xi) = {ti},)i)]
=let(S;[Ars> L, R]];O!E,_]]Jrzi[[Ai]]);S ® ([L] + =:llAil); 67 [, Isema L ((6(x:) = {ti},)i)]
=let([T r [y]s> L, R]];aIfL]HZiIIAi]]);(S_I; [, S ® ([L] + Z:[Ai]); Isema ((6:(x;) = {&:},):)]
=let([T r [y]s> L, R]]Za[J[rL]]Jrgi[[Ai]]);yl; [, Isemr L ((&(x:) = {[y]ti})i)]

= [T+ [yls where (¢(x;) : {[y]t:},)i > L]
(228)
as desired.

Composition of substitutions then follows by a trivial induction, as does substitution for label
substitutions. ]

, Vol. 1, No. 1, Article . Publication date: March 2024.



4264
4265
4266
4267
4268
4269
4270
4271
4272
4273
4274
4275
4276
4277
4278
4279
4280
4281
4282
4283
4284
4285
4286
4287
4288
4289
4290
4291
4292
4293
4294
4295
4296
4297
4298
4299
4300
4301
4302
4303
4304
4305
4306
4307
4308
4309
4310
4311
4312

88 Jad Ghalayini and Neel Krishnaswami

C.5 Label Substitution
LEMMA C.4 (LABEL SUBSTITUTION INJECTION). ForT + o : L ~» K and L(£) = A, we have
[Tl®uweTro:Lw K] =[T,x:Ar [y](br£x) > K] (229)

Proor. We proceed by induction on L:

e IfL =, then L(¢) = A is a contradiction
e IfL=L"¢(A), theno =0d’,t(x) — [c](br £ x), so we have

[T ® e [T+ o: L £(A) » K]
=[T]® ;86 [T+ o : L~ K], [T,x:Ar [o](br £ x) > K]] (230)
=[T,x:Ar [a](br £ x) > K]
o If L =L',k(A), then o = ¢’,k(x) — [o](br k x), so by induction we have
[Tl ®we[T+o:Le(A) w K]
=[T] ® (twe;0); 85 [[TF o’ : L K], [T,x: B+ [o](br k x) > K]
=Tl ®w[[TFo :LwK] (231)
=[T,x:Ar [o'](br £ x)> K]
=[T,x: A+ [o](br£x) > K]
O
LEMMA C.5 (LABEL SUBSTITUTION SPLITTING). ForT + o : L ~»» K, where L = (£;(4;), )i, we have
[Tro:Lw K] =[T]®asay: 65" [T, xi: Ai ko & x> K], 1 (232)
and therefore
SN xi  Aivotixi > KL i =ap [T Fo: Lw K] (233)
In particular, we have that, given Vi,T,x; : A; + t; > K,

[[F + (t’i(xi) : {Ai}s)i) L w K]] = [[F]] ®0{Zi[[Ai";5_1; [[[l",xl- ZAi Ft> K]],]i (234)

LEMMA C.6 (LABEL SUBSTITUTION EXTENSION). Given o = 0,0, T+F0o: LR~ L',R,T} oy :
L~ L', TFo,: R~ R, wehave

[Tro: LR~ LR =[T] ®psprp;[TFor: L U] +[T+or:Rw R s py (235)

In particular, forT' F o : L ~» K, we have

[T+o!:RLw RK] =TT ® gy s 65 + [T+ o Lw Kliafp g (236)
[Tro': LR~ KR]=[I]® a[fL]]+|[R]];5_1; [Tro:L~w K]+ ﬂ,;a[J[rK,R]] (237)

since
T+tid:R~R=r, (238)

THEOREM 5.11 (SOUNDNESS (LABEL SUBSTITUTION)). GivenT F o : L ~» K, we have
(@) [T+ [o]lr> K] =let([T +r>L]);[[T+o:Lw K]
() [T+ [o]o" M~ K[ =A@ [L; e [T] ® [T Fo" : M~ LI [T+ o : Lws K]

Proor. FixT' o : L ~»» K. We begin by proving the soundness of label substitution for regions
as follows: assuming I' + r > L, we proceed by induction on r as follows:
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4313 o Ifr = br £ g, then by Lemma C.4 we have that

4314

4315 [T+ [o]l(brta)>K] =[TF [a/x][c](br £ x) > K]

4316 =let([T rLa:A]);[[T.x: A+ [o](br £ x) > K]

ii; =let([T rya: A]);[T] @ we [T Fo: L~ K] (239)
1319 =let([T rLa:Al;ue);[TFo: L~ K]

4320 =let([TrbreasL]);[TFo:L~wK]

4321

4322 as desired.

4323 o Ifr = (let x = a;t), then we have by induction that

4324

4325 [TF[o](let x =a;t) > K] = [T + let x = a; [o]t > K]

4326 =let([T te a: A]);[[T,x: A+ [a]t > K]

w2 =let(T ke a: A]);let([T,x: A+t L]);[[,x:AFo: L~ K]

4328 240
1390 =let(T ke a: A]);let([T,x: A+t L]);m @ [L]; [T+ o : L K] (240)
4330 =let(let([T +e a: A]);[[T,x:Ar e L]);[[TFo: L~ K]

4331 =let([Trletx =a;t>L]);[T+o:L~K]

4332

4333 as desired.

4334 o Ifr = (let (x,y) = a;t), then we have by induction that

4335

4336 [T+ [o](let (x,y) =a;t) > K] =[[T + let (x,y) =a;[o]t > K]

4337 =let([T+te a: A®B]);;[T.x: Ay : B+ [o]t > K]

e =let([Tre a: A®B]);a;let([T,x: A,y : BFt> L]);[T,x: Ay:Bro:LwK]

4339 (241)
4340 =let([T re a: A®B]);a;let([T,x : A,y : BFt > L]); (3 m) @ [L]; [T + o : L~ K]

4341 =let(let([T +e a: A®B]);a;[T,x: Ay :Br it L]);[T+o:Lw K]

ii; =let(T r let (x,y) =a;t> L]);[TFo: L~ K]

e as desired, since

BE o Ifr =case a {y x : 8,1, y : t}, then we have by induction that

4346

4347 [T+ [o](case a {yy x:s,t,y:t}) > K] =T Fcasea{yx:[olsy:[c]t}>K]

4348
Jio =let([T e a: A+B]);5 5 [[T.x: Ar [o]s> K], [T,y : B+ [o]t > K]]

4350 =let([T rea: A+ B]);675

4951 let([T,x: A+ s> L]);[[T,x: A+ o: L K],

4352

1353 let([T,y: B+t L]);[[T,y: B+ o: L K]] (242)
4354 =let([T rea: A+ B]);5™";

4999 [let(IT,x:Ars>L]);m®[L],let([T,y: BrtL]);m@[L]I [T+ o:L~w K]

4356

1357 =let(let([T rea: A+ B]);8 L [[Tox:Arso L], [T,y:Brt>L]]);[[TFo: L~ K]

4358 =let([Trcasea{yx:s,,y:t}>L]);[TFo:L~wK]

4359

4360 as desired.

4361
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o If r =s where (4(x;) : {t;},);, then we have by induction, taking R = (£;(A;), );,

esemri([a']s) = [T F [o']s > K, R]];“[fL]]ﬂ,-[[A,-]]

=let([T +s> LRI [T Fol s LR~ KRE oy 5.4

=let(T Fs>LR]);[T] ® aﬁL]]+[[R]];5_l; [T+o:Lws K]+ m; a[fL]]+&[[&]] (243)
=let([T +s> L R]);[T] ® al‘IFLJ]+Zi|1AiJ];571; [Tro:Lw K]+,

= let(esemr | (5));6 [T+ o: L K] + 7,
and

Isemr ((6(x;) : {[o"1t:}.)i) = 855 ([T, xi - Ai v [0t > K, R]]]i;a[J[rK]]Jrzi[[Ai]]
= 62_1; [let([[l",xi ZA,' 1> L, R]]), |Il",xl- ZA,' F o’r : L, R ~» K, R]]]i;aEK]]*'Zi'IAi]I
=85 [let([T,xi : A v t; > LR]); m @ [LR]]5[T F o : LR~ K, RI: agimigan

=05 s [let(IT.xi : Ai F ti > LRD:m @ a5 )58 5[0 F 0 L K] + (244)
=let(55 Y ([T, xi : Ai - ti > L, R]];aIILJHZjI[AjJ]’]i);m ®—8L[Tro:Lw K] +7,

=let(85 5 [[T,xi - A v ti> L, R]],]i;a[FL"JrziﬂAi]]);ﬂl ®—0 L[[Tro:Lw K] +7,
=let(Isemr, ((6:(x;) : {t:},))im ® =8 [T Fo: Lw K] + 7,

Letting L = Isemr ((£;(x;) : {t;},);) and S = [T F o : L ~» K]|, we have that

rease(Isemr ((£:(x:) : {[o"]t:}.)))

= let(let(L); ;; ® (L] + Z:[Ai]); 675 S + ) m © ([K] + =i Ai]); 671

= let(let(L)); (IT] ® il A © (m @ ([L] + Zil[Ail); 6758 + 70)s m @ ([K] + Sl Ai); 677

= let(L); Aqres,fa,] ® = (IT] ® ZJA]) ® (m ® (L] + Zi[[A]); 675 S + ) m @ — 67

= let(L); (7m; Aprp) @ ([L] + Zi[Ai]D); e [T] ® (S + )67t

= let(L); (m; Agrp) @ ([L] + Z:[Ai]D; o [T] ® sTheh(r] e T ®S+ ([T] @ [T]) ® 7,
=let(L);m ® ([L] + Z:[AD: 67 (Aprp @ [Ls o [T] © ) + (Aprg © Zill Al s [T] © 77)

=rcase(L); Ajrp ® [L]; s [T] ® S+ [T] ® =i Ai]l
(245)
implying by naturality that

rfix(Isemrk ((6:(x:) = {[0"]t:},):) = (rcase(L); Apry @ [L]; e [T] ® S + [T] ® [ AT 7
= (rcase(L)); Ay @ [L]s o [T] © S; 7

= (rcase(L))"; S
(246)
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4411 Hence, we have that

e [T + [o](s where (£(x;) : {t:}.)i) > K] = [T + [o']s where (£ (x;) : {[c"]t:},); > K]

4413

4414 = let(esemrk([0'])); 67; [y, rfix(Isemr ((6:(x:) : {[o']t:}.):))]

4415 = let(let(esemr (5)); 84S + m,); 6% [y, (rcase(L))'; S]

4416

17 = let(let(esemr(5))); [T] ® (674 S + 7,); 67%; [, (rcase(L)); 5]

s =let(let(esemr, (5))): [T] © 6757 [T © S: 77, [I] © 773 (rease(L)) 5]

izz = let(let(esemr (5))); [T] ® 67467 [, [T] ® 7,; (rcase(L))]; S

4421 = let(esemr, (5)); Apry ® ([L] + i Al s [Tl @ 67467 [, [T] ® 72 (rcase(L))'];S
ez = let(esemr (s)); 6% [Apry ® [L]; s 7, Apry ® Zi[Ai]s e [T] @ 70 (rcase(L))']; S

4423

124 = let(esemr,1(5)); 6" [Apry @ [L]; & [T] ® 7, (rease(L))"]; S

e = let(esemr,1()); 67" [Agry ® [L]; & [T] ® ., let(rfix(L)); m @ ([L] + i A:D1; S

4426

i = let(esemr (s5)); 6% [Arrp @ [L]s e [ T] © 77, Aprp ® 2 Ai]ls o [T]] ® rfix(L)]; S

4428 = let(esemr, (s)); Agry © ([L] + Zi[Ai]D; o [T] ® 571675 [IT] ® 7, [T] ® rfix(L)]; S
e = let(esemr,L(s)); Apry ® ([L] + Zi[Ai]); e [T] ® (67Y [y, rfix(L)]); S

4430

4431 = let(let(esemr, (5))); [T] ® (57" [, rfix(L)]); S

4432 = let(let(esemr, (s)); 8~ %; [, rfix(L)]); S

222 =let([[T + s where (£(x;) : {t;},)i > L]]); [T+ o : L » K]

44:55 (247)
i3 as desired.

w3, Composition of label substitutions then follows by a trivial induction. O
:zz C.6 Equational Theory

4440 THEOREM 5.12 (SOUNDNESS (EQUATIONAL THEORY)). We have that

4441 (@Trea~ad :A = [Trea:A] =[Tred :A]

4442 O Trr=r>L = [TrreL]=T+r>L]

4443 @y~y ToA = [y:T=A]=[y : T A]

4444 (do~cd+tT:LwK = [Tro:L~wK]=[[T+o :LwK]

4445

4446 Proor. We begin our proof by showing soundness of the equational theory for expressions, i.e.
4447 (a), by rule induction.

445 o Congruence: these follow trivially by induction

#% o initial, terminal: both of these follow trivially from the universal property of the initial/terminal
430 object, respectively.

1 e let;-p: this follows directly from Corollary 5.10

2 o let;-n: we have

4453

4454 ﬂ:r Fe Iet X =a, X: A]]

4455 =A[[r]];I[F]]®[[F Fea: AT, x:Are x: A]

o =Aprps [Tl ® [T ke a: A]; 7,

4457

4458 =[Ttrea:A]

4459
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4460 as desired.

4461 e let;-op: we have
4462

4463

4464

os [Treletx=a;lety=fx; c:C]
4466

1467 =let(T ke a: A]);let([T,x: A+ fx:B]);[T,x: Ay :Brec:C]
4468 =let(JT ke a: A]);let(m; [f1); m @ [B]; [T,y : Bre c: C]
469 =let(let([T +e a: A]; s [f1); [Ty : Bre ¢ : C]

4470
4471 =let([T te a: Al [fI;[T.y: Brec:C]
4472 =[Trelety=fa; c:C]

4473

4474

4475

4476 as desired. The let;-abort case is analogous.

77 o let;-let;: we have that

4478

4479

4480

4481

452 [Trelety=(letx=a; b; ¢):C]

4483 =let(let([T +e a: A]);[[T.x: Are b:B]);[T,y: Bre c: C]

s =let(T ke a: A]);let([T,x: A+e b:B]);m @ [B]; [T,y :Brec:CJ
4485

wise =let(T ke a: A]);let([T,x: Are b: B]);[T,x: Ay:Brec:C]

4487 =[Treletx=a; lety=0b; c:C]
4488
4489
4490

4491 as desired.

92 o |et;-lety: we have that

4493

4494

4495

4496

1497 [T ke let z = (let (x,y) =e; ¢); d: D]

4498 =let(let([T re e : AQB]); &[T, x: Ay:Brec:C]);[[T,z: Cre d: D]

4499 =let(Tree: A®B);alet([T,x: Ay :Brec: C)); (s m) [C];[[T,2: Cre d: DJ
4500

501 =let(T+ce: A®B);a;let([T,x : A,y : Brec: C]);[T,x: Ay:B,z:Cted: D]

4502 =[T ke let (x,y) =e; letz=c¢c; d: D]
4503
4504
4505
4506 as desired.
4507

4508
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o let;-case: follows from the properties of the coproduct; in particular, we have that

[Trecasee {yx:letz=a; di, y:letz=0b; d}: D]
=A[T]®[Tree:A+B];67]
AT, x: Al @ [T,x:Avrea:Cl;[T,x: Az:Cred: D],
AT, y:B]®[T,y:Breb:Cl;[T,y:B,z:Cted:D]]
=NA[T]®[[Tree: A+B];57]
AR [A]; [T ®T,x:Atca:C];[[T,z:Ct+ed: D],
A®[Bl;[T]®[T.y:Bre b:C];[T,z: Cted: D]l
=N [T]®[Tree: A+B];67]

A@A] [T ®[I,x:Area:C],

A[Bl;e;[T]®[T.y:Breb:CJL;[T,2: Cred: D]
=MA®[Trce:A+B];57 %
[;[T]®[Tx:Arca:Cla;[T] @[T,y :Bre b: CJL;[T,2: Cred: D]
=MA®[Tree: A+B];a;[T]® (6 L [[Tox:Arca:C],[T,y:Breb:CJ);
[T,z:Cred:DJ
=NA[T] @ (A T] @[T ree:A+B];6 5 [[Tox:Arca:Cl,[T,y:Breb:CJl);
[T,z:Ctred:DJ
=[Trcletz=(casee{yx:ay:b}); d:D]

e lety-bind:

we have

[Treletz=¢; let (x,y) =z ¢:C]
=let([Tree: A®B]);let([T,z: A®Brez: AQB]); s [T.z: A®B,x : Ay :Brecc: C]
=let([T e e: A® B]);let(m); m @ ([A] ® [B]); & [T.x : Ay : Bre c: C]
=let(let([Tree: A®B]);m); o [[T.x : Ay :Brec: C]J

=let([Tree: A®B]);a;[[T.x: Ay:Brec:CJ

=[T ke let (x,y) =€; ¢: C]

o let,-n: follows from the properties of the product; in particular, we have that
[T+ let (x,y) =€ (x,y) : A® B]
=A[T]®[Tree: AB;A[Tx:Ay:Bry x: Al ®[I,x:Ay:Br, y:B]
=AT]®[Tree: AB]; A (i) @ 1 = [T ke e : AQ B

o case-inl: follows from the properties of the coproduct and inverse distributor; in particular, we

have that

[Trecaseya{yx:cy:d}:CJ

=N[T]®([Trea:Al;u);6 L [[Tx:Avrec:C)L[T,y:Bred:CJ]
=MN[T]®Trea:Al;u;[[Tox:Arec: CL [T,y :Bre d: CJ]
=A[T]®[Trea:Al;u;[[Tox:Arec:CJ

=[Treletx=a; c:CJ
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We can validate case-inr analogously
o case-1: follows from the properties of the coproduct and distributor; in particular, we have

[Trecasee{yx:yxy:iy}: A+ B]
=N[T]®[Trce:A+B];6 5[[Tx:Avex:Al;u, [Ty :Brey: Bt ]]
=A[T]®[Tree:A+B];6 " (n,+71,) =T ree: A+ B]

We now proceed to tackle the equational theory for regions r in the same manner. In particular, we
proceed by rule induction as follows:

o cfg-p: Define P =T+, a: Ar], L =lIsemr ((£(x;) : {t;},):) and R = (£(A;), );. We have that

[T + br & a where (£;(x;) : {t:;},)i > L]

= let(P; (LR).0 O s, a3 0 Lo rfix(L)]

= let(P; ) [T] ® 13675 [y, rfix(L)]

= let(P; 1x); rfix(L)

= let(P; 1); rcase(L); [y, rfix(L)]

= let(P);rcase([T]] ® w;L); [, rfix(L)] (248)
= let(P); rcase([[T, xx : Ag + t; > L, R]; al-fL]]*‘zillAi]l); [, rfix(L)]
=let(P);rlet([[T, xx : Ak + t > L, R]];a|-[+L]]+Z,-[[A,-]]);571; [y, rfix(L)]
= let(let(P); [T, xk : Ak + tx > L R]; a[J[rL]]+Zi|[A,-]]);5_1; [, rfix(L)]
=let([[T r let xx = a; . > L,R]; aﬁL]]+Z,-[[A,-]]);5_1; [7,, rfix(L)]
=T let xx = a; tx where (£;(x;) : {A;},);i > L]

as desired.
o cfg-Po: Define P = [T+, b: B], L =lIsemr ((6(x;) : {t;},):) and R = (£(A;), );. We have that

[T + br x b where (&(x;) : {t;},); > L]

= let(P; 1(LR) x5 a[ErL]]+2,-|[A,-]]);5_1; [7,, rfix(L)]
=let(P;1,); [T] ® u; 87 [, rfix(L)]
=let(Psu);mr =Py =[[TFbrre b L]

(249)

as desired.
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o cfg-n: Let L = (x;(B;),);, and define R = (£;(A;),); and L = Isemr ((£:(x;) : {t;},):). Using the
cfg-p; and cfg-f, cases proved above, we have that
[T+ cfgs {(6(x) : {t},)i} : LR w L]
=T ® apupes,pag: 675 [
[T+ cfgs {(6:(x:) = {t:})i} - L~ L],
[T+ cfgs {(&(x:) : {t:}, )i} : R w L]
=[] ® a5, B jssagi 65
855 [T,y ¢ Bj + brkj yj where (6(x;) : {t:},)i > L], 15,
855 [T, xj « Aj v br £; x; where (£&(x;) : {t;},): > L], 1;]
= [T ® as,gs,esipag: 6 [ (250)
52_1; ([T, yj: Bj kL y; :Bj]]QlL,Kja]j,
Ssh llet([Tx; : Aj ko xj = Aj]ls1y); rfix(m © Zk[[Ae ] L)15]
= [T] ® s, 5, e fags 6 1055 (s s 15 85 s Llet (s 1) m @ Zi[ A1 rfix(L)]
= [T ® as, (5, jesipag: 8 ' [mrian rlet (85 s [ 11 5); rfix(L)]
=T ® aris,fa,:0 " [ rlet(o); rfix(L)]
= [T ® arys,ga,4:6"s [ rfix(L)]
It follows by label-substitution that that
[T F [cfgs {(&(x:) = {t:},)i}]r > L]
—let([T - r & LR]): [T cfgs {(6(x) : {t1},)i} s LR~ L]
=let([T Fro LR][T] ® avss,pa,p: 67" [ rfix(L)] (251)
=esemr (r); 6% [, rfix(L)]
[T+ r where (¢ (x;) = {t;},): > L]
as desired.
o codiag: Define R=[[TFr> L £(A)],and S =T,y : Ar s> L, £(A),k(A)] We have that
[T + r where £(x) : {br x x where x(y) : {s}} > L]
= let(R); % [id, rfix([T, x : A + br k x where x(y) : {s} > L, £(A)])]
= let(R); 57 %; [id, rfix(let (7,3 1,); 8715 [y, rfix([ T, x : A,y : Ar s> L £(A), x(A)])D]
= let(R); 8% [id, rfix(let(r,; 1,); 6% [m ® A; 7y, rfix(m; ® [A]; S)])]
= let(R); §7%; [id, rfix(let (7,3 1,); 7 ® [A]; 87 [, rfix(S)])] (252)
= let(R); 67"; [id, rfix(1"V > [r,, rfix($)1rp)]
= let(R); 57 [id, rfix(rfix($))] = let(R); 87 [id, rfix(S > [, A ]prp)]
= let(R); 8% [id, rfix(let(S); 6% [y, 5 1,])] = let(R); 7% [id, rfix(S; [id, t,])]
=let(R); 5% [id, rfix([T,y : A+ [¢/x]s > L, £(A)])] = [T + r where £(y) : {[£/x]s} > L]

as desired.
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4656 e uni: Define R = [Trr> LE(A)],E = [T,x:Arye:B],S = [T,y:Brs> Lx(B)], and
4657 T=[I,x:Ars>L£(A)]. We have by induction that

izzz [T,x:Arlety=es> Lx(B)] =rlet(E);S =
253
4660 [T,x:Art where £(x) : {brx e} > L,x(B)] = rcase(T); L] + E (253)
jZZ; It follows in particular that
1663 rlet(E); rfix(S) = rfix(T) (254)
4004 and hence that
4665
Jo66 [T + (r where £(x) : {br k e}) where k(y) : {s} > L]
4667 = let(let(R); Y, 7, + E); 6% [y, rfix(S)]
255
008 =let(R); 5% ([T] ® [L]) + rlet(E); [y, fix(S)] = let(R); 57 %; [, rlet(E); rfix(S)] (259)
4669
4670 = let(R); 87%; [, rfix(T)] = [T + r where £(x) : {t} > L]
o as desired.
72 o dinat: We define R = (£(A;),);, R' = (xj(Bj),);, S = [Tro:R~R'],and &’ = [I'] ®
4673 + .C. ot
) al[ R]],S, az,[ B We have that
4675 1 _ 1 .+
s esemr([a']r) =[[T+ [¢']r> LR ]],a[[L]]+Zj[[BJ_]]
4677 =let([T +r> LR]);[T] ® O‘EL]]+[[R]];5_1;”V + (S; a;jI[Bj]]) (256)
4678 _ ey ,
roro = let(esemr, (r)); 6" s m + S
4680 and, writing L = Isemr, ((%(x:) : {t:},)1),
4681
4682 let((ri(x:) = {[o"1t:}.)1) = 85" [[Toxi : Bi v [0t > L, R']]s]i;a[ﬁ“+zj[[3j]|
4683 — 5-1. . . . 1. ’ .
- =05 llet([T,x; « Bi v ti> LRI D xi: Bi ko s LR~ LR Jis o 45 15,
4685 =855 [rlet([T,x; : Bi - t; > LR]), 1 [T+ o’ : LR L, R'T: o s 8, 257)
1686 - -1, Bk b Y + .51 ot
s =rlet(55 5 [[T,xi : Bi v & > LR]:); [T] ® a[L]]+[[R]]’6 s + (S; an[[Bj]])
4688 =rlet(65 " [[T,x; : Bi v t; > LR], 13 a[J['L]]+Z‘I_[[Bj]]);571; .+ S
4689 ’
1600 =rcase(L);, + S
4691 Furthermore, we have that, letting G = [T + (xj(x;) = t,); : R w L, R],
4692
4693 [T, xi: Ai v [(kj(x)) = t;, )j1]((7 & x;) > LR]
4694 =let([T,x; : A+ o & x> LR [Toxi : A v (15(xj) = t5,);1 : LR~ LR]
4695
4696 = Iet(|[P,xi ZAi Fot; x> L, R’]]);JT[ ® I[L, R,]]; [[T F (Kj(Xj) = tj, )j1 : L, R’ ~» L, R]]
4697 =rlet([T,x;: Aj ko & x;i > LR [[T] ® af 0 Y [ a0 Gl
4698 B HLﬂtﬂlR J R [LR] (258)
1690 =rlet([T,x;: Aj + o & x; > LR ]];aIIL]]+[[R’]]);5 : [ﬂr;ll;a[[L,R]l’G]
4700 =rcase([[T,x; : A F o & x; > L, R’]];a[ErL]H[[R’]]); [7r; Ll;a[fl_ R] G]
4701 — T A R’1: . T ’
4702 - rcase('[ »XitAj ko [i xi > ]]> lr), [”r, UB a[L,R]I’ G]
4703 =rlet([T,x;: A; + o 4 x; > R']); G
4704
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It follows that

Isemr L ((&(x:) = {[(k;(x;) = t;,)'](0 & x:)})i)

=85 5 [T xi : A v [(k5(x) = 13.);11(0 6 x) > L, RIL T o pasagan
=651 [rlet([T, x; : A;

=65 [rlet([T,xi : Ai F o & x;i > R,]]);G]i;al-f—l-]]*'ziﬂAi]]

=65 [rlet([T,x; : Ai v o & xi > R'])]5G; alfL]]+2iIIAi]]

= rlet(85 5 [[Toxi = Ai b o & xi > RN Grof s (259)
rlet(85 % [[T,xi : Ai v 0 & xi > R']|1:); G A Al

rlet([T] ® gy S): G a[[+L]]+z,»[[A,»]]

rlet(S"); [T] ® qqrrps [T+ (x5 (xj) = t,)j : R~ L R]];al-f—l—“*'ziHAi]]
rlet(5); 85 5 [T xi = Ai v ti > R'LRIL 1 5,14

rlet(S"); L

ko b xi > R Gl s,

We therefore have

[T+ [o"]r where (i;(x;) : {[o"]t:}.)i & L]]

= let(esemr ([a']r)); 671 [z, rfix(Isemp ((x;(x;) = {[a1]8:}.)i))]

= let(let(esemr (r)); 8 7, + §); 87 % [, rfix(rcase(L); 7, + S7)]

= let(esemr (r)); 6L [[T] ® [L] + rlet(S); [, rfix(rcase(L); 7, + S')]

= let(esemr (r)); 8 %; [7,, rlet(S’); rfix(rcase(L); 7, + S')]

= let(esemr  (r)); 6% [, rfix(rlet(S"); )]

= let(esemr,(r)); 6" [y, rfix(Isemr, ((£:(x:) £ {[(x;(x;) = 1)1 (0 & x)}.)0)]
= [T+ r where [(x;(x;) = t;,)'](0 & x;),)i > L]

(260)

as desired.

All other cases are analogous to those for expressions, and so omitted. m|

Lemma C.7 (Where-rusioN). The rewrite rules cfg-fuse; (Eqn. 16) and cfg-fuse, are sound, where
we define

VielLl,x;: Ai v t;> L, (£;(4A}),)jer, k(B)
Ly:Brse L (£(A)),)jer k(B), (6, (A%),)jer,
Trro L (6(A))ik(B) Vi€ I.Tx) Al r )5 L (6(A),)jer, <(B), (€ (A)),)yer
T +rwhere (6(x;) : {t:},)ier. k(y) : {s where (£, (x}) : {t; }, )ier}
~ r where (4;(x;) : {t;}.)ier, k(y) : {s}, (& (x;,) : {t{ }.)rer > L

cfg-fuse;

(261)
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Proor. We begin with cfg-fuse;. Let R = (£;(A;),);, K = (xx(Br), )k, S = (ki(yi) = {si}.)is
T = (ti(x;) : {t:;},)}, and Ds = Isemr, g(S), Dr = Isemr, (T), Dg = Isemr, (S, T) We have that

[T+ (r where S) where T > L]
= let(let(esemr, (Lg) (r)): 07" [y, rfix(Ds)]s @ 5 a,1):0 3 [ rfix(Dr)]
= let(esemr, (L g) (r)); rlet(8™"; [, rfix(Ds)]; OfﬁL]]+2j|[Aj]]);5_l; [7y, rfix(Dr)]
= let(esemr,(Lr)(r)); 67" [rlet(”r?“[ﬂ]]ﬂj[[Aj]])’ rlet(rfix(Ds); aEL]]Jij[[Aj]])];(S_I; [z, rfix(Dr)]
= let(esemr, (Lr)(7)); [
”V;aEL]]+2j|[A,-]] > [, fix(Dr) | frys
rﬁx(DS);“[[+|_]]+zj[[Aj]] > [, ffix(Dr) | ryl ey
= let(esemr,(LRr) (1)); [
“ffn+z,-uA,-n > [y, rfix(D1)]ry,
rﬁX(DS);aEL]sz[A_,-]] > [, rfix(Dr) | rylry
=let(T+r> LR, K);a[?fﬂ+([[R]]+2j|IAj]]) > [,
[rfix(D7), rfix(Ds); “EL]]QJ-[[AJ-]] > [y, rfix(Dr) ey gl ey
=let(I' - r> LR K iy rpes, a9
7, [rfix(Dr), rfix(Ds); @] y5, 14, > L rfix(D1)]rylyry]
= let(esemr (7)); 87 %; [7,, [rfix(Dr), rﬁX(DS);“[fL]]ﬂj[[A,-]] > [, tfix(Dr) ey I ey ]

(262)
For this to be equal to [T + r where S, T > L], it therefore suffices to show that
rfix(Dg) = [rfix(DT),rfix(DS);aII'LJHEjﬂAjJ] > [, rfix(Dr) Iyl ry (263)
We note that, by re-association and weakening, we have that
_ .s—lors-l. . .
D¢ = [[I‘]] ® a|-fR]]+[[K]]’§ ) [52 5 [|[F, xi:Ajrt;> LR K]]’aﬁl-]]"'zj'[cj]]’]i’ Ds]
=[] ® ofpguqigs 8+ [Drs [LD + (e [R < RK]: a5 g, p): Ds] ot

= [T1 ® afgpipuq: 8 [P L] + (uspagsesisigs o5, g, Dsl
= agﬂ]] > [Dr > [L] +r (‘E[r]];“gi[[ci]])’][[ﬂ]

where C;_x = A1 and Cx41_n = Bi_n—k. We note in particular that [R < R, K] is up to isomorphism
the left injection 4 : 3;[A; ]| — Zi[[Ai] + Z:[B:]. We can now derive Equation 263, and hence the
soundness of cfg-fuse;, via the string-diagrams in Figure 38, which are drawn in the co-Kleisli
category inducted by [T']). cfg-fuse, then follows by repeated application of cfg-fuse;, as desired. O

C.7 Completeness

THEOREM 5.13 (COMPLETENESS (EXPRESSIONS)). We have that, for all pure eff (T') = L,
Tteemxe :A & [Tree :A]]Thop(,) =T ree :A]]Th®(~)

In particular, this implies that Th(-) is the initial Assa expression model
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4803 R] [X] [RIT [KI

4804
4805

4806
4807

4808

4809

4810

4811

4812 Dy

4813

4814
4815
4816

4817 [[L]] [[L]]

4818

4819 (a) rfix(Dg), with Dg drawn as per the right of  (b) Equivalent to 38a by isotopy and associativity
4820 Eqn. 264 of the codiagonal. We highlight rfix(Dr), which
4821 is used in the next step.

4822 [R] [X]

4823

4824

4825

4826 Ds
4827 \
4828 \
4829 :
4830 Dr

4831 DT /
4832 \

4833

4834

4835

4836

4837 L]

4838 (c) [rfix(Dr), rfix(DS);a[E’L]sz[[Aj]] > [y, tfix(Dr)]rylyry-

4839 Equivalent to 38b by duplication of rfix(Dr).

4840

4841 Fig. 38. String diagrams validating the soundness of cfg-fuse; (Eqn. 16), drawn in the co-Kleisli category
4842 induced by [[T]

4843
4844

1845 PrOOF. We begin by showing Th®(T) is an Assa expression model by validating all the equations
4sae  for adistributive Freyd category. These are formalized as follows:

4847 Th®(T) is a category: formalized in Rewrite/Term/Compose/Seq. lean

[ ]

e Th®(T) is a Freyd category: formalized in Rewrite/Term/Compose/Product.lean
4849 e Th®(T) has coproducts: formalized in Rewrite/Term/Compose/Sum. lean
4850 e Th®(T) is distributive: formalized in Rewrite/Term/Compose/Distrib.lean

4848

4851
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We then prove that the packing of each type constructor is equivalent to its denotational semantics
in Th®(T') in Rewrite/Term/Compose/Completeness. lean. Finally, we show that packing and un-
packing are mutual inverses for I" pure in Term.Eqv . packed_unpacked and Term.Eqv. unpacked_-
packed in Rewrite/Term/Structural/Product.lean, completing the proof of initiality. O

THEOREM 5.14 (COMPLETENESS (REGIONS)). We have that, for all pure eff(T) = L,
TtrarplL & [T+r> L]]Th(-,-) =[Trr > L]]Th(i,.)

In particular, this implies that Th(-, -) is the initial Assp model.

Proor. We begin by showing Th(T, L) is an Assa region model by validating all the equations
for a distributive Elgot category. These are formalized as follows:
Th(T, L) is a category: formalized in Rewrite/Region/Compose/Seq. lean
Th(T, L) is a Freyd category: formalized in Rewrite/Region/Compose/Product.lean
Th(T, L) has coproducts: formalized in Rewrite/Region/Compose/Sum.lean
Th(T, L) is distributive: formalized in Rewrite/Region/Compose/Distrib.lean
Th(T, L) is a strong Elgot category: formalized in Rewrite/Region/Compose/Elgot.lean

We then prove that the packing of each type constructor is equivalent to its denotational se-
mantics in Th(T,L) in Rewrite/Region/Compose/Completeness.lean. Finally, we show that
packing and unpacking are mutual inverses for I' pure in Region.Eqv.packed_unpacked and
Region.Eqv.unpacked_packed in Rewrite/Region/Structural.lean, completing the proof of
initiality. O
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