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The Denotational Semantics of SSA
JAD GHALAYINI and NEEL KRISHNASWAMI

Static single assignment form, or SSA, has been the dominant compiler intermediate representation for decades.

In this paper, we give a type theory for a variant of SSA, including its equational theory, which are strong

enough to validate a variety of control and data flow transformations. We also give a categorical semantics for

SSA, and show that the type theory is sound and complete with respect to the categorical axiomatization.

We demonstrate the utility of our model by exhibiting a variety of concrete models satisfying our axioms,

including in particular a model of TSO weak memory. The correctness of the syntactic metatheory, as well as

the completeness proof has been mechanized in the Lean proof assistant.

CCS Concepts: • Theory of computation → Denotational semantics; Categorical semantics; Type
theory.

Additional Key Words and Phrases: SSA, Categorical Semantics, Elgot Structure, Effectful Category
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This paper is dedicated to the memory of Alan Jeffrey, who taught us about both premonoidal categories
and the semantics of weak memory, and who never shied away from either theory or implementation.

1 Introduction
Static single assignment form, or SSA form, has been the dominant compiler intermediate repre-

sentation since its introduction by Alpern et al. [4] and Rosen et al. [58] in the late 1980s. Most

major compilers – GCC, Clang, MLIR, Cranelift – use this representation, because it makes many

optimizations much easier to do than traditional 3-address code IRs.

The key idea behind SSA is to adapt an idea from functional programming: namely, every

variable is defined only once. This means that substitution is unconditionally valid, without first

requiring a dataflow analysis to compute where definitions reach. Furthermore, because variables

are immutable, they can have at most one value, which means that a program analysis only needs to

store an abstract value once per variable, rather than once per variable per progam point, reducing

memory overheads from quadratic to linear. Unlike in functional programming, though, scoping

of definitions in SSA is traditionally not lexical. Instead, scoping is defined by dominance: every
variable occurrence must be dominated by a single assignment in the control flow graph.

Traditionally, the semantics of SSA has been handled informally. Since it was conceived of as a

simple first-order imperative programming language, whether a rewrite is sound or not was usually

obvious, without needing any complex correctness arguments. Unfortunately, all of computers,

languages and compilers have become more complex since the late 1980s.

Essentially all modern computers are multicore and feature many levels of caching. As a result,

the semantics of memory can no longer be correctly modelled as a big array of bytes, and the
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2 Jad Ghalayini and Neel Krishnaswami

execution of a multithreaded program can no longer be viewed as an interleaving of its threads’

sequential execution traces. Finding good semantics for modern weak memory systems remains an

ongoing challenge. Furthermore, each programming language’s semantics must also have its own

model of weak memory which both abstracts over the differing weak memory models of all the

architectures the language gets compiled to, and also validates the optimizations which compiler

writers wish to perform. Finally, modern compilers exploit semantic properties like undefined

behaviour to transform programs much more aggressively than they did in the previous millenium.

As a result, it is no longer correct to justify compiler optimizations in terms of the simple

imperative model, and it is an open question which equations should hold of an SSA program.

Note that the pressure on SSA as an intermediate representation comes from all directions: the

machine semantics, the language semantics, and the compiler optimizations have all become more

complicated. Once all of these concerns are tangled together, it is very hard to decide if a particular

transformation should hold or not.

To resolve this issue, we propose studying the equational theory of SSA. Having a well-defined

equational theory for SSA will let us disentangle these concerns, because the equational theory can

serve as an interface which both compiler writers and hardware designers can use. The compiler

writers can rely upon the equational theory of SSA when justifying optimizations, without needing

to know all the details of the memory model at all times. Conversely, memory models could be

validated by seeing if they satisfy the equations of SSA, without needing to study every possible

compiler optimization.

Defining an equational theory for SSA is a nontrivial problem, for both minor and major reasons.

Traditionally, SSA is presented as a collection of basic blocks augmented with 𝜙-functions to handle

control-flow merges. This is a good representation for compiler engineering, but creates a large

number of papercuts when defining an operational semantics or equational theory. Operational

semantics for SSA have to keep track of the execution history to correctly interpret 𝜙-nodes, and

the lack of compound expressions makes it awkward to define and use primitives like parallel

substitution. In addition, when all one has is an operational semantics, the only natural notion of

program equivalence is contextual equivalence. Unfortunately, contextual equivalence is extremely

sensitive to the effects available in the language (and SSA often has to deal with very complex effects

like weak memory), and this makes it difficult to formulate a criterion for when the equational

theory is complete.

If we had a class of denotational models for SSA, then it would be possible to give an equational

theory, and show that it is complete (or not) relative to this class of models. But this is precisely the

classical methodology of type theory and categorical logic! To fully understand a programming

language, in general one wants a type theory equipped with an equational theory, a proof that it

is sound and complete with respect to a categorical axiomatization, and a variety of interesting

concrete models satisfying those axioms. Moreover, it would be best if the categorical axiomatization

was constructed from “standard parts”: the less novel the categorical axioms, the better, because

standard constructions are better-studied and have more theorems already proved about them. This

is exactly what we provide in this paper. Concretely, our contributions are as follows:

• First, we give a type-theoretic presentation of SSA, with both typing rules (in Section 3)

and an equational theory (in Section 4) for well-typed terms. We also prove the correctness

of suitable substitution properties for this calculus.

• Next, in Section 5, we give a categorical semantics for this type theory, in terms of distributive

Elgot categories, which are Freyd categories equipped with distributive coproducts and

a strong Conway iteration operator. This demonstrates that a categorical semantics for

SSA can be constructed from well-known structures. We use Freyd categories to model
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The Denotational Semantics of SSA 3

sequencing of imperative computations, we use coproducts to model conditionals, and we

use Conway iteration to model looping.

We show that any category with this structure is a model of SSA. This establishes that all of

the equations we give are sound with respect to the categorical structure.

• We also show, in Section 5.5, that syntax quotiented by the equational theory yields the

initial distributive Elgot category. This establishes that our set of syntactic equations is

complete, and that there are no equations which the denotational semantics validates, but

which cannot be proved syntactically.

Theoretically, this leads us to the surprising discovery that SSA is actually a syntactic

presentation of distributive Elgot categories, thereby establishing a surprising connection

between compiler IRs and category theory. (In fact, our calculus is also the first syntactic

presentation of distributive Elgot categories.)

Practically, it means that we can freely mix equational and semantic reasoning depending on

what is convenient for the problem at hand: a semantic proof which holds in all 𝜆SSA-models

guarantees the existence of a corresponding syntactic sequence of rewrites.

• We proceed in Section 6 to show that this denotational axiomatization is useful in practice.

We give a model of TSO weak memory based on Kavanagh and Brookes [38] in Section 6.3,

We also give a family of concrete models based on Brookes-style traces [12], which can be

instantiated to support the release/acquire model of Dvir et al. [18]. This demonstrates that

it is possible to give realistic weak memory models, in a variety of semantic styles, which do

not disturb the structure of SSA in fundamental ways. Furthermore, our results constitute

the first proof that SSA-based loop transformations are compatible with weak memory.

• Finally, we have substantially mechanized our proofs using the Lean 4 proof assistant. We

have mechanized proofs of substitution for our type theory, as well as proofs that the syntax

forms the initial model, and that the SPARC TSO semantics forms a valid model of SSA. The

denotational semantics and its proof of the soundness of substitution are done on paper.

2 Static Single Assignment Form
2.1 From Three Address Code to SSA
Directly optimizing a source language can be difficult, because surface languages are often very large

and have features (such as type inference and overloading) which make it difficult to express sound

program equivalences. Elaborating a surface language to a simpler intermediate representation

makes it easier to write program analyses and optimizations. One of the earliest compiler IRs

introduced is three-address code [3] (also known as register transfer language (RTL)).
3-address programs consists of a control-flow graph (CFG)𝐺 with a distinguished, nameless entry

block. Each node of the CFG corresponds to a basic block 𝛽 , which is a straight-line sequence of

instructions 𝑥 = 𝑓 (𝑦, 𝑧) (hence the name 3-address code, referring to the typical three variables 𝑥,𝑦, 𝑧)
followed by a terminator 𝜏 , which can be a (conditional) branch to another basic block. We give a

grammar for 3-address code in Figure 1, with some slight adjustments to the usual presentation:

• Constants 𝑐 are interpreted as nullary instructions 𝑐 ().
• We only support nullary tuples () and binary tuples (𝑣, 𝑣 ′) as composite values; 𝑛-ary tuples

(𝑥,𝑦, 𝑧) can be encoded as nested binary tuples ((𝑥,𝑦), 𝑧).
• We allow conditional branches if 𝑜 {𝜏} else {𝜏 ′} to be nested. This allows us to emulate

switch-statements switch(𝑜){𝑐1 : 𝜏1, ..., 𝑐𝑛 : 𝜏𝑛} as nested if-statements without introducing

spurious basic blocks. Likewise, for uniformity, a return-statement may appear in the branch

of a conditional branch.
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4 Jad Ghalayini and Neel Krishnaswami

let 𝑛 = 10;

let mut 𝑖 = 1;

let mut 𝑎 = 1;

while 𝑖 < 𝑛 {
𝑎 = 𝑎 ∗ (𝑖 + 1)
𝑖 = 𝑖 + 1;

}
ret 𝑎

(a) As an imperative program

𝑛 = 10;

𝑖 = 1;

𝑎 = 1;

br loop;

loop : if 𝑖 < 𝑛 { br body } else { ret 𝑎 };
body : 𝑡 = 𝑖 + 1;

𝑎 = 𝑎 ∗ 𝑡 ;
𝑖 = 𝑖 + 1;

br loop

(b) As 3-address code

Fig. 2. A simple, slightly suboptimal program to compute 10! via multiplication in a loop, represented as
typical imperative code and in 3-address code.

𝑣 ::= 𝑥 | (𝑣, 𝑣 ′) | ()

𝑜 ::= 𝑣 | 𝑓 𝑣 | 𝜄𝑙 𝑣 | 𝜄𝑟 𝑣 | abort 𝑣

𝛽 ::= 𝑥 = 𝑜 ; 𝛽 | (𝑥,𝑦) = 𝑜 ; 𝛽 | 𝜏

𝜏 ::= br ℓ | ret 𝑣 | if 𝑜 {𝜏} else {𝜏 ′}

𝐺 ::= 𝛽 | 𝐺 ; ℓ : 𝛽

Fig. 1. Grammar for 3-address code

As a concrete example, consider the simple imperative program to compute 10! given in Figure 2.

We can normalize our code into 3-address code, as in Figure 2b, by:

• Converting structured control flow (e.g., while) into unstructured jumps between basic

blocks.

• Converting composite expressions like 𝑎 ∗ (𝑖 + 1) into a sequence of definitions naming

each subexpression. Here, expressions like 𝑎 +𝑏 are syntactic sugar for primitive operations

+(𝑎, 𝑏).
While functional languages typically rely on lexical scoping, where the scope of a variable is

determined by its position within the code’s nested structure, 3-address code uses a different

scoping mechanism based on dominance. In particular, a variable 𝑥 is considered to be in scope

at a specific point 𝑃 if and only if all execution paths from the program’s entry point to 𝑃 pass

through a definition 𝐷 for 𝑥 . In this case, we say that the definition 𝐷 dominates 𝑃 . The relation on

basic blocks “𝐴 dominates 𝐵" can in fact be viewed as a tree rooted at the entry block: every pair of

basic blocks 𝐴, 𝐵 have a least common ancestor 𝐶 which dominates them both; we call this tree the

dominator tree [16].
Even though three address code was designed to simplify flow analysis, many optimizations

remain difficult to express in this format. Because a variable’s valuemay be set bymultiple definitions

throughout the program’s execution, variables do not have stable values, and so it is not in general

safe to substitute a definition for a variable. To improve our ability to reason about programs, we
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The Denotational Semantics of SSA 5

introduce the static single assignment restriction, originally proposed by Alpern et al. [4], which

states that every variable must be defined at exactly one point in the program. Because there is a

unique definition for each variable, substitution is valid.

We can we intuitively think of each variable as being defined by an immutable let-binding, and
a variable 𝑥 is in scope at a program point 𝑃 , if and only if it sunique definition site 𝐷𝑥 strictly

dominates 𝑃 .

A given basic block can be converted to SSA form by numbering each definition of a variable,

effectively changing references to 𝑥 to references to 𝑥𝑡 , i.e. “𝑥 at time 𝑡 .” For example, we could

rewrite

𝑥 = 3𝑦 + 5; let 𝑥0 = 3𝑦 + 5;

𝑥 = 3𝑥 + 2; ≈ let 𝑥1 = 3𝑥0 + 2;

ret (3𝑥 + 1) ret (3𝑥1 + 1)

This transformation enables algebraic reasoning about expressions involving each 𝑥𝑡 . However,

since we can only define a variable once in SSA form, expressing programs with loops and branches

becomes challenging. For example, naïvely trying to lower the program in Figure 2b into SSA form

would not work, since the reference to 𝑖 in the right-hand-side of the statement 𝑖 = 𝑖 + 1 can refer

to either the previous value of 𝑖 from the last iteration of the loop or the original value 𝑖 = 1. The

classical solution is to introduce 𝜙-nodes, which select a value based on the predecessor block from

which control arrived. We give the lowering of our program into SSA with 𝜙-nodes in Figure 3b.

Cytron et al. [16] introduced the first efficient algorithm to lower a program in 3-address code to

valid SSA while introducing a minimum number of 𝜙-nodes, making SSA practical for widespread

use as an intermediate representation. Unfortunately, 𝜙-nodes do not have an obvious operational

semantics.

Additionally, they require us to adopt more complex scoping rules than simple dominance-based

scoping. For example, in the basic block loop in Figure 3b, 𝑖0 evaluates to 1 if we came from the

entry block and to 𝑖1 if we came from body. Similarly, 𝑎0 evaluates to either 1 or 𝑎1 based on the

predecessor block. This does not obey dominance-based scoping, since 𝑖0 and 𝑖1 are defined after the
𝜙-nodes 𝑖0, 𝑎0 that reference them, which seems counterintuitive – after all, variables are typically

used after they are defined. In fact, since the value of a 𝜙-node is determined by which basic block

is our immediate predecessor, we instead need to use the rule that expressions in 𝜙-node branches

with source 𝑆 can use any variable 𝑦 defined at the end of 𝑆 . Note that this is a strict superset of the

variables visible for a normal instruction 𝑥 , which can only use variables 𝑦 which dominate 𝑥 – i.e.,

such that every path from the entry block to the definition of 𝑥 goes through 𝑦, rather than only

those paths which also go through 𝑆 .

While this rule can be quite confusing, and in particular makes it non-obvious how to assign an

operational semantics to 𝜙-nodes, the fact that the scoping for 𝜙-node branches is based on the

source block, rather than the block in which the 𝜙-node itself appears, hints at a possible solution.

By moving the expression in each branch to the call-site, we can transition to an isomorphic syntax

called basic blocks with arguments (BBA), as illustrated in Figure 5b. In this approach, each 𝜙-

node – since it lacks side effects and has scoping rules independent of its position in the basic

block, depending only on the source of each branch – can be moved to the top of the block. This

reorganization allows us to treat each 𝜙-node as equivalent to an argument for the basic block,

with the corresponding values passed at the jump site. Converting a program from BBA format

back to standard SSA form with 𝜙-nodes is straightforward: introduce a 𝜙-node for each argument

of a basic block, and for each branch corresponding to the 𝜙-node, add an argument to the jump

instruction from the appropriate source block.
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6 Jad Ghalayini and Neel Krishnaswami

𝑛 = 10;

𝑖 = 1;

𝑎 = 1;

br loop;

loop : if 𝑖 < 𝑛 { br body } else { ret 𝑎 };
body : let 𝑡 = 𝑖 + 1;

𝑎 = 𝑎 ∗ 𝑡 ;
𝑖 = 𝑖 + 1;

br loop

(a) 3-address code

let 𝑛 = 10;

br loop

loop : let 𝑖0 = 𝜙 (entry : 1, body : 𝑖1);
let 𝑎0 = 𝜙 (entry : 1, body : 𝑎1);
if 𝑖0 < 𝑛 { br body } else { ret 𝑎0 };

body : let 𝑡 = 𝑖0 + 1

let 𝑎1 = 𝑎0 ∗ 𝑡
let 𝑖1 = 𝑖0 + 1

br loop

(b) Converted to SSA form

Fig. 3. Conversion of three address code for the program in Figure 2 to SSA form, requring the insertion of
𝜙-nodes for 𝑖 and 𝑎 due to control-flow dependent updates. Note how SSA-form can be viewed as “three
address code in which all let-bindings are immutable.”

We give a formal grammar for basic blocks-with-arguments SSA in Figure 4
1
. One of the

other changes we make is replacing conditional branches if 𝑜 {𝜏} else {𝜏 ′} with case-statements
case 𝑜 {𝜄𝑙 𝑦 : 𝜏, 𝜄𝑟 𝑧 : 𝜏 ′}. In particular, a case-statement if 𝑜 {𝜏} else {𝜏 ′} may be desugared into a

case-statement on a Boolean value 𝑜 : 1 + 1.
Note that this grammar no longer needs a separate terminator for returns: we can treat the return

point as a distinguished label (with argument) that a program can jump to.

𝑣 ::= 𝑥 | (𝑣, 𝑣 ′) | ()

𝑜 ::= 𝑣 | 𝑓 𝑣 | 𝜄𝑙 𝑣 | 𝜄𝑟 𝑣 | abort 𝑣

𝛽 ::= let 𝑥 = 𝑜 ; 𝛽 | let (𝑥,𝑦) = 𝑜 ; 𝛽 | 𝜏

𝜏 ::= br ℓ 𝑜 | case 𝑜 {𝜄𝑙 𝑦 : 𝜏, 𝜄𝑟 𝑧 : 𝜏 ′}

𝐺 ::= 𝐺 ℓ (𝑥) : 𝛽 | 𝛽

Fig. 4. Grammar for basic blocks-with-arguments SSA

This allows us to use dominance-based scoping without any special cases for 𝜙-nodes. When

considering basic blocks, this means that a variable is visible within the block 𝐷 where it is defined,

starting from the point of its definition. It continues to be visible in all subsequent blocks 𝑃 that are

strictly dominated by 𝐷 in the control-flow graph (CFG). For example, in Figure 5b:

• The entry block strictly dominates all other blocks by definition; thus, the variable 𝑛 is

visible in loop and body.
• loop strictly dominates body; therefore, the parameters 𝑖0, 𝑎0 to loop are visible in body
without the need to pass them as parameters.

1
Many variants of SSA do not allow variables to appear alone on the right-hand side of assignments, such as 𝑥 = 𝑦; 𝛽 . We

do not incorporate this restriction, though we could by normalizing even further and substituting [𝑦/𝑥 ]𝛽 instead.
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The Denotational Semantics of SSA 7

let 𝑛 = 10;

br loop;

loop : let 𝑖0 = 𝜙 (entry : 1, body : 𝑖1);
let 𝑎0 = 𝜙 (entry : 1, body : 𝑎1);
if 𝑖0 < 𝑛 { br body }
else { ret 𝑎0 };

body : let 𝑡 = 𝑖0 + 1

let 𝑎1 = 𝑎0 ∗ 𝑡
let 𝑖1 = 𝑖0 + 1

br loop

(a) With 𝜙-nodes

let 𝑛 = 10;

br loop(1, 1);
loop(𝑖0, 𝑎0) : if 𝑖0 < 𝑛 { br body }

else { ret 𝑎0 };
body : let 𝑡 = 𝑖0 + 1

let 𝑎1 = 𝑎0 ∗ 𝑡
let 𝑖1 = 𝑖0 + 1

br loop(𝑖1, 𝑎1)

(b) Basic-blocks with arguments

Fig. 5. The program in Figure 2 written in standard SSA (using 𝜙 nodes), like in LLVM [41], and in basic-blocks
with arguments SSA, like in MLIR [42] and Cranelift [59]. The arguments 𝑖0, 𝑎0 corresponding to the 𝜙-nodes
𝑖0, 𝑎0 are colored in red and blue, respectively.

• body does not strictly dominate loop, since there is a path from the entry block to loop that

does not pass through body.

2.2 Type-theoretic SSA
An important insight provided by the BBA format, as discussed by Appel [5] and Kelsey [39], is that

a program in SSA form can be interpreted as a collection of tail-recursive functions, where each

basic block and branch correspond to a function and tail call, respectively. This yields a natural

framework for defining the semantics of SSA and reasoning about optimizations.

A program in BBA is not quite a functional program, because scoping is dominance-based rather

than lexically scoped. However, it turns out to be very easy to convert dominance-based scoping

into lexical scoping. Observe that the function corresponding to a given basic block 𝐵 can only

be called by other blocks 𝐵′
having that basic block’s parent 𝑃 = parent(𝐵) as an ancestor in the

dominance tree (as, otherwise, the parent would not actually dominate the block, since we could

get to 𝐵 through 𝐵′
without passing through 𝑃 ). Moreover, the variables visible in 𝐵 are exactly the

variables visible at the end of 𝑃 ; i.e., the variables visible in 𝑃 and those defined in 𝑃 .

So if we make the dominance tree explicit in the syntax and tie the binding of variables to this

tree structure, then lexical and dominance-based scoping become one and the same. We use this

observation to introduce lexical SSA in Figure 6. The key idea of this syntax is to, rather than

treating the control-flow graph 𝐺 as a flat collection of basic blocks (with a distinguished block),

to instead consider (subtrees of) the dominance tree 𝑟 , with the root of the tree implicitly being

the entry block. We call such subtrees regions: we note that they have a single entry (the root) and

multiple exits (the leaves), and so generalize the more standard concept of a single-entry-single-exit

region in a CFG.

In particular, a region 𝑟 generalizes a basic block 𝛽 by annotating the terminator 𝜏 with a list 𝐿 of

labeled branches “ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 },” yielding a where-block “𝜏 where 𝐿”. Each ℓ𝑖 can only be branched to

by 𝜏 and the regions 𝑡𝑖 , thus syntactically enforcing that the basic block at the root of 𝑟 (made up of

its instructions and terminators) dominates all the basic blocks in the subregions 𝑡𝑖 (which can only

be reached through 𝑟 ). The data of a region 𝑟 is thus exactly the data contained in a basic block
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1 struct BasicBlock {

2 // unary/binary let -bindings , collected into a list

3 vector <Instruction > instructions;

4 Terminator terminator;

5 // Dominated basic blocks , forming a subtree of the dominance tree

6 // Note that only `terminator ` is allowed to jump to blocks in `children `
7 map <Label , (Argument , BasicBlock)> children;

8 }

9

Fig. 7. Data encoded by the grammar in Figure 6

𝛽 (its instructions and terminator) together with a set of subregions dominated by 𝑟 ; in C++-like

pseudocode, we might represent a region as in Figure 7.

Regions allow us to enforce dominance-based scoping simply by making the variables defined

in 𝑟 visible only in the 𝑡𝑖 , which, as previously stated, must be dominated by 𝑟 ; i.e., dominance

based scoping becomes lexical scoping of where-blocks. It is easy to see (we demonstrate this more

rigorously in Section 4.4) that, given a CFG𝐺 , there exists some way to annotate its topological sort

w.r.t. the dominance relation with where-blocks to obtain a region 𝑟 which is lexically well-scoped

if and only if𝐶 is a valid SSA program; we illustrate this process on our running example in Figure 8.

Conversely, erasing the where-blocks from a region 𝑟 and giving the root a name trivially yields a

(topologically sorted!) SSA program, establishing an isomorphism between lexical SSA and standard

SSA.

𝑣 ::= 𝑥 | (𝑣, 𝑣 ′) | ()

𝑜 ::= 𝑣 | 𝑓 𝑣 | 𝜄𝑙 𝑣 | 𝜄𝑟 𝑣 | abort 𝑣

𝑟, 𝑠, 𝑡 ::= let 𝑥 = 𝑜 ; 𝑡 | let (𝑥,𝑦) = 𝑜 ; 𝑡 | 𝜏 where 𝐿

𝜏 ::= br ℓ 𝑜 | case 𝑜 {𝜄𝑙 𝑦 : 𝜏, 𝜄𝑟 𝑧 : 𝜏 ′}

𝐿 ::= · | 𝐿, ℓ (𝑥) : {𝑡}

Fig. 6. Grammar for lexically-scoped SSA

Lexical scoping allows us to apply many of techniques developed in type theory and functional

programming for reasoning about program transformations. Indeed, the result of our conversion to

lexical scoping looks a lot like the correspondence between SSA and CPS described in Kelsey [39].

We can use this correspondence to guide us in developing an equational theory for SSA programs,

with the goal of enabling compositional reasoning about program transformations such as:

• Control-flow rewrites, such as jump-threading or fusing two identical branches of an if-
statement

• Algebraic rewrites, such as simplifying arithmetic expressions

• Combinations of the two, such as rewriting “if 𝑥 > 0 then 0 − 𝑥 else 𝑥” to “abs(𝑥)”.
To help achieve this, we will slightly generalize our syntax by:

(1) Fusing the syntactic categories 𝑜, 𝑣 of operations and values into the syntactic category 𝑎 of

expressions
(2) Fusing the syntactic category 𝜏 of terminators into the syntactic category of regions 𝑟 .
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The Denotational Semantics of SSA 9

let 𝑛 = 10;

br loop(1, 1)
loop(𝑖0, 𝑎0) : if 𝑖0 < 𝑛 { br body }

else { ret 𝑎0 }
body : let 𝑡 = 𝑖0 + 1

let 𝑎1 = 𝑎0 ∗ 𝑡
let 𝑖1 = 𝑖0 + 1

br loop(𝑖1, 𝑎1)

(a) Dominance-based scoping

let 𝑛 = 10;

br loop(1, 1)
where loop(𝑖0, 𝑎0) : {
if 𝑖0 < 𝑛 { br body }
else { ret 𝑎0 }
where body : {
let 𝑡 = 𝑖0 + 1

let 𝑎1 = 𝑎0 ∗ 𝑡
let 𝑖1 = 𝑖0 + 1

br loop(𝑖1, 𝑎1)
}

}

(b) Lexical scoping

Fig. 8. Conversion of an SSA program from dominance-based scoping to explicit lexical scoping

(3) Extending expressions 𝑎 to allow let-expressions “let 𝑥 = 𝑎; 𝑏” and case-expressions
“case 𝑎 {𝜄𝑙 𝑥 : 𝑏, 𝜄𝑟 𝑦 : 𝑐}”

This leaves us with our final language, 𝜆SSA, the resulting grammar for which is given in Figure 9.

It is easy to see that these changes add no expressive power to lexical SSA: we can desugar 1 by

introducing names for anonymous sub-expressions, 2 by introducing names for anonymous sub-

regions, and 3 by floating out let-bindings and case-statements in the obvious manner, introducing

labels as necessary; we discuss this in more detail in Section 4.4.

Change 1 allows us to effectively reason about substitution: replacing the value of a variable

(which is a value 𝑣) with its definition (which is an instruction 𝑜). This can be used as a building

block for optimizations such as common subexpression elimination and global value numbering;

combined with change 3, we can also reason algebraically about “branching” operations like

conditional move and absolute value.

On the other hand, 2 lets us replace an unconditional branch br ℓ 𝑎 (which is a terminator 𝜏 ) with

the code pointed to by the label ℓ (which is a region 𝑟 ), allowing us to perform the jump-threading

optimization

let 𝑥 = 𝑎; br ℓ 𝑏 where ℓ (𝑦) : {𝑟 } ≈ let 𝑥 = 𝑎; let 𝑦 = 𝑏; 𝑟 where ℓ (𝑦) : {𝑟 }

While both sides of this equation are valid lexical SSA programs, by loosening our syntax slightly,

we can unconditionally replace jumps with regions, without worrying about jumps nested in case

statements or fusing where-blocks. This, especially combined with change 3, makes it much easier

to verify optimizations such as

case 𝑎 {𝜄𝑙 𝑥 : br ℓ (𝜄𝑟 𝑥), 𝜄𝑟 𝑥 : br ℓ (𝜄𝑙 𝑥)} where ℓ (𝑦) : {case 𝑦 {𝜄𝑙 𝑧 : ret (𝜄𝑟 𝑧), 𝜄𝑟 𝑧 : ret (𝜄𝑙 𝑧)}}
≈ case 𝑎 {𝜄𝑙 𝑥 : case 𝜄𝑟 𝑥 {𝜄𝑙 𝑧 : ret (𝜄𝑟 𝑧), 𝜄𝑟 𝑧 : ret (𝜄𝑙 𝑧)}

, 𝜄𝑟 𝑥 : case 𝜄𝑙 𝑥 {𝜄𝑙 𝑧 : ret (𝜄𝑟 𝑧), 𝜄𝑟 𝑧 : ret (𝜄𝑙 𝑧)}}
≈ case 𝑎 {𝜄𝑙 𝑥 : ret(𝜄𝑙 𝑥), 𝜄𝑟 𝑥 : ret(𝜄𝑟 𝑥)} ≈ ret (case 𝑎 {𝜄𝑙 𝑥 : 𝜄𝑙 𝑥, 𝜄𝑟 𝑥 : 𝜄𝑟 𝑥}) ≈ ret 𝑎
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10 Jad Ghalayini and Neel Krishnaswami

by repeatedly applying a set of known-good rules, and, moreover, dramatically simplifies the form

of the rules themselves.

𝑎, 𝑏, 𝑐, 𝑒 ::= 𝑥 | 𝑓 𝑎 | let 𝑥 = 𝑎; 𝑒

| () | (𝑎, 𝑏) | let (𝑥,𝑦) = 𝑎; 𝑒

| 𝜄𝑙 𝑎 | 𝜄𝑟 𝑎 | abort 𝑎 | case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏}

𝑟, 𝑠, 𝑡 ::= let 𝑥 = 𝑎; 𝑡 | let (𝑥,𝑦) = 𝑎; 𝑡 | 𝑡 where 𝐿 | br ℓ 𝑎 | case 𝑒 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}

𝐿 ::= · | 𝐿, ℓ (𝑥) : {𝑡}

Fig. 9. Grammar for 𝜆SSA

3 Type Theory
We now give a formal account of 𝜆SSA, starting with the types. Our types are first order, and consists

of binary sums 𝐴 + 𝐵, products 𝐴 ⊗ 𝐵, the unit type 1, and the empty type 0, all parameterised over

a set of base types 𝑋 ∈ T . We write our set of types as Ty(𝑋 ).
A (variable) context Γ is a list of typing hypotheses 𝑥 : 𝐴, where 𝑥 is a variable name and 𝐴 is the

type of that variable. Similarly, we define a label-context to be a list of labels ℓ (𝐴), where 𝐴 is the

parameter type that must be passed on a jump to the label ℓ . The grammar for types, contexts, and

label-contexts is given in Figure 10.

𝐴, 𝐵,𝐶 ::= 𝑋 | 𝐴 ⊗ 𝐵 | 1 | 𝐴 + 𝐵 | 0

Γ ::= · | Γ, 𝑥 : 𝐴

L ::= · | L, ℓ (𝐴)

Fig. 10. Grammar for 𝜆SSA types, contexts, and label-contexts

Our grammar in Figure 9 was implicitly parameterised over a set of primitive instructions 𝑓 ∈ I.
In particular, for each pair𝐴, 𝐵 ∈ Ty(𝑋 ) we specify a set of primitive instructions 𝑓 ∈ I(𝐴, 𝐵), with
a subset of pure instructions I⊥ (𝐴, 𝐵). To allow us to write I𝜖 for an effect 𝜖 ∈ {⊤,⊥}, we denote
I⊤ (𝐴, 𝐵) := I(𝐴, 𝐵).. In general, we define I𝜖 =

⋃
𝐴,𝐵 I𝜖 (𝐴, 𝐵), and I =

⋃
𝜖 I𝜖 .

We’ll call a tuple 𝑆𝑔 = (T ,I) of types and instructions over these types an 𝜆SSA-signature, and,
for the rest of this section, work over a fixed signature.

As shown in Figure 9, 𝜆SSA terms are divided into two syntactic categories, each associated with

a judgement:

• Expressions 𝑎, 𝑏, 𝑐, 𝑒 , which are typed with the judgement Γ ⊢𝜖 𝑎 : 𝐴, which says that under

the typing context Γ, the expression 𝑎 has type 𝐴 and effect 𝜖 . We say a term is pure if it has
effect ⊥; note that whether an expression is pure or not depends both on the expression

itself and on the purity of the variables used in the expression; this is to allow reasoning

about impure substitutions.

• Regions 𝑟, 𝑠, 𝑡 , which recursively define a lexically-scoped SSA program with a single entry

and (potentially) multiple exits. This is typed with the judgement Γ ⊢ 𝑟 ▷ L, which states

that given that Γ is live at the unique entry point, 𝑟 will either loop forever or branch to

one of the exit labels in ℓ (𝐴) ∈ L with an argument of type 𝐴.

The typing rules for expressions are given in Figure 11. In particular, expressions may be built

up from the following fairly standard primitives:
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Γ ⊢𝜖 𝑎 : 𝐴

Γ(𝑥) = 𝐴
var

Γ ⊢𝜖 𝑥 : 𝐴

𝑓 ∈ I𝜖 (𝐴, 𝐵) Γ ⊢𝜖 𝑎 : 𝐴
op

Γ ⊢𝜖 𝑓 𝑎 : 𝐵

Γ ⊢𝜖 𝑎 : 𝐴 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵
let1

Γ ⊢𝜖 let 𝑥 = 𝑎; 𝑏 : 𝐵

unit
Γ ⊢𝜖 () : 1

Γ ⊢𝜖 𝑎 : 𝐴 Γ ⊢𝜖 𝑏 : 𝐵
pair

Γ ⊢𝜖 (𝑎, 𝑏) : 𝐴 ⊗ 𝐵

Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶
let2

Γ ⊢𝜖 let (𝑥,𝑦) = 𝑒; 𝑐 : 𝐶

Γ ⊢𝜖 𝑎 : 𝐴
inl

Γ ⊢𝜖 𝜄𝑙 𝑎 : 𝐴 + 𝐵

Γ ⊢𝜖 𝑏 : 𝐵
inr

Γ ⊢𝜖 𝜄𝑟 𝑏 : 𝐴 + 𝐵

Γ ⊢𝜖 𝑎 : 0
abort

Γ ⊢𝜖 abort 𝑎 : 𝐴

Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶 Γ, 𝑦 : 𝐴 ⊢𝜖 𝑏 : 𝐶
case

Γ ⊢𝜖 case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏} : 𝐶

Fig. 11. Rules for typing 𝜆SSA expressions

• A variable 𝑥 in the context Γ, as typed by var.
• A primitive instruction 𝑓 ∈ I𝜖 (𝐴, 𝐵) applied to an expression Γ ⊢𝜖 𝑎 : 𝐴, typed by op
• Unary and binary let-bindings, typed by let1 and let2 respectively
• A pair of expressions Γ ⊢𝜖 𝑎 : 𝐴, Γ ⊢𝜖 𝑏 : 𝐵, typed by pair. Operationally, we interpret this
as executing 𝑎, and then 𝑏, and returning the pair of their values.

• An empty tuple (), which types in any context by unit
• Injections, typed by inl and inr
• Pattern matching on sum types, typed by case. Operationally, we interpret this as executing
𝑒 , and then, if 𝑒 is a left injection 𝜄𝑙 𝑥 , executing 𝑎 with its value (𝑥 ), otherwise executing 𝑏.

• An operator abort 𝑒 allowing us to abort execution if given a value of the empty type. Since

the empty type is a 0-ary sum type, abort can be seen as a case with no branches. Since the

empty type is uninhabited, execution can never reach an abort. This can be viewed as a

typesafe version of the unreachable instruction in LLVM IR.

Traditional presentations of SSA use a boolean type instead of sum types. Naturally, booleans

can be encoded with sum types as 1+ 1. If-then-else is then a case which ignores the unit payloads,

so that if 𝑒1 {𝑒2} else {𝑒3} := case 𝑒1 {𝜄𝑙 () : 𝑒2, 𝜄𝑟 () : 𝑒3}.
We now move on to regions, which can be typed as follows:

• A branch to a label ℓ with pure argument 𝑎, typed with br.
• Unary and binary let-bindings, typed by let1 and let2 respectively
• Pattern matching on sum types, typed by case. Operationally, we interpret this as executing

the expression 𝑒 , and then, if 𝑒 is a left injection 𝜄𝑙 𝑥 , executing 𝑟 with its value (𝑥 ), otherwise

executing 𝑠 .

• where-blocks of the form “𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 })𝑖 ", which consist of a collection of mutually

recursive regions ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 } and a terminator region 𝑟 which may branch to one of ℓ𝑖 or an

exit label.

3.1 Metatheory
We can now begin to state the syntactic metatheory of 𝜆SSA. One of the most important metatheo-

rems, and a basic sanity check of our type theory, is weakening; essentially, if something typechecks

in a context Δ, and Γ contains all the variables of Δ (written Γ ≤ Δ, pronounced “Γ weakens Δ”),
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12 Jad Ghalayini and Neel Krishnaswami

Γ ⊢ 𝑟 ▷ L

Γ ⊢⊥ 𝑎 : 𝐴 L ℓ = 𝐴
br

Γ ⊢ br ℓ 𝑎 ▷ L
Γ ⊢𝜖 𝑎 : 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L

let1-r
Γ ⊢ let 𝑥 = 𝑎; 𝑟 ▷ L

Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑟 ▷ L
let2-r

Γ ⊢ let (𝑥,𝑦) = 𝑒 ; 𝑟 ▷ L
Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L

case-r
Γ ⊢ case 𝑒 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠} ▷ L

Γ ⊢ 𝑟 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖∈𝐼 ∀𝑖 ∈ 𝐼 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼
cfg

Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 ▷ L

Fig. 12. Rules for typing 𝜆SSA regions

then it should typecheck in the context Γ as well. Here, the context with fewer variables appears

on the right, allowing us to compose typing judgements likeso

Γ ≤ Δ =⇒ Δ ⊢ 𝑟 ▷ L =⇒ Γ ⊢ 𝑟 ▷ L

As our theory has two types of context; we’d also like to define label-weakening L ≤ K, which we

should be able to apply in the same manner:

Γ ⊢ 𝑟 ▷ L =⇒ L ≤ K =⇒ Γ ⊢ 𝑟 ▷ K

If a region 𝑟 typechecks with exit labels L, and K contains every label in L, then 𝑟 should obviously

also typecheck in K. It follows that in the judgement L ≤ K the context with fewer labels appears

on the left-hand side of the judgement: this corresponds precisely to the fact that label-weakening

(injection into a coproduct) is semantically dual to variable-weakening (projection from a product),

and hence the order is flipped.

We give the (standard) formal rules for weakening Γ ≤ Δ, and their duals, in the first part of

Figure 13.

• wk-nil and lwk-nil say that the empty (label) context weakens itself,

• wk-skip says that if Γ weakens Δ, then Γ, 𝑥 : 𝐴 also weakens Δ for arbitrary (fresh) 𝑥 . Dually,

lwk-skip says that if L weakens K, then L also weakens K, ℓ (𝐴) for arbitrary (fresh) ℓ .

• wk-cons says that if Γ weakens Δ, then Γ with 𝑥 : 𝐴 added weakens Δ, 𝑥 : 𝐴. Likewise,

lwk-cons says that if L weakens K, then L with ℓ (𝐴) added weakens K, ℓ (𝐴).
It is easy to see that (label) weakening defined in this manner induces a partial order on (label)

contexts. Our weakening lemma is then as follows:

Lemma 3.1 (Weakening). Given Γ ≤ Δ, 𝜖 ≤ 𝜖′, we have that:
(a) If Δ ⊢𝜖 𝑎 : 𝐴, then Γ ⊢𝜖 ′ 𝑎 : 𝐴

(b) If L ≤ K and Δ ⊢ 𝑟 ▷ L, then Γ ⊢ 𝑟 ▷ K
(c) If 𝛾 : Δ ↦→ Ξ, then 𝛾 : Γ ↦→ Ξ
(d) If Δ ⊢ 𝜎 : L ⇝ K, then Γ ⊢ 𝜎 : L ⇝ K

Proof. These are formalized as:

(a) Term.Wf.wk in Typing/Term/Basic.lean
(b) Region.Wf.wk in Typing/Region/Basic.lean
(c) Follows from Term.Subst.Wf.comp in Typing/Term/Subst.lean
(d) Follows from Region.Subst.Wf.vsubst in Typing/Region/LSubst.lean
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Γ ≤ Δ

wk-nil
· ≤ ·

Γ ≤ Δ
wk-skip

Γ, 𝑥 : 𝐴 ≤ Δ

Γ ≤ Δ
wk-cons

Γ, 𝑥 : 𝐴 ≤ Δ, 𝑥 : 𝐴

L ≤ K

lwk-nil
· ≤ ·

L ≤ K
lwk-skip

L ≤ K, ℓ (𝐴)
L ≤ K

lwk-cons
L, ℓ (𝐴) ≤ K, ℓ (𝐴)

𝛾 : Γ ↦→ Δ

sb-nil
· : Γ ↦→ ·

𝛾 : Γ ↦→ Δ Γ ⊢⊥ 𝑒 : 𝐴
sb-cons

𝛾, 𝑥 ↦→ 𝑒 : Γ ↦→ Δ, 𝑥 : 𝐴

Γ ⊢ 𝜎 : L ⇝ K

ls-nil
Γ ⊢ · : · ⇝ K

Γ ⊢ 𝜎 : L ⇝ K Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ K Γ ⊢ 𝜎 : L ⇝ K
ls-cons

Γ ⊢ 𝜎, ℓ (𝑥) ↦→ 𝑟 : L, ℓ (𝐴) ⇝ K

Fig. 13. Rules for typing 𝜆SSA weakening and substitution

□

The validity of variable weakening hinges on the fact that all the variables in Δ are also available

with the same type in Γ, i.e., if Δ ⊢𝜖 𝑥 : 𝐴 =⇒ Γ ⊢𝜖 𝑥 : 𝐴, then anything which can be typed in Δ
can be typed in Γ. So while weakening on terms is just the identity, weakening on derivations is
essentially replacing “variables from Δ” with “variables from Γ.” Since none of our typing rules,

other than var, make use of variable names, we might ask whether we can repeat essentially

the same reasoning to reason about the well-typedness of replacing variables in Γ with arbitrary

pure expressions of the same type (i.e., perform a substitution). An assignment of such variables

𝛾 : 𝑥 ↦→ 𝛾𝑥 is called a substitution, which we can type with the judgement 𝛾 : Γ ↦→ Δ as per the

rules given in Figure 13. In particular,

• sb-nil says that the empty substitution takes every context to the empty context.

• sb-cons says that if 𝛾 takes Γ to Δ and Γ ⊢⊥ 𝑒 : 𝐴, then 𝛾 with the additional substitution

𝑥 ↦→ 𝑒 adjoined takes Γ to Δ, 𝑥 : 𝐴

To use a substitution, we simply need to perform standard capture-avoiding substitution (see Figure

37 in the appendix). Substitution satisfies the substitution lemma as follows:

Lemma 3.2 (Substitution). Given 𝛾 : Γ ↦→ Δ, we have that:
(a) Δ ⊢𝜖 𝑎 : 𝐴 =⇒ Γ ⊢𝜖 [𝛾]𝑎 : 𝐴

(b) Δ ⊢ 𝑟 ▷ L =⇒ Γ ⊢ [𝛾]𝑟 ▷ L
(c) 𝛾2 : Δ ↦→ Ξ =⇒ [𝛾]𝛾2 : Γ ↦→ Ξ
(d) 𝜎 ⊢ Γ : L ⇝ K =⇒ [𝛾]𝜎 ⊢ Δ : L ⇝ K

Proof. These are formalized as:

(a) Term.Wf.subst in Typing/Term/Subst.lean
(b) Region.Wf.vsubst in Typing/Region/VSubst.lean
(c) Term.Subst.Wf.comp in Typing/Term/Subst.lean

, Vol. 1, No. 1, Article . Publication date: March 2024.



638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

14 Jad Ghalayini and Neel Krishnaswami

(d) Region.Subst.Wf.vsubst in Typing/Region/LSubst.lean

□

Note in particular that this allows us to take the composition [𝛾 ′]𝛾 : Γ′ ↦→ Δ of substitutions

𝛾 ′ : Γ′ ↦→ Γ and 𝛾 : Γ ↦→ Δ; the composition associates as expected: [[𝛾1]𝛾2]𝛾3 = [𝛾1] ( [𝛾2]𝛾3), and
has identity [id]𝛾 = 𝛾 , yielding a category of substitutions with variable contexts Γ as objects.

Given a substitution 𝛾 : Γ ↦→ Δ and context Ξ disjoint from Γ and Δ, we may define a “left

extension” operation ·↿Ξ yielding 𝛾
↿
Ξ : Ξ, Γ ↦→ Ξ,Δ which appends the identity substitution for each

variable in Ξ in the obvious manner:

𝛾↿· = 𝛾 𝛾
↿
Ξ,𝑥 :𝐴 = 𝑥 ↦→ 𝑥,𝛾

↿
Ξ (1)

We may similarly define a “right extension” operation ·↾Ξ yielding 𝛾
↾
Ξ : Γ,Ξ ↦→ Δ,Ξ as follows:

𝛾↾· = 𝛾 𝛾
↾
Ξ,𝑥 :𝐴 = 𝛾

↾
Ξ, 𝑥 ↦→ 𝑥 (2)

In particular, we note that the identity substitution on Γ can be written as ·↾Γ ; in general, we have

[𝛾]𝑎 = [Γ↿Ξ]𝑎 = [𝛾↾Ξ]𝑎. We will usually infer Ξ from context.

One other particularly important form of substitution is that of substituting an expression 𝑎 for

an individual variable 𝑥 , which we will write [𝑎/𝑥] := (𝑥 ↦→ 𝑎)↿.
Finally, just as we can generalize weakening by substituting expressions for variables via sub-

stitution, we can generalize label weakening by substituting labels for (parametrized) regions via
label substitution. In particular, a label-substitution 𝜎 ⊢ Γ : L ⇝ K maps every label ℓ (𝐴) ∈ L
to a region Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ K parametrized by 𝑥 : 𝐴. As shown in Figure 14, we may then define

label-substitution recursively in the obvious manner, mapping br ℓ 𝑎 to [𝑎/𝑥]𝑟 as a base case.

Composition of label-substitutions is pointwise. This allows us to state label substitution as follows:

Lemma 3.3 (Label substitution). Given Γ ⊢ 𝜎 : L ⇝ K, we have that
(a) Γ ⊢ 𝑟 ▷ L =⇒ Γ ⊢ [𝜎]𝑟 ▷ K
(b) Γ ⊢ 𝜅 : L ⇝ J =⇒ Γ ⊢ [𝜎]𝜅 : K ⇝ J

Proof. These are formalized as:

(a) Region.Wf.lsubst in Typing/Region/LSubst.lean
(b) Region.Subst.Wf.comp in Typing/Region/LSubst.lean

□

We may similarly define left and right extensions Γ ⊢ 𝜎↿
K : L, J ⇝ K, J and Γ ⊢ 𝜎↾

K : L, J ⇝ K, J and
for label substitutions Γ ⊢ 𝜎 : L ⇝ K in the obvious manner:

𝜎↾
· = 𝜎 𝜎

↾
K,ℓ (𝐴) = 𝜎

↾
K, ℓ (𝑥) ↦→ br ℓ 𝑥 (3)

𝜎↿
· = 𝜎 𝜎

↿
K,ℓ (𝐴) = ℓ (𝑥) ↦→ br ℓ 𝑥, 𝜎↿

K (4)

As for variable substitutions, we will often omit L when it is clear from the context. We also define

the shorthand [ℓ/𝜅] = [(𝜅 (𝑥) ↦→ br ℓ 𝑥)↿] for single-label substitutions.

4 Equational Theory
4.1 Expressions
We can now give an equational theory for 𝜆SSA expressions. In particular, we will inductively define

an equivalence relation Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴 on terms 𝑎, 𝑎′ for each context Γ, effect 𝜖 , and type 𝐴. For

each of the rules we will present, we assume the rule is valid if and only if both sides of the rule are
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(𝜎, ℓ (𝑥) ↦→ 𝑟 ) (ℓ, 𝑎) = [𝑎/𝑥]𝑟 (𝜎, 𝜅 (𝑥) ↦→ 𝑟 ) (ℓ, 𝑎) = 𝜎 (ℓ, 𝑎) (·) (ℓ, 𝑎) = br ℓ 𝑎

[𝜎] (br ℓ 𝑎) = 𝜎 (ℓ, 𝑎) [𝜎] (let 𝑥 = 𝑎; 𝑟 ) = let 𝑥 = 𝑎; [𝜎]𝑟
[𝜎] (let (𝑥,𝑦) = 𝑒 ; 𝑟 ) = let (𝑥,𝑦) = 𝑒 ; [𝜎]𝑟

[𝜎] (case 𝑒 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠}) = case 𝑒 {𝜄𝑙 𝑥 : [𝜎]𝑟, 𝜄𝑟 𝑦 : [𝜎]𝑠}
[𝜎] (𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) = ( [𝜎]𝑟 ) where (ℓ𝑖 (𝑥𝑖 ) : {[𝜎]𝑡𝑖 }, )𝑖

[𝜎] (·) = · [𝜎] (𝜎 ′, ℓ (𝑥) ↦→ 𝑟 ) = ( [𝜎]𝜎 ′, ℓ (𝑥) ↦→ [𝜎]𝑟 )

Fig. 14. Capture-avoiding label substititon for 𝜆SSA regions and label substitutions; in particular, we assume
bound variables and labels are 𝛼-converted so as not to appear in 𝜎 .

well-typed. We also assume that variables are 𝛼-converted as appropriate to avoid shadowing; our

formalization uses de Bruijn indices, but we stick with names in this exposition for simplicity.

The rules for this relation can be roughly split into rewriting rules, which denote when two

particular expressions have equivalent semantics, and congruence rules, which govern how rewrites

can be composed to enable equational reasoning. In particular, our congruence rules, given in

Figure 15, consist of:

• refl, symm, trans, which state that Γ ⊢𝜖 · ≈ · : 𝐴 is reflexive, transitive, and symmetric

respectively for each choice of Γ, 𝜖, 𝐴, and therefore an equivalence relation.

• let1, let2, pair, inl, inr, case, and abort, which state that Γ ⊢𝜖 · ≈ · : 𝐴 is a congruence with
respect to the corresponding expression constructor, and, in particular, that the expression

constructors are well-defined functions on the quotient of expressions up to ≈.
We also include the following type-directed rules as part of our congruence relation:

• initial, which equates all terms in a context containing the empty type 0, since we will
deem any such context to be unreachable by control flow. In particular, any instruction or

function call returning 0 is assumed to diverge.

• terminal, which equates all pure terms of unit type 1. Note that impure terms may be

disequal, since while their result values are the same, their side effects may differ!

We may group the rest of our rules according to the relevant constructor, i.e. let (unary and

binary) and case. In particular, for unary let, we have the following rules, summarized in Figure 16:

• let1-𝛽 , which allows us to substitute the bound variable in 𝑥 the let-statement let 𝑥 = 𝑎; 𝑏

with its definition 𝑎, yielding [𝑎/𝑥]𝑏. Note that we require Γ ⊢⊥ 𝑎 : 𝐴; i.e., 𝑎 must be pure.
• let1-𝜂, which is the standard 𝜂-rule for let. This is included as a separate rule since, while it

follows trivially from 𝛽 for pure 𝑎, we also want to consider impure expressions.
• Rules let1-op, let1-let1, let1-let2, let1-abort, and let1-case which allow us to “pull” a let-

statement out of any of the other expression constructors; operationally, this is saying that

the bound expression we pull out is evaluated before the rest of the let-binding.
For example, let1-case says that, if both let 𝑧 = case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏}; 𝑑 and case 𝑒 {𝜄𝑙 𝑥 :

let 𝑧 = 𝑎; 𝑑, 𝜄𝑟 𝑦 : let 𝑧 = 𝑏; 𝑑}𝑦, are well typed, then both must have the same behaviour:

(1) Compute 𝑒

(2) If 𝑒 = 𝜄𝑙 𝑒𝑙 , compute [𝑒𝑙/𝑥]𝑎, else, if 𝑒 = 𝜄𝑟 𝑒𝑟 , compute [𝑒𝑟/𝑦]𝑏; store this value as 𝑧
(3) Compute 𝑑 given our value for 𝑧

Note in particular that, since both sides are well-typed, 𝑑 cannot depend on either 𝑥 or 𝑦.
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Γ ⊢𝜖 𝑎 : 𝐴
refl

Γ ⊢𝜖 𝑎 ≈ 𝑎 : 𝐴

Γ ⊢𝜖 𝑎 ≈ 𝑏 : 𝐴 Γ ⊢𝜖 𝑏 ≈ 𝑐 : 𝐴
trans

Γ ⊢𝜖 𝑎 ≈ 𝑐 : 𝐴

Γ ⊢𝜖 𝑎 ≈ 𝑏 : 𝐴
symm

Γ ⊢𝜖 𝑏 ≈ 𝑎 : 𝐴

Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 ≈ 𝑏′ : 𝐵
let1

Γ ⊢𝜖 let 𝑥 = 𝑎; 𝑏 ≈ let 𝑥 = 𝑎′; 𝑏′ : 𝐵

Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴 Γ ⊢𝜖 𝑏 ≈ 𝑏′ : 𝐵
pair

Γ ⊢𝜖 (𝑎, 𝑏) ≈ (𝑎′, 𝑏) : 𝐴 ⊗ 𝐵

Γ ⊢𝜖 𝑒 ≈ 𝑒′ : 𝐴 ⊗ 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 ≈ 𝑐′ : 𝐶
let2

Γ ⊢𝜖 let (𝑥,𝑦) = 𝑒 ; 𝑐 ≈ let (𝑥,𝑦) = 𝑒′; 𝑐′ : 𝐶

Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴
inl

Γ ⊢𝜖 𝜄𝑙 𝑎 ≈ 𝜄𝑙 𝑎
′
: 𝐴 + 𝐵

Γ ⊢𝜖 𝑏 ≈ 𝑏′ : 𝐵
inr

Γ ⊢𝜖 𝜄𝑟 𝑏 ≈ 𝜄𝑟 𝑏
′
: 𝐴 + 𝐵

Γ ⊢𝜖 𝑒 ≈ 𝑒′ : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐶 Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 ≈ 𝑏′ : 𝐶
case

Γ ⊢𝜖 case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏} ≈ case 𝑒′ {𝜄𝑙 𝑥 : 𝑎′, 𝜄𝑟 𝑦 : 𝑏′} : 𝐶
Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 0

abort
Γ ⊢𝜖 abort 𝑎 ≈ abort 𝑎′ : 𝐴

Γ ⊢𝜖 𝑎 : 𝐴 Γ ⊢𝜖 𝑎′ : 𝐴 Γ ⊢⊥ 𝑒 : 0
initial

Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴

Γ ⊢⊥ 𝑎 : 1 Γ ⊢⊥ 𝑎′ : 1
terminal

Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 1

Fig. 15. Congruence rules for 𝜆SSA expressions

Γ ⊢⊥ 𝑎 : 𝐴 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵
let1-𝛽

Γ ⊢𝜖 let 𝑥 = 𝑎; 𝑏 ≈ [𝑏/𝑥]𝑎 : 𝐵

Γ ⊢𝜖 𝑎 : 𝐴
let1-𝜂

Γ ⊢𝜖 let 𝑥 = 𝑎; 𝑥 ≈ 𝑎 : 𝐴

𝑓 ∈ I𝜖 (𝐴, 𝐵) Γ ⊢𝜖 𝑎 : 𝐴 Γ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶
let1-op

Γ ⊢𝜖 let 𝑦 = 𝑓 𝑎; 𝑐 ≈ let 𝑥 = 𝑎; let 𝑦 = 𝑓 𝑥 ; 𝑐 : 𝐶

Γ ⊢𝜖 𝑎 : 𝐴 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵 Γ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶
let1-let1

Γ ⊢𝜖 let 𝑦 = (let 𝑥 = 𝑎; 𝑏); 𝑐 ≈ let 𝑥 = 𝑎; let 𝑦 = 𝑏; 𝑐 : 𝐶

Γ ⊢𝜖 𝑒 : 𝐴 × 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐶 ⊢𝜖 𝑐 : 𝐶 Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷
let1-let2

Γ ⊢𝜖 let 𝑧 = (let (𝑥,𝑦) = 𝑒; 𝑐); 𝑑 ≈ let (𝑥,𝑦) = 𝑒; let 𝑧 = 𝑐 ; 𝑑 : 𝐷

Γ ⊢𝜖 𝑎 : 0 Γ, 𝑦 : 𝐴 ⊢𝜖 𝑏 : 𝐵
let1-abort

Γ ⊢𝜖 let 𝑦 = abort 𝑏; 𝑏 ≈ let 𝑥 = 𝑎; let 𝑦 = abort 𝑥 ; 𝑏 : 𝐵

Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶 Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶 Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷
let1-case

Γ ⊢𝜖 let 𝑧 = (case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏}); 𝑑
≈ case 𝑒 {𝜄𝑙 𝑥 : let 𝑧 = 𝑎; 𝑑, 𝜄𝑟 𝑦 : let 𝑧 = 𝑏; 𝑑} : 𝐷

Fig. 16. Rewriting rules for 𝜆SSA unary let expressions

Handling the other type constructors is a little simpler: by providing a “binding” rule, we generally

only need to specify how to interact with let1, as well as an 𝜂 and 𝛽 rule; interactions with the other

constructors can then be derived. For example, consider the rules for let2 given in 17; we have:

• let2-𝜂, which is the standard 𝜂-rule for binary let-bindings
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Γ ⊢𝜖 𝑎 : 𝐴 Γ ⊢𝜖 𝑏 : 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶
let2-pair

Γ ⊢𝜖 let (𝑥,𝑦) = (𝑎, 𝑏); 𝑐 ≈ let 𝑥 = 𝑎; let 𝑦 = 𝑏; 𝑐 : 𝐶

Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵
let2-𝜂

Γ ⊢𝜖 let (𝑥,𝑦) = 𝑒; (𝑥,𝑦) ≈ 𝑒 : 𝐴 ⊗ 𝐵

Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶
let2-bind

Γ ⊢𝜖 let (𝑥,𝑦) = 𝑒; 𝑐 ≈ let 𝑧 = 𝑒; let (𝑥,𝑦) = 𝑧; 𝑐 : 𝐶

Γ ⊢𝜖 𝑎 : 𝐴 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑐 : 𝐶 Γ, 𝑦 : 𝐵 ⊢𝜖 𝑑 : 𝐶
case-inl

Γ ⊢𝜖 case 𝜄𝑙 𝑎 {𝜄𝑙 𝑥 : 𝑐, 𝜄𝑟 𝑦 : 𝑑} ≈ let 𝑥 = 𝑎; 𝑐 : 𝐶

Γ ⊢𝜖 𝑏 : 𝐵 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑐 : 𝐶 Γ, 𝑦 : 𝐵 ⊢𝜖 𝑑 : 𝐶
case-inr

Γ ⊢𝜖 case 𝜄𝑟 𝑏 {𝜄𝑙 𝑥 : 𝑐, 𝜄𝑟 𝑦 : 𝑑} ≈ let 𝑦 = 𝑏; 𝑑 : 𝐶

Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵
case-𝜂

Γ ⊢𝜖 case 𝑒 {𝜄𝑙 𝑥 : 𝜄𝑙 𝑥, 𝜄𝑟 𝑦 : 𝜄𝑟 𝑦} ≈ 𝑒 : 𝐴 + 𝐵

Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑐 : 𝐶 Γ, 𝑦 : 𝐵 ⊢𝜖 𝑑 : 𝐶
case-bind

Γ ⊢𝜖 case 𝑒 {𝜄𝑙 𝑥 : 𝑐, 𝜄𝑟 𝑦 : 𝑑} ≈ let 𝑧 = 𝑒; case 𝑧 {𝜄𝑙 𝑥 : 𝑐, 𝜄𝑟 𝑦 : 𝑑} : 𝐶

Fig. 17. Rewriting rules for 𝜆SSA binary let and case expressions

• let2-pair, which acts like a slightly generalized 𝛽-rule, since we can derive 𝛽 reduction as

follows: given pure Γ ⊢⊥ 𝑎 : 𝐴 and Γ ⊢⊥ 𝑏 : 𝐵, we have

(let (𝑥,𝑦) = (𝑎, 𝑏); 𝑐) ≈ (let 𝑥 = 𝑎; let 𝑦 = 𝑏; 𝑐) ≈ ([𝑎/𝑥] (let 𝑦 = 𝑏; 𝑐)) ≈ ([𝑎/𝑥] [𝑏/𝑦]𝑐)

We state the rule in a more general form to allow for impure 𝑎 and 𝑏, as well as to simplify

certain proofs.

• let2-bind, which allows us to “pull” out the bound value of a binary let-expression into its

own unary let-expression; operationally, this just says that we execute the bound value

before executing the binding itself.

This is enough to allow us to define our interactions with the other expression constructors: for

example, to show that we can lift an operation 𝑓 out of a binary let-binding, rather than adding a

separate rule, we can instead derive (types omitted for simplicity) it from let2-bind and let1-op as

follows:

(let (𝑥,𝑦) = 𝑓 𝑎; 𝑏) ≈ (let 𝑧𝑓 = 𝑓 𝑎; let (𝑥,𝑦) = 𝑧; 𝑏)
≈ (let 𝑧𝑎 = 𝑎; let 𝑧𝑓 = 𝑓 𝑧𝑎 ; let (𝑥,𝑦) = 𝑧; 𝑏)
≈ (let 𝑧𝑎 = 𝑎; let (𝑥,𝑦) = 𝑓 𝑧𝑎 ; 𝑏)

Similarly, it is enough to give 𝜂, 𝛽 , and binding rules for case expressions. In particular, we have

that

• case-inl and case-inr serve as 𝛽-reduction rules, telling us that case-expressions given an

injection as an argument have the expected operational behaviour. Note that we reduce to

a let-expression rather than perform a substitution to allow for impure discriminants.

• case-𝜂 is the standard 𝜂-rule for case-expressions.
• case-bind allows us to “pull” out the bound value of the discriminant into it’s own let-
expression; again, operationally, this just says that we need to evaluate the discriminant

before executing the case-expression.
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18 Jad Ghalayini and Neel Krishnaswami

It’s interesting that this is enough, alongwith the let-case rule and friends, to derive the distributivity
properties we would expect well-behaved case-expressions to have. For example, we have that

𝑓 (case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏}) ≈ (let 𝑧 = case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏}; 𝑓 𝑧)
≈ case 𝑒 {𝜄𝑙 𝑥 : let 𝑧 = 𝑎; 𝑓 𝑧, 𝜄𝑟 𝑦 : let 𝑧 = 𝑏; 𝑓 𝑧}
≈ case 𝑒 {𝜄𝑙 𝑥 : 𝑓 𝑎, 𝜄𝑟 𝑦 : 𝑓 𝑏}

and likewise for more complicated distributivity properties involving, e.g., let-bindings.
The case for the other constructors is even more convenient: no additional rules are required at

all to handle operations, pairs, and injections. For example, we can derive the expected bind-rule

for operations as follows:

𝑓 𝑎 ≈ (let 𝑦 = 𝑓 𝑎; 𝑦) ≈ (let 𝑥 = 𝑎; let 𝑦 = 𝑓 𝑥 ; 𝑦) ≈ (let 𝑥 = 𝑎; 𝑓 𝑥)

This completes the equational theory for 𝜆SSA terms; in Section 5.5, we will show that this is

enough to state a completeness theorem.

4.2 Regions
We now come to the equational theory for regions, which is similar to that for terms, except that we

also need to support control-flow graphs. As before, we will split our rules into a set of congruence
rules and, for each region constructor, rewriting rules based on that constructor’s semantics. Our

congruence rules, given in Figure 18, are quite standard; we have:

• As for terms, refl, trans, and symm state that Γ ⊢ · ≈ · ▷ L is an equivalence relation for all

Γ, L.
• Similarly, let1, let2, case, and cfg state that Γ ⊢ · ≈ · ▷ L is a congruence over the respective

region constructors; as well as the equivalence relation on terms Γ ⊢𝜖 · ≈ · : 𝐴.
• initial states that any context containing the empty type 0 equates all regions, by a similar

reasoning to the rules for terms. Note that we do not require an analogue to the terminal
rule (for example, for regions targeting L = ℓ (1)), since it will follow from the version for

terms; this is good, since the concept of a “pure” region has not yet been defined.

Our rewriting rules for unary let-statements, given in Figure 19, are analogous to those for unary

let-expressions:

• let1-𝛽 allows us to perform 𝛽-reduction of pure expressions into regions; unlike for terms,

we do not need an 𝜂-rule

• Exactly like for let-expressions, let1-op, let1-let1, let1-let2, let1-abort, and let1-case allow
us to pull out nested subexpressions of the bound value of a let-statement into their own

unary let-statement

Similarly to expressions, binary let-statements and case-statements need only the obvious 𝛽 rule

and binding rule, with all the interactions with other constructors derivable; these rules are given

in Figure 20. Note in particular that 𝜂-rules are not necessary, as these are derivable from binding

and the 𝜂-rules for expressions.

Dealing with where-blocks, on the other hand, is a little bit more complicated, as shown by the

number of rules in Figure 21. One difficulty is that, unlike the other region constructors, we will

need an 𝜂-rule as well as two 𝛽-rules. The latter are simple enough to state:

• For ℓ𝑘 defined in awhere-block, cfg-𝛽1 says that we can replace a branch to ℓ𝑘 with argument

𝑎 with a let-statement binding 𝑎 to the corresponding body 𝑡𝑘 ’s argument 𝑥𝑘 .

• For 𝜅 not defined in a where-block, cfg-𝛽2 says that a branch to 𝜅 within the where-block
has the same semantics as if the where-block was not there; hence, it can be removed.
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Γ ⊢ 𝑟 ▷ L
refl

Γ ⊢ 𝑟 ≈ 𝑟 ▷ L
Γ ⊢ 𝑟 ≈ 𝑠 ▷ L Γ ⊢ 𝑠 ≈ 𝑡 ▷ L

trans
Γ ⊢ 𝑟 ≈ 𝑡 ▷ L

Γ ⊢ 𝑟 ≈ 𝑠 ▷ L
symm

Γ ⊢ 𝑠 ≈ 𝑟 ▷ L

Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑟 ≈ 𝑟 ′ ▷ L
let1

Γ ⊢ let 𝑥 = 𝑎; 𝑟 ≈ let 𝑥 = 𝑎′; 𝑟 ′ ▷ L

Γ ⊢𝜖 𝑒 ≈ 𝑒′ : 𝐴 ⊗ 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑟 ≈ 𝑟 ′ ▷ L
let2

Γ ⊢ let (𝑥,𝑦) = 𝑒; 𝑟 ≈ let (𝑥,𝑦) = 𝑒′; 𝑟 ′ ▷ L

Γ ⊢𝜖 𝑒 ≈ 𝑒′ : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢ 𝑟 ≈ 𝑟 ′ ▷ L Γ, 𝑦 : 𝐵 ⊢ 𝑠 ≈ 𝑠′ ▷ L
case

Γ ⊢ case 𝑒 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠} ≈ case 𝑒′ {𝜄𝑙 𝑥 : 𝑟 ′, 𝜄𝑟 𝑦 : 𝑠′} ▷ L

Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖∈𝐼 ∀𝑖 ∈ 𝐼 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ≈ 𝑡 ′𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼
cfg

Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 : 𝐴𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 ≈ 𝑟 ′ where (ℓ𝑖 (𝑥𝑖 : 𝐴𝑖 ) : {𝑡 ′𝑖 }, )𝑖∈𝐼 ▷ L

Γ ⊢ 𝑟 ▷ L Γ ⊢ 𝑠 ▷ L ∃𝑥, Γ 𝑥 = 0
initial

Γ ⊢ 𝑟 ≈ 𝑠 ▷ L

Fig. 18. Congruence rules for 𝜆SSA regions

Γ ⊢⊥ 𝑎 : 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L
let1-𝛽

Γ ⊢ let 𝑥 = 𝑎; 𝑟 ≈ [𝑎/𝑥]𝑟 ▷ L
𝑓 ∈ I𝜖 (𝐴, 𝐵) Γ ⊢𝜖 𝑎 : 𝐴 Γ, 𝑦 : 𝐵 ⊢ 𝑟 ▷ L

let1-op
Γ ⊢ let 𝑦 = 𝑓 𝑎; 𝑟 ≈ let 𝑥 = 𝑎; let 𝑦 = 𝑓 𝑥 ; 𝑟 ▷ L
Γ ⊢𝜖 𝑎 : 𝐴 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵 Γ, 𝑦 : 𝐵 ⊢ 𝑟 ▷ L

let1-let1
Γ ⊢ let 𝑦 = (let 𝑥 = 𝑎; 𝑏); 𝑟 ≈ let 𝑥 = 𝑎; let 𝑦 = 𝑏; 𝑟 ▷ L
Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶 Γ, 𝑧 : 𝐶 ⊢ 𝑟 ▷ L

let1-let2
Γ ⊢ let 𝑧 = (let (𝑥,𝑦) = 𝑒 ; 𝑐); 𝑟 ≈ let (𝑥,𝑦) = 𝑒 ; let 𝑧 = 𝑐 ; 𝑟 ▷ L

Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶 Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶 Γ, 𝑧 : 𝐶 ⊢ 𝑟 ▷ L
let1-case

Γ ⊢ let 𝑧 = (case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏}); 𝑟
≈ case 𝑒 {𝜄𝑙 𝑥 : let 𝑧 = 𝑎; 𝑟, 𝜄𝑟 𝑦 : let 𝑧 = 𝑏; 𝑟 } ▷ L

Γ ⊢𝜖 𝑎 : 0 Γ, 𝑦 : 𝐴 ⊢ 𝑟 ▷ L
let1-abort

Γ ⊢ let 𝑦 = abort 𝑎; 𝑟 ≈ let 𝑥 = 𝑎; let 𝑦 = abort 𝑥 ; 𝑟 ▷ L

Fig. 19. Rewriting rules for 𝜆SSA unary let-statements

To state our 𝜂-rule, however, we will need to introduce some more machinery. Given a mapping

from a set of labels ℓ𝑖 to associated regions 𝑡𝑖 , we may define the control-flow graph substitution
cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 } pointwise as follows:

cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 } 𝜅 𝑎 := (br 𝜅 𝑎 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) (5)

In general, we may derive, for any label-context L (assuming cfgs {·} acts uniformly on the labels 𝜅

in L as described above), the following rule:

∀𝑖 ∈ 𝐼 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼
cfgs

Γ ⊢ cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 } : L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼 ⇝ L (6)
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Γ ⊢𝜖 𝑎 : 𝐴 Γ ⊢𝜖 𝑏 : 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑟 ▷ L
let2-pair

Γ ⊢ let (𝑥,𝑦) = (𝑎, 𝑏); 𝑟 ≈ let 𝑥 = 𝑎; let 𝑦 = 𝑏; 𝑟 ▷ L
Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑟 ▷ L

let2-bind
Γ ⊢ let (𝑥,𝑦) = 𝑒; 𝑟 ≈ let 𝑧 = 𝑒; let (𝑥,𝑦) = 𝑧; 𝑟 ▷ L

Γ ⊢𝜖 𝑎 : 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L
case-inl

Γ ⊢ case 𝜄𝑙 𝑎 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠} ≈ let 𝑥 = 𝑎; 𝑟 ▷ L
Γ ⊢𝜖 𝑏 : 𝐵 Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L

case-inr
Γ ⊢ case 𝜄𝑟 𝑏 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠} ≈ let 𝑦 = 𝑏; 𝑠 ▷ L
Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L

case-bind
Γ ⊢ case 𝑒 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠} ≈ let 𝑧 = 𝑒; case 𝑧 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠} ▷ L

Fig. 20. Rewriting rules for 𝜆SSA binary let-statements and case-statements

Our 𝜂-rule, cfg-𝜂, says that any where-block of the form 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 has the same

semantics as the label-substitution [cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 }]𝑟 , which in effect propagates the where-

block to the branches of 𝑟 , if any. While we called this rule cfg-𝜂, it also functions similarly to a

binding rule in that it allows us to derive many of the expected commutativity properties of where;
for example, we have that

let 𝑦 = 𝑎; 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {br ℓ𝑗 𝑎 𝑗 }, )𝑖 ≈ [cfgs {(ℓ𝑖 (𝑥𝑖 ) : {br ℓ𝑗 𝑎 𝑗 }, )𝑖 }] (let 𝑦 = 𝑎; 𝑟 )
≈ let 𝑦 = 𝑎; [cfgs {(ℓ𝑖 (𝑥𝑖 ) : {br ℓ𝑗 𝑎 𝑗 }, )𝑖 }]𝑟
≈ let 𝑦 = 𝑎; 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {br ℓ𝑗 𝑎 𝑗 }, )𝑖

One particularly important application of the 𝜂-rule for control-flow graphs is in validating the

rewrite

Γ ⊢𝜖 𝑎 : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L Γ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L
case2cfg

Γ ⊢ case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡} ≈ (case 𝑎 {𝜄𝑙 𝑥 : br ℓ 𝑥, 𝜄𝑟 𝑦 : br ℓ ′ 𝑦})
where ℓ (𝑥) : {𝑠}, ℓ ′ (𝑦) : {𝑡} ▷ L (7)

In addition, we also add as an axiom the ability to get rid of a single, trivially nested where-block;
this is given as the rule codiag.

To be able to soundly perform equational rewriting, we will need the uniformity property, which

is described by the rule uni. In essence, this lets us commute pure expressions with loop bodies,

enabling rewrites (in imperative style) like

loop {𝑥 = 𝑥 + 1; if 𝑝 3𝑥 {ret 3𝑥}} ≈ 𝑦 = 3𝑥 ; loop {𝑦 = 𝑦 + 3; if 𝑝 𝑦 {ret 𝑦}} (8)

Note that substitution alone would not allow us to derive Equation 8 above, since 𝑥 and 𝑦 change

each iteration, and hence, in SSA, would need to become parameters as follows:

br ℓ 𝑥 where ℓ (𝑦) : {let 𝑥 ′ = 𝑦 + 1; if 𝑝 3𝑥 ′ {ret 3𝑥 ′} else {br ℓ 𝑥 ′}}
≈ let 𝑦 = 3𝑥 ; br 𝜅 𝑦 where 𝜅 (𝑦) : {let 𝑦′ = 𝑦 + 3; if 𝑝 𝑦′ {ret 𝑦′} else {br 𝜅 𝑦′}} (9)

The actual rule is quite complicated, so let’s break it down point by point. Assume we are given:

• A region Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L, 𝜅 (𝐵) taking “input” 𝑦 of type 𝐵 and, as “output,” jumping to a label

𝜅 with an argument of type 𝐵. We’ll interpret branches to any other label (i.e. any label in

L) as a (divergent) “side effect.”
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• A region Γ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L, ℓ (𝐴) taking “input” 𝑥 of type 𝐴 and, as “output,” jumping to a label

ℓ with an argument of type 𝐴.

• A pure expression Γ, 𝑥 : 𝐴 ⊢⊥ 𝑒 : 𝐵 parameterised by a value 𝑥 of type 𝐴

Suppose further that the following condition holds:

Γ, 𝑥 : 𝐴 ⊢ [𝑒/𝑦]𝑠 ≈ 𝑡 where ℓ (𝑥) : {br 𝜅 𝑒} ▷ L, 𝜅 (𝐵)

That is, the following two programs are equivalent:

(a) Given input 𝑥 , evaluate 𝑒 and, taking it’s output to be input𝑦, evaluate 𝑠 , (implicitly) yielding

as output a new value of 𝑦. In imperative pseudocode,

𝑦 = 𝑒 ;𝑦 = 𝑠

(b) Given input 𝑥 , evaluate 𝑡 and, taking it’s output to be the new value of 𝑥 , evaluate 𝑒 ,

(implicitly) yielding as output a new value 𝑦. In imperative pseudocode,

𝑥 = 𝑡 ;𝑦 = 𝑒

Then, for any well-typed entry block Γ ⊢ 𝑟 ▷ L, ℓ (𝐴) (which can produce an appropriate input 𝑥 : 𝐴

at label ℓ), we have that

Γ ⊢ (𝑟 where ℓ (𝑥) : {br 𝜅 𝑒}) where 𝜅 (𝑦) : {𝑠} ≈ 𝑟 where 𝑡 ▷ L

i.e., in imperative pseudocode,

𝑥 = 𝑟 ;𝑦 = 𝑒 ; loop {𝑦 = 𝑠} ≈ 𝑥 = 𝑟 ; loop {𝑥 = 𝑡} (10)

since

𝑦 = 𝑒 ;𝑦 = 𝑠 ;𝑦 = 𝑠 ; . . . ≈ 𝑥 = 𝑡 ;𝑦 = 𝑒 ;𝑦 = 𝑠; . . . ≈ 𝑥 = 𝑡 ;𝑥 = 𝑡 ;𝑦 = 𝑒 ; . . . ≈ · · · (11)

where 𝑠 and 𝑡 may branch out of the loop. Note that, due to let1-𝛽 , cfg-𝜂, and cfg-𝛽1, this is equivalent
to the rule

Γ, 𝑥 : 𝐴 ⊢ [𝑒/𝑦]𝑠 ≈ [ℓ (𝑥) ↦→ br 𝜅 𝑒]𝑡 ▷ L, 𝜅 (𝐵)
uni’

Γ ⊢ (([ℓ (𝑥) ↦→ br 𝜅 𝑒]𝑟 ) where 𝜅 (𝑦) : {𝑠}) ≈ (𝑟 where ℓ (𝑥) : {𝑡}) ▷ L

where Γ ⊢ 𝑟 ▷ L, ℓ (𝐴) Γ, 𝑥 : 𝐴 ⊢⊥ 𝑒 : 𝐵 Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L, 𝜅 (𝐵) Γ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L, ℓ (𝐴)
(12)

Going back to our concrete example from Equation 9, if we first substitute the let-binding 𝑦 = 3𝑥

on the RHS, we get

br ℓ 𝑥 where ℓ (𝑦) : {let 𝑥 ′ = 𝑦 + 1; if 𝑝 3𝑥 ′ {ret 3𝑥 ′} else {br ℓ 𝑥 ′}}
≈ br 𝜅 3𝑥 where 𝜅 (𝑦) : {let 𝑦′ = 𝑦 + 3; if 𝑝 𝑦′ {ret 𝑦′} else {br 𝜅 𝑦′}} (13)

Now, instantiate uni′ (Equation 12) by taking:

• 𝑠 = let 𝑦′ = 𝑦 + 3; if 𝑝 𝑦′ {ret 𝑦′} else {br 𝜅 𝑦′} to be the loop body on the RHS

• 𝑒 = 3𝑥

• 𝑟 = br ℓ 𝑥
• 𝑡 = let 𝑥 ′ = 𝑦 + 1; if 𝑝 3𝑥 ′ {ret 3𝑥 ′} else {br ℓ 𝑥 ′} to be the loop body on the LHS
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Γ ⊢⊥ 𝑎 : 𝐴𝑘 ∀𝑖 ∈ 𝐼 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼
cfg-𝛽1

Γ ⊢ br ℓ𝑘 𝑎 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 ≈ (let 𝑥𝑘 = 𝑎; 𝑡𝑘 ) where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 ▷ L
Γ ⊢⊥ 𝑏 : 𝐵 ∀𝑖 ∈ 𝐼 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼 L 𝜅 = 𝐵 𝜅 ∉ {ℓ𝑖 | 𝑖 ∈ 𝐼 }

cfg-𝛽2
Γ ⊢ br 𝜅 𝑏 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 ≈ br 𝜅 𝑏 ▷ L

Γ ⊢ 𝑟 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖∈𝐼 ∀𝑖 ∈ 𝐼 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼
cfg-𝜂

Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 ≈ [cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 }]𝑟 ▷ L
Γ ⊢ 𝑟 ▷ L, ℓ (𝐴) Γ, 𝑦 : 𝐴 ⊢ 𝑠 ▷ L, ℓ (𝐴), 𝜅 (𝐴)

codiag
Γ ⊢ 𝑟 where ℓ (𝑥) : {br 𝜅 𝑥 where 𝜅 (𝑦) : {𝑠}} ≈ 𝑟 where ℓ (𝑦) : {[ℓ/𝜅]𝑠} ▷ L

Γ ⊢ 𝑟 ▷ L, ℓ (𝐴) Γ, 𝑥 : 𝐴 ⊢ let 𝑦 = 𝑒 ; 𝑠 ≈ 𝑡 where ℓ (𝑥) : {br 𝜅 𝑒} ▷ L, 𝜅 (𝐵)
uni

Γ ⊢ (𝑟 where ℓ (𝑥) : {br 𝜅 𝑒}) where 𝜅 (𝑦) : {𝑠} ≈ 𝑟 where 𝑡 ▷ L

where Γ, 𝑥 : 𝐴 ⊢⊥ 𝑒 : 𝐵, Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L, 𝜅 (𝐵), and Γ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L, ℓ (𝐴)

Γ ⊢ 𝑟 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖∈𝐼
Γ ⊢ 𝜎 : (ℓ𝑖 (𝐴𝑖 ), )𝑖∈𝐼 ⇝ (𝜅 𝑗 (𝐵 𝑗 ), ) 𝑗∈ 𝐽 ∀𝑗 ∈ 𝐽 .Γ, 𝑥 𝑗 : 𝐵 𝑗 ⊢ 𝑡 𝑗 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖∈𝐼

dinat
Γ ⊢ ([𝜎↿]𝑟 ) where (𝜅 𝑗 (𝑥 𝑗 ) : {[𝜎↿]𝑡 𝑗 }, ) 𝑗∈ 𝐽

≈ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {[(𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , ) 𝑗∈ 𝐽 ↿] (𝜎 ℓ𝑖 𝑥𝑖 )}, )𝑖∈𝐼

Fig. 21. Rewriting rules for 𝜆SSA where-blocks

It’s easy to see that (( [ℓ (𝑥) ↦→ br 𝜅 𝑒]𝑟 ) where 𝜅 (𝑦) : {𝑠}) and (𝑟 where 𝑡) are syntactically equal

to the RHS and LHS of our desired result (Equation 13). So, it suffices to verify that

Γ, 𝑥 : 𝐴 ⊢[𝑒/𝑦]𝑠 ≈ let 𝑦′ = 3𝑥 + 3; if 𝑝 𝑦′ {ret 𝑦′} else {br 𝜅 𝑦′}
≈ let 𝑦′ = 3(𝑥 + 1); if 𝑝 𝑦′ {ret 𝑦′} else {br 𝜅 𝑦′}
≈ let 𝑥 ′ = 𝑥 + 1; let 𝑦′ = 3𝑥 ′; if 𝑝 𝑦′ {ret 𝑦′} else {br 𝜅 𝑦′}
≈ let 𝑥 ′ = 𝑥 + 1; if 𝑝 3𝑥 ′ {ret 3𝑥 ′} else {br 𝜅 3𝑥 ′}
≈ [ℓ (𝑥) ↦→ br 𝜅 𝑒]𝑡

as desired. The reason why we require 𝑒 to be pure in the uniformity rule is that impure expressions

do not necessarily commute with infinite loops, even if they commute with any finite number of

iterations of the loop. For example, if hi is some effectful operation (say, printing “hello”), it is quite

obvious that,

hi;𝑥 = 𝑥 + 1; if 𝑥 = 𝑦 {ret 𝑦} ≈ 𝑥 = 𝑥 + 1; if 𝑥 = 𝑦 {hi; ret 𝑦}; hi (14)

whereas

hi; loop{𝑥 = 𝑥 + 1; if 𝑥 = 𝑦 {ret 𝑦}} ̸≈ loop{𝑥 = 𝑥 + 1; if 𝑥 = 𝑦 {hi; ret 𝑦}}; hi (15)

since, in particular, we may have 𝑦 ≤ 𝑥 , in which case the loop will never exit and hence hi will
never be executed.

The derivable rule uni’ (Equation 12) illuminates a very important potential use for uniformity;

namely, formalizing rewrites like those in Figure 22. In particular, consider a program of the form

Γ ⊢ ([ℓ (𝑥) ↦→ br 𝜅 𝑒]𝑟 ) where 𝜅 (𝑦) : {[ℓ (𝑥) ↦→ br 𝜅 𝑒]𝑠} ▷ L
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let 𝑛 = 10;

br loop(1, 1)
where loop(𝑖0, 𝑎0) : {
if 𝑖0 < 𝑛 {
br loop(𝑖0 + 1, 𝑎0 ∗ (𝑖0 + 1))

} else {
ret 𝑎0

}
}

(a) Program from Figure 8 after substituting lets.

let 𝑛 = 10;

br loop (0, 1)
where loop(𝑥,𝑦) : {
let (𝑖0, 𝑎0) = (𝑥 + 1, 𝑦 ∗ (𝑥 + 1));
if 𝑖0 < 𝑛 {
br loop(𝑖0, 𝑎0)

} else {
ret 𝑎0

}
}

(b) Equivalent to Figure 22c by dinaturality

let 𝑛 = 10;

br loop(
let (𝑥,𝑦) = (0, 1);
(𝑥 + 1, 𝑦 ∗ (𝑥 + 1))

)
where loop(𝑖0, 𝑎0) : {
if 𝑖0 < 𝑛 {
br loop(

let (𝑥,𝑦) = (𝑖0, 𝑎0);
(𝑥 + 1, 𝑦 ∗ (𝑥 + 1))

)
} else {
ret 𝑎0

}
}

(c) Equivalent to Figure 22a by congruence

Fig. 22. Decomposing multi-block rewrites (from 22c to 22a, and therefore to the more optimal program
22b) into simple algebraic steps. By verifying each step, we can verify complex optimizations through
decomposition.

where

• Γ ⊢ 𝑟 ▷ L, ℓ (𝐴)
• Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L, ℓ (𝐴)
• Γ, 𝑥 : 𝐴 ⊢⊥ 𝑒 : 𝐵 is pure

Then we have that

[𝑒/𝑦] [ℓ (𝑥) ↦→ br 𝜅 (𝑒)]𝑠
≈ [ℓ (𝑥) ↦→ br 𝜅 [𝑒/𝑦] (𝑒)] [𝑒/𝑦]𝑠

≈ [ℓ (𝑥) ↦→ br 𝜅 (𝑒)] [𝑒/𝑦]𝑠

, Vol. 1, No. 1, Article . Publication date: March 2024.



1128

1129

1130

1131

1132

1133

1134

1135

1136

1137

1138

1139

1140

1141

1142

1143

1144

1145

1146

1147

1148

1149

1150

1151

1152

1153

1154

1155

1156

1157

1158

1159

1160

1161

1162

1163

1164

1165

1166

1167

1168

1169

1170

1171

1172

1173

1174

1175

1176

24 Jad Ghalayini and Neel Krishnaswami

𝑃

𝑄

𝑃

=

𝑃

𝑄

Fig. 23. Dinaturality on a structured loop

and therefore that

Γ ⊢ ([ℓ (𝑥) ↦→ br 𝜅 𝑒]𝑟 ) where 𝜅 (𝑧) : {[ℓ (𝑥) ↦→ br 𝜅 𝑒]𝑠}
≈ 𝑟 where ℓ (𝑥) : {[𝑒/𝑦]𝑠}

≈ 𝑟 where ℓ (𝑥) : {let 𝑦 = 𝑒; 𝑠}

In particular, for example, we can then easily derive the rewrite from Figure 22b to Figure 22c by

noting the equalities (an equivalence would be enough, of course)

if 𝑖0 < 𝑛 {
br loop(let (𝑥,𝑦) = (𝑖0, 𝑎0); (𝑥 + 1, 𝑦 ∗ 𝑥 + 1))

} else {ret(𝑎0)}
=

[loop(𝑖0, 𝑎0) ↦→ let (𝑥,𝑦) = (𝑖0, 𝑎0); (𝑥 + 1, 𝑦 ∗ 𝑥 + 1)] (if 𝑖0 < 𝑛 {
br loop(𝑖0, 𝑎0)

} else {ret(𝑎0)})

and

let 𝑛 = 10; br loop(let (𝑥,𝑦) = (0, 1); (𝑥 + 1, 𝑦 ∗ (𝑥 + 1)))
= [loop(𝑖0, 𝑎0) ↦→ let (𝑥,𝑦) = (𝑖0, 𝑎0); (𝑥 + 1, 𝑦 ∗ 𝑥 + 1)] (let 𝑛 = 10; br loop(0, 1))

Rewrites like this are an instance of the principle we call dinaturality, which, for structured control-
flow, can be best expressed as an equivalence between the control-flow graphs in Figure 23. Unlike

in the case of uniformity, however, this is true even when the program fragment 𝑃 is impure, since,
unlike in the case of general uniformity, we do not commute 𝑃 over an infinite number of iterations.

Our final rewriting rule, dinat, generalises the above rewrite from sequential composition on a

structured control-flow graph to label substitution on an arbitrary control-flow graph.

We require a separate rule for impure dinaturality as it allows us to relate unary and 𝑛-arywhere-
blocks and, in particular, use this relationship to interconvert between data-flow and control-flow.
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This means we now have enough equations to derive the flattening of nested where-blocks:

Γ ⊢ 𝑟 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖∈𝐼 , (𝜅 𝑗 (𝐵 𝑗 ), ) 𝑗∈𝐼
∀𝑖 ∈ 𝐼 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼

∀𝑖 ∈ 𝐼 .Γ, 𝑦𝑖 : 𝐵𝑖 ⊢ 𝑠𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈ 𝐽 , (𝜅𝑘 (𝐵𝑘 ), )𝑘∈𝐾
cfg-fuse

Γ ⊢ (𝑟 where (𝜅𝑘 (𝑦𝑘 ) : {𝑠𝑘 }), )𝑘∈𝐾 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }), )𝑖∈𝐼
≈ 𝑟 where (𝜅𝑘 (𝑦𝑘 ) : {𝑠𝑘 }, )𝑘∈𝐾 , (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }), )𝑖∈𝐼 ▷ L

(16)

Rather than directly giving derivation trees for such auxilliary rules, it is more convenient to give a

denotational proof. However, the completeness of our equational theory (proved in Section 5.5)

means that the semantic equality implies the existence of the requisite derivation tree. A proof can

be found in Lemma C.7 in the appendix. This is one of the benefits of having a completeness result:

it lets us switch freely between equational and denotational modes of reasoning.

There are some other basic rules we may want to use which turn out to be derivable from our

existing set. For example, while re-ordering labels in a where-block looks like a no-op in our named

syntax, to rigorously justify the following rule actually requires dinaturality (with the permutation

done via a label-substitution):

Γ ⊢ 𝑟 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖∈𝐼 ∀𝑖 ∈ 𝐼 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼 𝜎 permutation

perm-cfg
Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 ≈ 𝑟 where (ℓ𝜎𝑖 (𝑥𝜎𝑖 ) : {𝑡𝜎𝑖 }, )𝑖∈𝐼 ▷ L (17)

Note the implicit use of the fact that if some region 𝑟 typechecks in some label-context L, then it

typechecks in any permutation of L, which is again proven by label-substitution.

4.3 Metatheory
We can now begin to investigate the metatheoretic properties of our equational theory. As a first

sanity check, we can verify that weakening, label-weakening, and loosening of effects all respect

our equivalence relation, as stated in the following lemma:

Lemma 4.1 (Weakening (Rewriting)). Given Γ ≤ Δ, L ≤ K, and 𝜖 ≤ 𝜖′, we have that
(a) Δ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴 =⇒ Γ ⊢𝜖 ′ 𝑎 ≈ 𝑎′ : 𝐴
(b) Δ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L =⇒ Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ K

Proof. These are formalized as:

(a) Term.InS.wk_congr and Term.InS.wk_eff_congr in Rewrite/Term/Setoid.lean
(b) Region.InS.vwk_congr and Region.InS.lwk_congr in Rewrite/Region/Setoid.lean

□

It is straightforward to verify that these are indeed equivalence relations. In fact, it turns out that

substitution and label-substitution both respect these equivalences, in the following precise sense:

Lemma 4.2 (Congruence (Substitution)). Given 𝛾 ≈ 𝛾 ′ : Γ ↦→ Δ, we have that
(a) Δ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴 =⇒ Γ ⊢𝜖 [𝛾]𝑎 ≈ [𝛾 ′]𝑎′ : 𝐴
(b) Δ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L =⇒ Γ ⊢ [𝛾]𝑟 ≈ [𝛾 ′]𝑟 ′ ▷ L
(c) 𝜌 ≈ 𝜌 ′ : Δ ↦→ Ξ =⇒ [𝛾]𝜌 ≈ [𝛾 ′]𝜌 ′ : Γ ↦→ Ξ
(d) 𝜎 ≈ 𝜎 ′ ⊢ Δ : L ⇝ K =⇒ [𝛾]𝜎 ≈ [𝛾 ′]𝜎 ′ ⊢ Γ : L ⇝ K

Proof. These are formalized as:

(a) Term.InS.subst_congr in Rewrite/Term/Setoid.lean
(b) Region.InS.vsubst_congr in Rewrite/Region/Setoid.lean
(c) Term.Subst.InS.comp_congr in Rewrite/Term/Setoid.lean
(d) Region.Subst.InS.vsubst_congr in Rewrite/Region/LSubst.lean
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sb-nil
· ≈ · : Γ ↦→ ·

Γ ⊢⊥ 𝑎 ≈ 𝑎′ : 𝐴 𝛾 ≈ 𝛾 ′ : Γ ↦→ Δ
sb-cons

𝛾, 𝑥 ↦→ 𝑎 ≈ 𝛾 ′, 𝑥 ↦→ 𝑎′ : Γ ↦→ Δ, 𝑥 : 𝐴

𝛾 ≈ 𝛾 ′ : Γ ↦→ Δ
sb-skip-l

𝛾, 𝑥 ↦→ 𝑎 ≈ 𝛾 ′ : Γ ↦→ Δ

𝛾 ≈ 𝛾 ′ : Γ ↦→ Δ
sb-skip-r

𝛾 ≈ 𝛾 ′, 𝑥 ↦→ 𝑎′ : Γ ↦→ Δ

ls-nil
· ≈ · ⊢ · : K ⇝

Γ, 𝑥 : 𝐴 ⊢ 𝑟 ≈ 𝑟 ′ ▷ K 𝜎 ≈ 𝜎 ′ ⊢ Γ : L ⇝ K
ls-cons

𝜎, ℓ (𝑥) ↦→ 𝑟 ≈ 𝜎 ′, ℓ (𝑥) ↦→ 𝑟 ′ ⊢ Γ : L, ℓ (𝐴) ⇝ K

𝜎 ≈ 𝜎 ′ ⊢ Γ : L ⇝ K
ls-skip-l

𝜎, ℓ (𝑥) ↦→ 𝑟 ≈ 𝜎 ′ ⊢ Γ : L ⇝ K
𝜎 ≈ 𝜎 ′ ⊢ Γ : L ⇝ K

ls-skip-r
𝜎 ≈ 𝜎 ′, ℓ (𝑥) ↦→ 𝑟 ′ ⊢ Γ : L ⇝ K

𝛾 ≈ 𝛾 ′ : Γ, 𝑥 : 𝐴 ↦→ Δ, 𝑥 : 𝐴
sb-id

𝛾 ≈ 𝛾 ′ : Γ ↦→ Δ

𝜎 ≈ 𝜎 ′ ⊢ Γ : L, ℓ (𝐴) ⇝ K, ℓ (𝐴)
ls-id

𝜎 ≈ 𝜎 ′ ⊢ Γ : L ⇝ K

Fig. 24. Rules for the equivalence relation on 𝜆SSA substitutions and label-substitutions

□

In particular, note that this lemma uses an equivalence relation on substitutions and label-

substitutions: this is just the obvious pointwise extension of the equivalence relation on terms and

regions respectively. We give the rules for this relation in Figure 24 in the interests of explicitness.

Lemma 4.3 (Congruence (Label Substitution)). Given 𝜎 ≈ 𝜎 ′ ⊢ Γ : L ⇝ K, we have that
(a) Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L =⇒ Γ ⊢ [𝜎]𝑟 ≈ [𝜎 ′]𝑟 ′ ▷ K
(b) 𝜅 ≈ 𝜅′ ⊢ Γ : L ⇝ J =⇒ [𝜎]𝜅 ≈ [𝜎 ′]𝜅′ ⊢ Γ : K ⇝ J

Proof. These are formalized as:

(a) Region.InS.lsubst_congr in Rewrite/Region/LSubst.lean
(b) Region.LSubst.InS.comp_congr in Rewrite/Region/LSubst.lean

□

This means, in particular, that, substitution and label-substitution are well-defined operators on

equivalence classes of terms, which will come in handy later as we set out to prove completeness

in Section 5.5.

4.4 Standard SSA
The relaxation of SSA to 𝜆SSA allows us to state our equational theory and handle substitution

more conveniently. However, this approach may lead readers to question whether we have truly

provided a type-theoretic presentation of SSA as it is used in practice. The argument given in the

introduction for why this is the case can be re-stated as the following series of explicit claims:

(1) Every 𝜆SSA region can be converted to an equivalent lexical SSA region

(2) Every lexical SSA region can be erased to a well-formed SSA program by removing “where”
(3) Every well-formed SSA program can be typed as a lexical SSA region purely by adding

“where” . Moreover, a way to do this can be found in nearly linear time.

(4) Two lexical SSA regions which erase to the same SSA program are equivalent

Claim 4 implies that the mappings given in Claim 2 and Claim 3 establish an equivalence (up

to our equational theory) between lexical SSA and traditional SSA. This means that the choice

of where-bracketing that converts an SSA program into a lexical SSA program is semantically
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irrelevant. In other words, where-bracketing only makes dominance syntactically apparent, letting

us give syntax-directed rules for typing SSA programs.

We establish this claim in two phases. First, we will show that 𝜆SSA can be transformed (in linear

space) into an equivalent lexical SSA program. Next, we will show that ordinary and lexical SSA

can be transformed into one another by adding and removing where-blocks.

Converting 𝜆SSA directly to lexical SSA can be unwieldy. Therefore, we break the transformation

down into two lowering passes:

(1) We first convert 𝜆SSA into to a subset corresponding to A-normal form (ANF) extended with

mutually recursive where-bindings
(2) We then convert the resulting ANF regions into lexical SSA

4.4.1 From 𝜆SSA to A-Normal Form. Our first step is to extend the work of Chakravarty et al. [14],

by providing an algorithm for converting between 𝜆SSA and ANF in an equivalence-preserving

way. We define the ANF regions, whose grammar is given in Figure 25, to be 𝜆SSA regions with

expressions restricted to operations 𝑜 ; equivalently, we can view ANF regions as lexical SSA regions

with the syntactic category of regions 𝑟 and terminators 𝜏 fused. We may now introduce the

following predicates on syntax:

• IsANF(𝑟 ) means that the region 𝑟 is in ANF

• IsSSA(𝑟 ) means that the region 𝑟 is a lexical SSA region. We note that IsSSA(𝑟 ) =⇒
IsANF(𝑟 ).

• IsVal(𝑎) means that the expression 𝑎 can be parsed as a value 𝑣

• IsOp(𝑎) means that the expression 𝑎 can be parsed as an instruction 𝑜 . We note that

IsVal(𝑎) =⇒ IsOp(𝑎).
We can define a syntactic function to convert an 𝜆SSA region to ANF inductively as follows:

ANF(br ℓ 𝑎) = ANFlet (𝑥, 𝑎, br ℓ 𝑥)
ANF(let 𝑥 = 𝑎; 𝑟 ) = ANFlet (𝑥, 𝑎,ANF(𝑟 ))

ANF(let (𝑥,𝑦) = 𝑎; 𝑟 ) = ANFlet (𝑧, 𝑎, let (𝑥,𝑦) = 𝑧;ANF(𝑟 ))
ANF(case 𝑎 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠}) = ANFlet (𝑧, 𝑎, case 𝑧 {𝜄𝑙 𝑥 : ANF(𝑟 ), 𝜄𝑟 𝑦 : ANF(𝑠)})
ANF(𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) = ANF(𝑟 ) where (ℓ𝑖 (𝑥𝑖 ) : {ANF(𝑡𝑖 )}, )𝑖

(18)

where we define ANFlet (𝑥, 𝑎, 𝑟 ) by induction on expressions 𝑎 as follows

ANFlet (𝑥, 𝑎, 𝑟 ) = (let 𝑥 = 𝑎; 𝑟 ) if IsOp(𝑎)
ANFlet (𝑥, 𝑓 𝑒, 𝑟 ) = ANFlet (𝑦, 𝑒, let 𝑥 = 𝑓 𝑦; 𝑟 )

ANFlet (𝑥, (let 𝑦 = 𝑒 ; 𝑎), 𝑟 ) = ANFlet (𝑦, 𝑒,ANFlet (𝑥, 𝑎, 𝑟 ))
ANFlet (𝑥, (𝑒1, 𝑒2), 𝑟 ) = ANFlet (𝑦1, 𝑒1,ANFlet (𝑦2, 𝑒2,ANFlet (𝑥, (𝑦1, 𝑦2), 𝑟 )))

ANFlet (𝑥, (let (𝑦, 𝑧) = 𝑒 ; 𝑎), 𝑟 ) = ANFlet (𝑤, 𝑒, (let (𝑦, 𝑧) =𝑤 ;ANFlet (𝑥, 𝑎, 𝑟 )))
ANFlet (𝑥, 𝜄𝑙 𝑒, 𝑟 ) = ANFlet (𝑦, 𝑒, (let 𝑥 = 𝜄𝑙 𝑦; 𝑟 ))
ANFlet (𝑥, 𝜄𝑟 𝑒, 𝑟 ) = ANFlet (𝑦, 𝑒, (let 𝑥 = 𝜄𝑟 𝑦; 𝑟 ))

ANFlet (𝑥, case 𝑒 {𝜄𝑙 𝑦 : 𝑎, 𝜄𝑟 𝑧 : 𝑏}, 𝑟 ) = ANFlet (𝑤, 𝑒, case 𝑤

{𝜄𝑙 𝑦 : ANFlet (𝑥, 𝑎, br ℓ 𝑥), 𝜄𝑟 𝑧 : ANFlet (𝑥, 𝑏, br ℓ 𝑥)}
where ℓ (𝑥) : {ANF(𝑟 )})

ANFlet (𝑥, abort 𝑒, 𝑟 ) = ANFlet (𝑦, 𝑒, (let 𝑥 = abort 𝑦; 𝑟 ))
(19)
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𝑣 ::= 𝑥 | (𝑣, 𝑣 ′) | ()

𝑜 ::= 𝑣 | 𝑓 𝑣 | 𝜄𝑙 𝑣 | 𝜄𝑟 𝑣 | abort 𝑣

𝑟, 𝑠, 𝑡 ::= let 𝑥 = 𝑜 ; 𝑡 | let (𝑥,𝑦) = 𝑜 ; 𝑡 | 𝑡 where 𝐿 | br ℓ 𝑜 | case 𝑒 {𝜄𝑙 𝑜 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}

𝐿 ::= · | 𝐿, ℓ (𝑥) : {𝑡}

Fig. 25. Grammar for ANF regions

Wenote that, to get to ANF, we don’t actually need the new label, and can instead replace each branch

with ANFlet (𝑥, 𝑎, 𝑟 ); introducing the label is only necessary to guarantee that the transformation to

ANF is linear-space. The specification of the functions we just defined is given by the following

lemma:

Lemma 4.4 (A-normalization). Given an arbitrary region 𝑟 , we have that
• IsANF(ANF(𝑟 ))
• If Γ ⊢ 𝑟 ▷ L, then Γ ⊢ 𝑟 ≈ ANF(𝑟 ) ▷ L

Similarly, given an arbitrary variable 𝑥 , expression 𝑎 and region 𝑟 If we are also given an arbitrary
expression 𝑎, then

• IsANF(𝑟 ) =⇒ IsANF(ANFlet (𝑥, 𝑎, 𝑟 ))
• If Γ ⊢𝜖 𝑎 : 𝐴 and Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L, then Γ ⊢ let 𝑥 = 𝑎; 𝑟 ≈ ANFlet (𝑥, 𝑎, 𝑟 ) ▷ L

Proof. See Appendix C.2 □

4.4.2 From ANF to (Lexical) SSA. We would now like to define a syntactic linear-space transfor-

mation from regions 𝑟 to equivalent lexical SSA regions SSA(𝑟 ). We do this by giving a pair of

mutually syntactic transformations SSA(𝑟 ) converting a region to SSA, and SSAa (𝑟, 𝐿) from ANF

regions 𝑟 targeting labels in 𝐿 to lexical SSA.

SSA(𝑟 ) = SSAa (ANF(𝑟 ), ·)

SSAa (𝑡, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) = 𝑡 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 where 𝑡 is a terminator

SSAa ((let 𝑥 = 𝑎; 𝑟 ), 𝐿) = (let 𝑥 = 𝑎; SSAa (𝑟, 𝐿))
SSAa ((let (𝑥,𝑦) = 𝑎; 𝑟 ), 𝐿) = (let (𝑥,𝑦) = 𝑎; SSAa (𝑟, 𝐿))

SSAa ((case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}), 𝐿) = (case 𝑎 {𝜄𝑙 𝑥 : br ℓ𝑙 𝑥, 𝜄𝑟 𝑦 : br ℓ𝑟 𝑦})
where 𝐿, ℓ𝑙 (𝑥) : {SSA(𝑠)}, ℓ𝑟 (𝑦) : {SSA(𝑡)}

SSAa ((𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ), 𝐿) = SSAa (𝑟, (𝐿, (ℓ𝑖 (𝑥𝑖 ) : {SSA(𝑡𝑖 )}, )𝑖 ))

(20)

The specification of these functions is as follows:

Lemma 4.5 (SSA conversion). Given an arbitrary region 𝑟 ,
• IsSSA(SSA(𝑟 ))
• If Γ ⊢ 𝑟 ▷ L, then Γ ⊢ 𝑟 ≈ SSA(𝑟 ) ▷ L

In particular,
• If IsANF(𝑟 ) and ∀𝑖, IsSSA(𝑡𝑖 ), then IsSSA(SSAa (𝑟, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))
• If Γ ⊢ 𝑟 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖 and ∀𝑖, Γ ⊢ 𝑡𝑖 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖 , then Γ ⊢ (𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) ≈
SSAa (𝑟, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) ▷ L

Proof. See Appendix C.2 □
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4.4.3 From (Lexical) SSA to SSA. We now come to the final part of our argument: that lexical SSA

is equivalent to standard SSA, where we take the basic-blocks-with-arguments dialect described

in Figure 4 as standard. We begin by recalling how, in Figure 7, we illustrated how a lexical SSA

region can alternatively be interpreted as a tuple of:

• A basic block 𝛽 (the entry block), consisting of,
– A sequence of instructions let 𝑥 = 𝑜 ;

– A terminator 𝜏

• A map from labels ℓ to subtrees 𝑟 (the region’s children), 𝐿
More formally, given a lexical SSA region 𝑟 , we can define the following functions to compute 𝑟 ’s

entry block and children as follows

entry(let 𝑥 = 𝑎; 𝑟 ) = (let 𝑥 = 𝑎; entry(𝑟 ))
entry(let (𝑥,𝑦) = 𝑎; 𝑟 ) = (let (𝑥,𝑦) = 𝑎; entry(𝑟 ))

entry(𝜏 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) = 𝜏

(21)

children(let 𝑥 = 𝑎; 𝑟 ) = children(𝑟 )
children(let (𝑥,𝑦) = 𝑎; 𝑟 ) = children(𝑟 )

children(𝜏 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) = [ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, ]𝑖
(22)

We can similarly define a function to construct a lexical SSA program from a basic block 𝛽 and a

set of children as follows:

bb(let 𝑥 = 𝑎; 𝛽, 𝐿) = let 𝑥 = 𝑎; bb(𝛽, 𝐿)
bb(let (𝑥,𝑦) = 𝑎; 𝛽, 𝐿) = let (𝑥,𝑦) = 𝑎; bb(𝛽, 𝐿)

bb(𝜏, 𝐿) = 𝜏 where 𝐿
(23)

It is easy to see that these functions are mutually inverse: for any lexical SSA region 𝑟 , we have

𝑟 = bb(entry(𝑟 ), children(𝑟 )) (24)

Some other useful facts about bb(·, ·) include:
• It is a congruence: if 𝑟 ≈ 𝑟 ′ and each 𝑡𝑖 ≈ 𝑡 ′𝑖 , bb(𝑟, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) ≈ bb(𝑟 ′, (ℓ𝑖 (𝑥𝑖 ) : {𝑡 ′𝑖 }, )𝑖 )
• It is invariant up to permutations 𝜎 : bb(𝑟, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) ≈ bb(𝑟, (ℓ𝜎𝑖 (𝑥𝜎𝑖 ) : {𝑡𝜎𝑖 }, )𝑖 )
• Similarly, if both sides of the equation are well-typed, i.e.,

– All 𝑡𝑖 do not use 𝑦 or any of the variables defined in 𝑠

– All branches to ℓ𝑖 come from 𝜅 or ℓ𝑗 (and not from either 𝑟 or 𝐺)

bb(𝑟, (𝐺,𝜅 (𝑦) : {𝑠}, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, ))) ≈ bb(𝑟, (𝐺,𝜅 (𝑦) : {𝑠 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )})) (25)

and hence

bb(𝑟, (𝐺,𝜅 (𝑦) : {𝑠}, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, ))) ≈ bb(𝑟, (𝐺,𝜅 (𝑦) : {bb(𝑠, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, ))})) (26)

In particular, we may apply this rule twice to obtain

bb(𝑟, (𝐺,𝜅 (𝑦) : {bb(𝑠,𝐺 ′)}, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, ))) ≈ bb(𝑟, (𝐺,𝜅 (𝑦) : {bb(𝑠,𝐺 ′, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, ))})) (27)

We may hence define a function cfg(·) from lexical SSA programs 𝑟 to control-flow graphs 𝐺 as

follows:

cfg(𝑟 ) = entry(𝑟 ), (ℓ𝑖 (𝑥𝑖 ) : {cfg(𝑡𝑖 )}, ) (ℓ𝑖 (𝑥𝑖 ) :{𝑡𝑖 }) ∈children(𝑟 ) (28)

where we recursively flatten

𝐺, ℓ (𝑥) : {𝛽,𝐺 ′} :=𝐺, ℓ (𝑥) : {𝛽},𝐺 ′
(29)

At the level of program text, all this function is doing is “removing where-blocks;” so we’ll call the

result reased. An SSA program is well-formed if:
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30 Jad Ghalayini and Neel Krishnaswami

• All variable uses are well-typed

• All variable uses respect dominance-based scoping

It is easy to see that any erased program is well-formed, since our typing rules guarantee every

expression is well-typed, while our lexical scoping for values ensures that variables are only

visible in the children of the block 𝛽 in which they are defined, which the lexical scoping of labels

guarantees are dominated by 𝛽 .

On the other hand, we may give an algorithm to convert any well-formed SSA program𝐺 into a

well-typed lexical SSA program 𝑟 = reg(𝐺) as follows:
(1) Compute the dominance tree of 𝐺 , rooted at its entry block 𝛽 .

(2) For each child ℓ𝑖 (𝑥𝑖 ) : {𝛽𝑖 } of 𝛽 , let 𝐺𝑖 denote the CFG composed of the descendants of

𝛽𝑖 (with 𝛽𝑖 as entry block), given in the order they appear in 𝐺 . Recursively compute

𝑟𝑖 = reg(𝐺𝑖 ).
(3) Return the program bb(𝛽, (ℓ𝑖 (𝑥𝑖 ) : {𝑟𝑖 }, )𝑖 )

We will write 𝐺 ≃ 𝐺 ′
to mean “𝐺 is a permutation of 𝐺 ′

” (that is, 𝐺 and 𝐺 ′
have the same entry

block, but the other labels may be reordered). It is easy to see that this algorithm yields a lexical

SSA program which erases to a permutation of 𝐺 , i.e., cfg(reg(𝐺)) ≃ 𝐺 , as desired. To complete

our argument, it hence suffices to show that, given lexical SSA regions Γ ⊢ 𝑟 ▷ L, Γ ⊢ 𝑟 ′ ▷ L, such
that cfg(𝑟 ) ≃ cfg(𝑟 ′), we have that Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L. We break this down into two lemmas:

Lemma 4.6 (Permutation Invariance). If𝐺 ≃ 𝐺 ′ and Γ ⊢ reg(𝐺) ▷ L, then Γ ⊢ reg(𝐺 ′) ▷ L and
Γ ⊢ reg(𝐺) ≈ reg(𝐺 ′) ▷ L

Proof. See Appendix C.2 □

Lemma 4.7 (CFG Conversion). Given a lexical SSA region 𝑟 (i.e., assuming IsSSA(𝑟 )) s.t. Γ ⊢ 𝑟 ▷ L,
we have that Γ ⊢ 𝑟 ≈ reg(cfg(𝑟 )) ▷ L.

Proof. See Appendix C.2 □

It follows that, given lexical SSA regions Γ ⊢ 𝑟 ▷ L and Γ ⊢ 𝑟 ′ ▷ L, if cfg(𝑟 ) ≃ cfg(𝑟 ′), we have
that Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L, as desired, since in particular

𝑟 ≈ reg(cfg(𝑟 )) ≈ reg(cfg(𝑟 ′)) ≈ 𝑟 ′ (30)

5 Denotational Semantics
Now that we have given an equational theory for SSA, we would like to build a denotational

semantics for SSA: a mapping from well-typed programs Γ ⊢ 𝑟 ▷ L to mathematical objects

⟦Γ ⊢ 𝑟 ▷ L⟧. This naturally gives us another way to reason about whether two programs “𝑟 , 𝑟 ′”
are “the same:” we can ask whether ⟦Γ ⊢ 𝑟 ▷ L⟧ = ⟦Γ ⊢ 𝑟 ′ ▷ L⟧. Our goal is to build a denotational

semantics which is both sound and complete; that is, such that

Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L ⇐⇒ ⟦Γ ⊢ 𝑟 ▷ L⟧ = ⟦Γ ⊢ 𝑟 ′ ▷ L⟧
More specifically, we’ll begin by defining a notion of a model M of SSA, and then define the

denotational semantics w.r.t. a model ⟦Γ ⊢ 𝑟 ▷ L⟧M . We’ll then prove that, for any model of SSA, if

Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L, then
⟦Γ ⊢ 𝑟 ▷ L⟧M = ⟦Γ ⊢ 𝑟 ′ ▷ L⟧M

In other words, our equational theory is sound, and so never allows us to prove an equation which

does not in fact hold. We’ll then give an modelM such that

⟦Γ ⊢ 𝑟 ▷ L⟧M = ⟦Γ ⊢ 𝑟 ′ ▷ L⟧M =⇒ Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L
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showing that our equational theory is also complete: if an equation holds in an arbitrary model of

SSA, it must in fact be derivable via our theory.

We’d further like our denotational semantics to be compositional: the denotation of a program

should be a fixed function of the denotations of its parts. To do this, we will give SSA a categorical
semantics, interpreting (label) contexts as objects and programs as morphisms between them in

some target category C. Different program structures, such as branching and sequential composition,

will correspond more-or-less directly to structures in our target category.

Before we begin, we fix some notational conventions:

• We denote the composition of two morphisms 𝑓 : 𝐴 → 𝐵 and 𝑔 : 𝐵 → 𝐶 as 𝑓 ;𝑔 : 𝐴 → 𝐶

• We denote the coproduct of a morphism 𝑓 : 𝐵 → 𝐶 with the identity id𝐴 as 𝑓 +𝐴 : 𝐵 +𝐴 →
𝐶 +𝐴 or 𝐴 + 𝑓 : 𝐴 + 𝐵 → 𝐴 +𝐶 .

5.1 Freyd-Elgot Categories
Moggi [51] showed that the Kleisli category of a strong monad over a CCC interprets effectful

higher-order functional programs. There are two mismatches in using this as a semantics for SSA.

On one hand, SSA has features not necessarily supported by Moggi models such as arbitrary,

unstructured cyclic control-flow. On the other hand Moggi models support features SSA (as a

first-order language) does not have, such as higher-order functions and first-class computation

values.

Given that we want to model SSA with some category C, we hence have to think about what

structure we need C to possess so that it has exactly our desired features. Obviously, we need a

way to take the product of two objects, to be able to model contexts as well as pairs. The usual

way to do this is via monoidal categories. However, monoidal categories typically have too many

equations: computations operating on independent data must always commute (this is the “sliding

rule”), which is obviously not true for effects such as printing, since

print(𝑥); print(𝑦) ≠ print(𝑦); print(𝑥)

Instead, we will only require that our category be premonoidal, as introduced by Power and Robinson
[55]: “monoidal, without sliding.” Indeed, the Kleisli category of a strong monad on a CCC is not

always monoidal, as demonstrated by the writer monad on Set (which exposes print), but is always
premonoidal. We define a premonoidal category as follows:

Definition 5.1 (Symmetric Premonoidal Category). We define a binoidal category to be a category

C equipped with a binary operation ⊗ : |C| × |C| → |C| on the objects of C and, for each𝐴, 𝐵 ∈ |C|,
functors 𝐴 ⊗ −,− ⊗ 𝐵 : C → C. We say a morphism 𝑓 : 𝐴 → 𝐴′

in a binoidal category is central if,
for all 𝑔 : 𝐵 → 𝐵′

, it satisfies sliding:

𝑓 ⊗ 𝐵;𝐴′ ⊗ 𝑔 = 𝐴 ⊗ 𝑔; 𝑓 ⊗ 𝐵′ 𝐵 ⊗ 𝑓 ;𝑔 ⊗ 𝐴′ = 𝑔 ⊗ 𝐴;𝐵′ ⊗ 𝑓

in which case we may write these morphisms as 𝑓 ⊗𝑔 : 𝐴⊗𝐵 → 𝐴′⊗𝐵′
and 𝑔⊗ 𝑓 : 𝐵⊗𝐴 → 𝐵′⊗𝐴′

respectively. A premonoidal category is, then, a binoidal category equipped with:

• An identity object 𝐼 ∈ |C|
• For each triple of objects𝐴, 𝐵,𝐶 ∈ |C|, a central, natural isomorphism 𝛼𝐴,𝐵,𝐶 : (𝐴⊗𝐵) ⊗𝐶 →
𝐴 ⊗ (𝐵 ⊗ 𝐶), the associator

• For each object 𝐴, central, natural isomorphisms 𝜆𝐴 : 𝐴 ⊗ 𝐼 → 𝐴 and 𝜌𝐴 : 𝐼 ⊗ 𝐴 → 𝐴, the

left and right unitors
satisfying the triangle and pentagon identity

𝛼𝐴,𝐼,𝐵 ;𝐴 ⊗ 𝜆𝐵 = 𝜌𝐴 ⊗ 𝐵 𝛼𝐴⊗𝐵,𝐶,𝐷 ;𝛼𝐴,𝐵,𝐶⊗𝐷 = 𝛼𝐴,𝐵,𝐶 ⊗ 𝐷 ;𝛼𝐴,𝐵⊗𝐶,𝐷 ;𝐴 ⊗ 𝛼𝐵,𝐶,𝐷
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We say a premonoidal category is symmetric if it is also equipped with a central, natural involution

𝜎𝐴,𝐵 : 𝐴 ⊗ 𝐵 → 𝐵 ⊗ 𝐴, the symmetry, satisfying the hexagon identity

𝛼𝐴,𝐵,𝐶 ;𝜎𝐴,𝐵⊗𝐶 ;𝛼𝐵,𝐶,𝐴 = 𝜎𝐴,𝐵 ⊗ 𝐶 ;𝛼𝐵,𝐴,𝐶 ;𝐵 ⊗ 𝜎𝐴,𝐶

We say a premonoidal category is monoidal if every morphism is central.

One important theorem about premonoidal categories is coherence:

Theorem 5.2. The subcategory A generated by associators, unitors, and their tensor products is
an equivalence relation, i.e., for all 𝐴, 𝐵 : |A|, if 𝑓 , 𝑔 : 𝐴 → 𝐵 can be constructed using only identity,
composition, associators, unitors, and their tensor products, then:

(a) 𝑓 = 𝑔

(b) 𝑓 , 𝑔 are isomorphisms in A

In particular, as a syntactic convenience, we will often simply write “𝛼" for the (unique) morphism

between objects 𝐴 and 𝐵, when it exists, satisfying the requirements of Theorem 5.2. For example,

given 𝑓 : 𝐴 → 𝐵 ⊗ ((𝐶 ⊗ 𝐼 ) ⊗ 𝐷) and 𝑔 : ((𝐵 ⊗ (𝐼 ⊗ 𝐶)) ⊗ 𝐷) → 𝐸, we have

𝑓 ;𝛼 ;𝑔 := 𝑓 ;𝐵 ⊗ (𝜆𝐶 ⊗ 𝐷);𝛼−1
𝐵,𝐶,𝐷 ; (𝐵 ⊗ 𝜌−1

𝐶 ) ⊗ 𝐷 ;𝑔

Just like for higher-order functional languages, we can interpret types 𝐴 as objects ⟦𝐴⟧ : |C|.
Similarly, we can interpret variable contexts Γ by taking products of objects, as follows:

⟦Γ⟧ : |C| ⟦·⟧ = 𝐼 ⟦Γ, 𝑥 : 𝐴⟧ = ⟦Γ⟧ ⊗ ⟦𝐴⟧

We would like to interpret an expression-in-context Γ ⊢𝜖 𝑎 : 𝐴 as a morphism in C from ⟦Γ⟧ to ⟦𝐴⟧.
However, in standard SSA, it is possible for a variable to be unused, or used multiple times. Our

premonoidal structure, however, does not give us any way to project out of a product type, making

it impossible to interpret expressions-in-context like 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑥 : 𝐴. In order to project out

individual variables, we need Cartesian structure, but a premonoidal category can only interpret

linear expressions, that is, those which use every variable exactly once. However, it is too much to

require the whole premonoidal category to be Cartesian, because that would validate the sliding

rule, which is what we set out to avoid.

In the case of the Kleisli category over a CCC, the Cartesian structure of the CCC becomes the

premonoidal structure of the Kleisli category. This lets us use the Cartesian structure to project out

the variables, while the product in the Kleisli category still does not satisfy sliding. By analogy with

this case, we can suppose that there is a subcategory C⊥ of the premonoidal category C, which has

the property that the premonoidal structure in C behaves like a Cartesian product in C⊥.
If we generalize this structure to an arbitrary premonoidal category, we get the notion of a Freyd

category, as introduced in Levy et al. [47]:

Definition 5.3 (Freyd category). A Freyd category is a premonoidal category C equipped with a

wide subcategory C⊥ ⊆ C of pure morphisms such that

• C⊥ contains all associators, unitors, and symmetries

• 𝐼 is a terminal object in C⊥. In particular, this implies the terminal morphisms !𝐴 : 𝐴 → 𝐼

are pure.

• For each 𝐴, 𝐵, 𝐴 ⊗ 𝐵 is a cartesian product of 𝐴, 𝐵 in C⊥
• For pure morphisms 𝑓 , 𝑔, 𝑓 ⊗ 𝑔 = ⟨𝜋𝑙 ; 𝑓 , 𝜋𝑟 ;𝑔⟩

Where C is clear from context, we will write 𝐴 →⊥ 𝐵 to denote a pure morphism C⊥ (𝐴, 𝐵).
Alternatively, it is equivalent to require

• C⊥ contains all associators, unitors, and symmetries
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• 𝐼 is a terminal object in C⊥
• For each 𝐴, there exists a pure morphism Δ𝐴 : 𝐴 → 𝐴 ⊗ 𝐴 forming a comonoid with the

(pure) terminal morphism !𝐴 : 𝐴 → 𝐼 , i.e: Δ𝐴; !𝐴 ⊗ 𝐴; 𝜌 = Δ𝐴;𝐴 ⊗ !𝐴; 𝜆 = id𝐴
• For every pure morphism 𝑓 : 𝐴 →⊥ 𝐵, 𝑓 ;Δ𝐵 = Δ𝐴; 𝑓 ⊗ 𝑓 and 𝑓 ; !𝐵 =!𝐴.

In both cases, we have that 𝜋𝑙 = 𝐴 ⊗ !𝐵 ; 𝜆, 𝜋𝑟 = !𝐴 ⊗ 𝐵; 𝜌 , ⟨𝑓 , 𝑔⟩ = Δ𝐴; 𝑓 ⊗ 𝑔, and Δ𝐴 = ⟨id𝐴, id𝐴⟩

For convenience, given 𝑓 : 𝐴 → 𝐵 in a Freyd category, we will define the notation

let(𝑓 ) := Δ𝐴;𝐴 ⊗ 𝑓 : 𝐴 → 𝐴 ⊗ 𝐵 (31)

Note that this is pure if and only if 𝑓 is. This has the following useful properties:

• let(𝑓 );𝜋𝑟 = 𝑓 and, for 𝑓 pure, let(𝑓 );𝜋𝑙 = id
• let(𝑓 ;𝑔) = let(𝑓 );𝐴 ⊗ 𝑔 and let(id𝐴) = Δ𝐴
• let(let(𝑓 )) = let(𝑓 );Δ𝐴 ⊗ 𝐵;𝛼𝐴,𝐴,𝐵 , and, therefore, given 𝑔 : 𝐴 ⊗ 𝐵 → 𝐶 , we have

let(let(𝑓 );𝑔) = let(𝑓 ); let(𝑔);𝜋𝑙 ⊗ 𝐶

We now have everything we need to model effectful first-order expressions. For reasoning about

substitution, we will also demand that the denotation of “pure" expressions Γ ⊢⊥ 𝑎 : 𝐴 lies in

C⊥ (⟦Γ⟧, ⟦𝐴⟧). In general, we will write:

• C⊤ to mean just C, allowing us to write C𝜖 for an effect 𝜖 ∈ {⊥,⊤}.
• Morphisms in C𝜖 as 𝐴 →𝜖 𝐵, where C is clear from context.

At this point, we still have no way to interpret control-flow, i.e. case-expressions. Furthermore, if

we want to model regions as morphisms, we need some way of modelling label-contexts L. At first
glance, it seems sufficient for branching control-flow to require the existence of coproducts, and

indeed, assuming the existence of all coproducts and an initial object, we may model label-contexts

as follows:

⟦L⟧ : |C| ⟦·⟧ = 0 ⟦L, ℓ (𝐴)⟧ = ⟦L⟧ + ⟦𝐴⟧
Regions can now be interpreted as morphisms in C from ⟦Γ⟧ to ⟦L⟧, as desired. Just like for

products, we will write “𝛼+
” for the (unique) morphism between objects 𝐴 and 𝐵, when it exists,

satisfying the requirements of Theorem 5.2 where coproducts are taken as the monoidal structure;

we will sometimes also write 𝛼+
𝐵
for clarity.

It turns out that our coproducts must be distributive to allow us to use variables in scope before

a branch. In particular, we define a distributive premonoidal category as follows:

Definition 5.4 (Distributive category). A premonoidal category C with all coproducts is distributive
if, for all 𝐴, 𝐵,𝐶 , the obvious morphism

𝛿𝐴,𝐵,𝐶 = [(𝐴 + 𝜄𝑙 ), (𝐴 + 𝜄𝑟 )] : (𝐴 ⊗ 𝐵) + (𝐴 ⊗ 𝐶) → 𝐴 ⊗ (𝐵 +𝐶)
has an inverse 𝛿−1. We will say a Freyd category C is distributive if it has all coproducts and the

subcategory of pure morphisms C⊥ is distributive (which implies, in particular, that C is distributive

when taken as a premonoidal category).

We note in particular that every cartesian closed category with coproducts is a distributive Freyd

category, as is the Kleisli category of a monad over a CCC with coproducts. For any finite coproduct

Σ𝑖𝐵𝑖 , we will introduce the notation 𝛿Σ : Σ𝑖 (𝐴 ⊗ 𝐵𝑖 ) → 𝐴 ⊗ Σ𝑖𝐵𝑖 and 𝛿
−1
Σ : 𝐴 ⊗ Σ𝑖𝐵𝑖 → Σ𝑖 (𝐴 ⊗ 𝐵𝑖 )

to denote the obvious morphisms.

This gives us enough machinery to express any acyclic control-flow graph, however, we still

have no way to model loops. What we would like is to equip our category with an iteration operator
taking a morphism 𝑓 : 𝐴 → 𝐵 +𝐴, representing a “loop” which, given input 𝐴, either produces a

result 𝐵 or continues to another iteration with a new 𝐴, to its fixpoint 𝑓 † : 𝐴 → 𝐵. Naturally, we
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require that this operator satisfies various properties, and in particular is strong, that is, compatible

with the distributor. Formally, we define a (strong) Conway iteration operator as follows:

Definition 5.5 (Conway iteration). A category C with all coproducts is said to have a iteration
operator if we can define an operator (−)† taking every morphism 𝑓 : 𝐴 → 𝐵 +𝐴 to a morphism

𝑓 † : 𝐴 → 𝐵, the fixpoint of 𝑓 , with the following property: given 𝑓 : 𝐴 → 𝐵 + 𝐴, we have

𝑓 † = 𝑓 ; [id, 𝑓 †]. We say this operator is a Conway iteration operator if it additionally satisfies the

following properties:

• Naturality: given 𝑓 : 𝐴 → 𝐵 +𝐴 and 𝑔 : 𝐵 → 𝐶 , we have (𝑓 ;𝑔 + id)† = 𝑓 †;𝑔 : 𝐴 → 𝐶

• Dinaturality: given morphisms 𝑔 : 𝐴 → 𝐵+𝐶 and ℎ : 𝐶 → 𝐵+𝐴, we have that (𝑔; [𝜄𝑙 , ℎ])† =
𝑔; [id𝐵, (ℎ; [𝜄𝑙 , 𝑔])†]

• Codiagonal: given 𝑓 : 𝐴 → (𝐵 +𝐴) +𝐴, we have (𝑓 †)† = (𝑓 ; [id, 𝜄𝑟 ])† : 𝐴 → 𝐵

If C is distributive, we say this operator is strong if

∀𝑓 : 𝐴 → 𝐵 +𝐴, (𝐶 ⊗ 𝑓 ;𝛿−1)† =𝐶 ⊗ 𝑓 †

Given a wide subcategory K ⊆ C, we say C is K-uniform if, for all ℎ : 𝐴 →K 𝐵, 𝑓 : 𝐵 → 𝐶 + 𝐵,

and 𝑔 : 𝐴 → 𝐶 +𝐴, we have that

ℎ; 𝑓 = 𝑔;𝐶 + ℎ =⇒ ℎ; 𝑓 † = 𝑔†

We will call Freyd categories equipped with an appropriate Elgot structure strong Elgot categories.
In particular, we define

Definition 5.6 ((Strong) Elgot structure). A Freyd category C with all coproducts is said to have

an Elgot structure if it has a Conway iteration operator which is C⊥-uniform. If C is distributive, we

say C is strong Elgot if its iteration operator is strong. In particular, we say a monad is Elgot if its

Kliesli category has an Elgot structure. Similarly, we say a strong monad is strong Elgot if its Kliesli

category has a strong Elgot structure.

It turns out that, to check something is a strong Elgot category, we do not need to explicitly

verify dinaturality. In particularly, we may verify the following:

Proposition 5.7. If (−)† is an iteration operator which satisfies naturality and codiagonal and is
K-uniform for K co-Cartesian, then it also satisfies dinaturality.

Proof. See Lemma 31 of Goncharov and Schröder [28] □

Since in a distributive Freyd category C⊥ must be distributive (and hence co-cartesian), dinat-

urality follows from the other axioms of an Elgot category. Given a distributive Freyd category

equipped with a (strong) Elgot structure, we will often want to consider the fixpoint of a morphism

𝑓 : 𝑅 ⊗ 𝐴 → 𝐵 +𝐴, where our “context” 𝑅 does not change between iterations. To do this, we first

need to build up a morphism

rcase(𝑓 ) := let(𝑓 );𝜋𝑙 ⊗ (𝐵 +𝐴);𝛿−1 : 𝑅 ⊗ 𝐴 → 𝑅 ⊗ 𝐵 + 𝑅 ⊗ 𝐴 (32)

which computes 𝑓 and then distributes a copy of the read-only state 𝑅 to each branch of the result.

We may then define the fixpoint

rfix(𝑓 ) := (rcase(𝑓 ))†;𝜋𝑟 : 𝑅 ⊗ 𝐴 → 𝐵 (33)

We consider some more properties of rcase(𝑓 ) and rfix(𝑓 ) in Appendix B.
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subprogram 1

subprogram 2 subprogram 3

subprogram 4

Zero morphism

Region

Codiagonal morphism

Fig. 26. A string diagram using the coproduct as symmetric monoidal structure, interpreted as a CFG

5.2 String Diagrams
String diagrams provide a graphical calculus for reasoning about (symmetric) monoidal categories,

which allows us to succinctly express complex morphisms and rewrites. Since both cartesian and

co-cartesian categories are monoidal (with the product and coproduct as tensor, respectively), we

can use string diagrams to reason about both. In the co-cartesian case, string diagrams behave much

like control-flow diagrams, with boxes representing sub-programs, input wires entry points, and

output wires exit points. In particular, a region is just a box with a single input wire. Continuing this

analogy, we draw the codiagonal morphism [id𝐴, id𝐴] as joining two wires, and the zero morphism

as a wire coming from nowhere, as in Figure 26.

The power of string diagrams comes from the fact that many syntactically distinct ways to write

equal values are obviously graphically equivalent by isotopy: essentially, moving boxes and wires

around. String diagrams also give us an elegant way to represent and reason about Elgot structures.

It turns out that Elgot structures induce a trace on the coproduct [30]: given 𝑓 : 𝐴 +𝐶 → 𝐵 +𝐶 , we

can define

Tr𝐶𝐴,𝐵 (𝑓 ) = 𝜄𝑙 ; [𝑓 ;𝐵 + 𝜄𝑟 ]† = 𝜄𝑙 ; 𝑓 ; [id, (𝜄𝑙 ; 𝑓 )†] : 𝐴 → 𝐵 (34)

Since this satisfies the axioms of a trace over a symmetric monoidal category, we can draw it, and

therefore the Elgot operator, as in Figure 27. Continuing with the control-flow diagram analogy,

such traces can be interpreted as loops, with the Elgot axioms, now drawn as diagrams in Figure 28.

Unfortunately, unmodified string diagrams do not work for premonoidal categories, and hence

for Freyd categories. The reason is because, since not all morphisms are central, premonoidal

categories do not in general validate sliding. However, this is easy enough to fix: we can postulate a

(dashed red) “state” wire which all impure morphisms require as an input and output, as in Figure 29.

Since the state wire linearly threads through all impure boxes, it establishes a unique order in which

they must be executed; this construction is shown to be sound in Román [57]. Pure morphisms do

not have a state wire, so a diagram representing a pure morphism will simply have a dashed red

“stripe” on the side. This gives us a convenient way to distinguish between string diagrams using the

monoidal structure induced by the coproduct and those using the premonoidal structure induced

by the tensor product in a category having both (such as a distributive premonoidal category): the

latter will have a state wire, while the former will not.
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𝐴

Tr𝐶
𝐴,𝐵

(𝑓 )

𝐵

=

𝐴

𝑓

𝐵

𝐶

(a) The trace of 𝑓 : 𝐴 +𝐶 → 𝐵 +𝐶

𝐴

𝑓 †

𝐵

=

𝐴

𝑓

𝐵

𝐴

(b) The fixpoint of 𝑓 : 𝐴 → 𝐵 +𝐴

Fig. 27. Representations of the coproduct trace and Elgot structure as string diagrams

𝐴

𝑓

𝐵

=

𝐴

𝑓

𝑓

𝐵

(a) Fixpoint

𝐴

𝑓

𝑔

𝐵

(𝑓 ;𝑔 +𝐴)†

=

𝐴

𝑓

𝑔

𝐵

𝑓 †

(b) Naturality

𝐴

𝑓

𝐵

=

𝐴

𝑓

𝐵

(c) Codiagonal

𝐴

𝑔

𝑓

𝐵

𝑔

=

𝐴

𝑔

𝑓

𝐵

(d) Dinaturality

Fig. 28. Representations of the Elgot axioms as string diagrams

5.3 Semantics
We now have all the ingredients we need to give a semantics to 𝜆SSA expressions and regions. In

particular, an 𝜆SSA expression model of a signature 𝑆𝑔 = (T ,I) consists of:
• An distributive Freyd category C
• A map ⟦·⟧ from base types 𝑋 to objects ⟦𝑋⟧ : |C|
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N

· + 2

print

print

≠

N

print

· + 2

print

Fig. 29. A string diagram in a premonoidal category, demonstrating the necessity of using a state wire

• A map ⟦·⟧ from primitive instructions 𝑓 ∈ I𝜖 (𝐴, 𝐵) to morphisms ⟦𝑓 ⟧ : ⟦𝐴⟧ →𝜖 ⟦𝐵⟧,
where we model a type 𝐴 as follows:

– The unit type 1 is modelled as the monoidal unit 𝐼

– The empty type 0 is modelled as the initial object 0
– Products 𝐴 ⊗ 𝐵 are modelled as tensor products ⟦𝐴⟧ ⊗ ⟦𝐵⟧
– Sum types 𝐴 + 𝐵 are modelled as coproducts ⟦𝐴⟧ + ⟦𝐵⟧

If an 𝜆SSA expression model additionally has an Elgot structure on C, we will refer to it simply as

an 𝜆SSA model. We will model contexts and label contexts as tensor products and coproducts of the

denotations of their parameters, respectively, as in Figure 30.

We can now interpret 𝜆SSA-expressions Γ ⊢𝜖 𝑎 : 𝐴 over a given signature 𝑆𝑔 as morphisms

⟦Γ⟧ →𝜖 ⟦𝐴⟧ using the rules in Figure 31. Up to this point, both our syntax and semantics are quite

standard; in particular:

• Variables 𝑥 are modelled as projections from the appropriate index in the context’s denota-

tion 𝜋Γ,𝑥 : ⟦Γ⟧ →⊥ ⟦𝐴⟧
• Applications of primitive instructions 𝑓 𝑎 are modelled as ⟦𝑓 ⟧ precomposed with the

denotation of 𝑎.

• Unary let-bindings are modelled by:

– Duplicating the context using the diagonal morphism Δ⟦Γ⟧
– Passing the right copy of the context through ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ to get an input of type

⟦Γ⟧ ⊗ ⟦𝐴⟧ = ⟦Γ, 𝑥 : 𝐴⟧
– Passing the result of this through ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧ to get the final result of type ⟦𝐵⟧

• Pairs are modelled by passing the result of the diagonal morphism Δ⟦Γ⟧ to ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ ⋉
⟦Γ ⊢𝜖 𝑏 : 𝐵⟧ i.e., first passing the left copy through ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ and then the right copy

through ⟦Γ ⊢𝜖 𝑏 : 𝐵⟧. By the axioms of a Freyd category, for pure morphisms, this is the

same as simply taking the product ⟨⟦Γ ⊢𝜖 𝑎 : 𝐴⟧, ⟦Γ ⊢𝜖 𝑏 : 𝐵⟧⟩.
• Binary let-bindings are modelled similarly to unary let-bindings, except that after passing
the right copy of the context through ⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧, we re-associate ⟦Γ⟧ ⊗ (⟦𝐴⟧ ⊗
⟦𝐵⟧) to (⟦Γ⟧ ⊗ ⟦𝐴⟧) ⊗ ⟦𝐵⟧ = ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵⟧ before passing the entire result through

⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧.
• The unit value () is modelled as the terminal morphism 1⟦Γ⟧, while abort 𝑎 is modelled as

the denotation of 𝑎 postcomposed with the zero morphism 0⟦𝐴⟧. Injections, similarly, are

simply modelled as the appropriate coproduct injections.
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⟦𝐴⟧ : |C|

⟦1⟧ = 𝐼 ⟦𝐴 ⊗ 𝐵⟧ = ⟦𝐴⟧ ⊗ ⟦𝐵⟧ ⟦0⟧ = 0 ⟦𝐴 + 𝐵⟧ = ⟦𝐴⟧ + ⟦𝐵⟧

⟦Γ⟧ : |C|

⟦·⟧ = 𝐼 ⟦Γ, 𝑥 : 𝐴⟧ = ⟦Γ⟧ ⊗ ⟦𝐴⟧

⟦L⟧ : |C|

⟦·⟧ = 0 ⟦L, ℓ (𝐴)⟧ = ⟦L⟧ + ⟦𝐴⟧

⟦Γ ≤ Δ⟧ : ⟦Γ⟧ →⊥ ⟦Δ⟧

⟦· ≤ ·⟧ = id𝐼 ⟦Γ, 𝑥 : 𝐴 ≤ Δ⟧ = 𝜋𝑙 ; ⟦Γ ≤ Δ⟧ ⟦Γ, 𝑥 : 𝐴 ≤ Δ, 𝑥 : 𝐴⟧ = ⟦Γ ≤ Δ⟧ ⊗ ⟦𝐴⟧

⟦L ≤ K⟧ : ⟦L⟧ →⊥ ⟦K⟧

⟦· ≤ ·⟧ = id0 ⟦L ≤ K, ℓ (𝐴)⟧ = ⟦L ≤ K⟧; 𝜄ℓ ⟦L, ℓ (𝐴) ≤ K, ℓ (𝐴)⟧ = ⟦L ≤ K⟧ + ⟦𝐴⟧

Fig. 30. Denotational semantics for 𝜆SSA types, contexts, and weakenings

• A case-expression is modelled by

– Duplicating the context using the diagonal morphism Δ⟦Γ⟧
– Using the right copy of the context to compute the discriminant using ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧
– Applying the inverse distributor 𝛿−1 to obtain a coproduct ⟦Γ⟧ ⊗ ⟦𝐴⟧ + ⟦Γ⟧ ⊗ ⟦𝐵⟧
– Computing ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶⟧ on the right branch and ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧ on the left

branch

Similarly, if we in fact have an 𝜆SSA model, we can interpret 𝜆SSA regions Γ ⊢ 𝑟 ▷ L as morphisms

⟦Γ⟧ → ⟦L⟧; note that we don’t assume anything about the effect of these morphisms. As L is

a coproduct, we can view the result object of a region 𝑟 as encoding both data and control-flow
information. In particular, we interpret a branch br ℓ 𝑎 as simply the injection of the (pure)

expression Γ ⊢⊥ 𝑎 : 𝐴, our data, into the element of the coproduct corresponding to ℓ , which

encodes the point in control-flow the rest of the program should jump to next. This is in contrast to

expressions, which purely encode data, with no particular instructions on how to use it afterwards.

Our interpretation of let-statements and case-statements, given in Figure 32, is exactly the same as

that of the corresponding expressions.

Finally, we come to the interpretation of where-statements, which is where the Elgot structure

comes in. The semantics of a where-block Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L can be broken down

into two major components:

• The terminator esemΓ,L(𝑟 ) : ⟦Γ⟧ → ⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧, which, given as input the context ⟦Γ⟧,
executes 𝑟 and then re-associates the output. The output type ⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧ expresses that

𝑟 may either:
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⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ : ⟦Γ⟧ →𝜖 ⟦𝐴⟧

⟦Γ ⊢𝜖 𝑥 : 𝐴⟧ = 𝜋Γ,𝑥

⟦Γ ⊢𝜖 𝑓 𝑎 : 𝐵⟧ = ⟦𝑓 ⟧ ◦ ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧
⟦Γ ⊢𝜖 let 𝑥 = 𝑎; 𝑏 : 𝐵⟧ = let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧
⟦Γ ⊢𝜖 (𝑎, 𝑏) : 𝐴 ⊗ 𝐵⟧ = Δ⟦Γ⟧; ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ ⋉ ⟦Γ ⊢𝜖 𝑏 : 𝐵⟧

⟦Γ ⊢𝜖 let (𝑥,𝑦) = 𝑒; 𝑐 : 𝐶⟧ = let(⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
⟦Γ ⊢𝜖 () : 1⟧ = 1⟦Γ⟧

⟦Γ ⊢𝜖 𝜄𝑙 𝑎 : 𝐴 + 𝐵⟧ = ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧; 𝜄𝑙
⟦Γ ⊢𝜖 𝜄𝑟 𝑏 : 𝐴 + 𝐵⟧ = ⟦Γ ⊢𝜖 𝑏 : 𝐵⟧; 𝜄𝑟

⟦Γ ⊢𝜖 case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏} : 𝐶⟧ = let(⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧);𝛿−1⟦Γ⟧;

[⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶⟧, ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧]
⟦Γ ⊢𝜖 abort 𝑎 : 𝐴⟧ = ⟦Γ ⊢𝜖 𝑎 : 0⟧; 0⟦𝐴⟧

where 𝜋Γ,𝑥 : ⟦Γ⟧ →⊥ ⟦𝐴⟧ 𝜋 (Γ,𝑥 :𝐴),𝑥 = 𝜋𝑟 𝜋 (Γ,𝑦:𝐵),𝑥 = 𝜋𝑙 ;𝜋Γ,𝑥

Fig. 31. Denotational semantics for 𝜆SSA expressions

– Via the left injection, return immediately, jumping to an enclosing label in L
– Via the right injection, jump to the 𝑖𝑡ℎ basic block 𝑡𝑖 in thewhere-statement by returning

a value in ⟦𝐴𝑖⟧
• The “loop” lsemΓ,L((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) : ⟦Γ⟧ ⊗ Σ𝑖⟦𝐴𝑖⟧ → ⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧ which, given as

input the context ⟦Γ⟧ and an input ⟦𝐴𝑖⟧ for the 𝑖𝑡ℎ basic block 𝑡𝑖 , executes 𝑡𝑖 and then

re-associates the output. The output type ⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧ again expresses that control-flow

may either exit the where-block (via ⟦L⟧) or jump to some other basic block (via Σ𝑖⟦𝐴𝑖⟧).
We glue these together in the obvious manner to get the semantics for a where-block:

• Compute let(esemΓ,L(𝑟 )), which, given as input the context ⟦Γ⟧, copies the context, executes
esem𝑟,, () and then returns the copied context and the output as ⟦Γ⟧ ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧)

• Distribute the context into each branch of the coproduct, yielding ⟦Γ⟧⊗⟦L⟧+⟦Γ⟧⊗Σ𝑖⟦𝐴𝑖⟧
• If we are in the left branch, project out the result to yield ⟦L⟧, and return immediately

• Otherwise, compute lsemΓ,L((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) in a loop, passing in a fresh copy of the context
each time. This is implemented with rfix.

This simplifies significantly in the case of a where-block defining just a single label, yielding

⟦Γ ⊢ 𝑟 where ℓ (𝑥) : {𝑠} ▷ L⟧ = let(⟦Γ ⊢ 𝑟 ▷ L, ℓ (𝐴)⟧);𝛿−1; [𝜋𝑟 , rfix(⟦Γ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L, ℓ (𝐴)⟧)]
(35)

In particular, it is a consequence of label weakening (Lemma 5.8) that, in the case where 𝑠 does not

call ℓ , this simplifies further to

⟦Γ ⊢ 𝑟 where ℓ (𝑥) : {𝑠} ▷ L⟧ = let(⟦Γ ⊢ 𝑟 ▷ L, ℓ (𝐴)⟧);𝛿−1; [𝜋𝑟 , ⟦Γ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧] (36)

5.4 Metatheory
We can now begin to state the metatheoretic properties of our denotational semantics. Before we

do so, we establish the convention that whenever we have an equation involving the interpretation
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⟦Γ ⊢ 𝑟 ▷ L⟧ : ⟦Γ⟧ → ⟦L⟧

⟦Γ ⊢ br ℓ 𝑎 ▷ L⟧ = ⟦Γ ⊢⊥ 𝑎 : 𝐴⟧; 𝜄L,ℓ
⟦Γ ⊢ let 𝑥 = 𝑎; 𝑟 ▷ L⟧ = let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L⟧

⟦Γ ⊢ let (𝑥,𝑦) = 𝑒; 𝑟 ▷ L⟧ = let(⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑟 ▷ L⟧
⟦Γ ⊢ case 𝑒 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠} ▷ L⟧ = let(⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧);𝛿−1;

[⟦Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L⟧, ⟦Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L⟧]
⟦Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧ = let(esemΓ,L(𝑟 ));𝛿−1; [𝜋𝑟 , rfix(lsemΓ,L((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))]

where 𝜄L,ℓ : ⟦𝐴⟧ →⊥ ⟦L⟧ 𝜄 (L,ℓ (𝐴) ),ℓ = 𝜄𝑟 𝜄 (L,𝜅 (𝐵) ),𝑥 = 𝜄𝑙 ; 𝜄L,ℓ

esemΓ,L(𝑟 ) : ⟦Γ⟧ → ⟦𝐿⟧ + Σ𝑖⟦𝐴𝑖⟧
esemΓ,L(𝑟 ) = ⟦Γ ⊢ 𝑟 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖⟧;𝛼+

⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

lsemΓ,L (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) : ⟦Γ⟧ ⊗ Σ𝑖⟦𝐴𝑖⟧ → ⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧

lsemΓ,L (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) = 𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗⟧, ]𝑖 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

Fig. 32. Denotational semantics for 𝜆SSA regions

of a derivation (e.g., ⟦D⟧ = ⟦D′⟧), we assume that all the derivations (e.g., D and D′
) exist and

are well-formed.

We begin with weakening: as shown in Figure 30, weakenings are modelled, essentially, as

projections from a larger product ⟦Γ⟧ to a smaller product ⟦Δ⟧, while label-weakenings are

modelled as injections from a smaller coproduct ⟦L⟧ to a larger coproduct ⟦K⟧; in particular, in

both cases, the morphisms are pure. A simple induction can then be used to derive the following

weakening lemmas:

Lemma 5.8 ((Label) Weakening). Given Γ ≤ Γ′ and L′ ≤ L, K′ ≤ K, we have
(a) For all Γ ≤ Δ, ⟦Γ ≤ Δ⟧ = ⟦Γ ≤ Γ′⟧; ⟦Γ′ ≤ Δ⟧
(b) For all L ≤ K, ⟦L′ ≤ K⟧ = ⟦L′ ≤ L⟧; ⟦L ≤ K⟧
(c) ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ = ⟦Γ ≤ Γ′⟧; ⟦Γ′ ⊢𝜖 𝑎 : 𝐴⟧
(d) ⟦Γ ⊢ 𝑟 ▷ L⟧ = ⟦Γ ≤ Γ′⟧; ⟦Γ′ ⊢ 𝑟 ▷ L′⟧; ⟦L′ ≤ L⟧
(e) For all 𝛾 : Γ ↦→ Δ, ⟦𝛾 : Γ ↦→ Δ⟧ = ⟦Γ ≤ Γ′⟧; ⟦𝛾 : Γ′ ↦→ Δ⟧
(f) For all Γ ⊢ 𝜎 : L ⇝ K, ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ = ⟦Γ ≤ Γ′⟧ ⊗ ⟦L⟧; ⟦Γ ⊢ 𝜎 : L ⇝ K′⟧; ⟦K′ ≤ K⟧

Proof. See Appendix C.4. □

We can now give a denotational semantics to substitutions in which a substitution 𝛾 : Γ ↦→ Δ is

interpreted as a pure morphism from ⟦Γ⟧ to ⟦Δ⟧, as in Figure 33. We can now state the soundness

of variable substitution as follows:

Theorem 5.9 (Soundness (Substitution)). Given ⟦𝛾 : Γ ↦→ Δ⟧ : ⟦Γ⟧ → ⟦Δ⟧ pure, we have that
(a) ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧
(b) ⟦Γ ⊢ [𝛾]𝑟 ▷ L⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢ 𝑟 ▷ L⟧
(c) ⟦[𝛾]𝜌 : Δ ↦→ Ξ⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦𝜌 : Δ ↦→ Ξ⟧
(d) ⟦Γ ⊢ [𝛾]𝜎 : L ⇝ K⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢ 𝜎 : L ⇝ K⟧
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⟦𝛾 : Γ ↦→ Δ⟧ : ⟦Γ⟧ →⊥ ⟦Δ⟧

⟦· : Γ ↦→ ·⟧ = !⟦Γ⟧ ⟦𝛾, 𝑥 ↦→ 𝑒 : Γ ↦→ Δ, 𝑥 : 𝐴⟧ = Δ⟦Γ⟧; ⟦𝛾 : Γ ↦→ Δ⟧ ⋉ ⟦Γ ⊢⊥ 𝑒 : 𝐴⟧

⟦Γ ⊢ 𝜅 : L ⇝ K⟧ : ⟦Γ⟧ ⊗ ⟦L⟧ → ⟦K⟧

⟦Γ ⊢ · : · ⇝ K⟧ = !⟦Γ⟧ ⊗ 0; 𝜆; 0K
⟦𝜅, ℓ (𝑥) ↦→ 𝑟 ⊢ Γ : L, ℓ (𝐴) ⇝ K⟧ = 𝛿 ; [⟦𝜅 ⊢ Γ : L ⇝ K⟧, ⟦Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ K⟧]

Fig. 33. Denotational semantics for 𝜆SSA (label) substitutions

Proof. See Appendix C.4. □

In particular, this implies that the semantics of substitution composition [𝛾]𝜌 is just composition

of the denotations of 𝛾, 𝜌 . We can derive the following important corollary:

Corollary 5.10 (Soundness (Single Substitution)). Given Γ ⊢⊥ 𝑎 : 𝐴, we have
(1) Given Γ, 𝑥 : 𝐴 ⊢⊥ 𝑏 : 𝐵,

⟦Γ ⊢𝜖 [𝑎/𝑥]𝑏 : 𝐵⟧ = let(⟦Γ ⊢⊥ 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧ = ⟦Γ ⊢𝜖 let 𝑥 = 𝑎; 𝑏 : 𝐵⟧ (37)

(2) Given Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L, we have

⟦Γ ⊢ [𝑎/𝑥]𝑟 ▷ L⟧ = let(⟦Γ ⊢⊥ 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L⟧ = ⟦Γ ⊢ let 𝑥 = 𝑎; 𝑟 ▷ L⟧ (38)

Proof. Follows immediately from the fact that

⟦𝑥 ↦→ 𝑎↿ : Γ ↦→ Γ, 𝑥 : 𝐴⟧ = Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢⊥ 𝑎 : 𝐴⟧ = let(⟦Γ ⊢⊥ 𝑎 : 𝐴⟧) (39)

□

We can now move on to stating the metatheoretic properties of label-substitutions in much

the same manner. In particular, in Figure 33, we interpret label substitutions Γ ⊢ 𝜎 : L ⇝ K as

morphisms taking a copy of the context ⟦Γ⟧ and an element of the coproduct ⟦L⟧ to an element of

the coproduct ⟦K⟧, with an arbitrary effect. Label substitution is then sound in general, as stated in

the following theorem:

Theorem 5.11 (Soundness (Label Substitution)). Given Γ ⊢ 𝜎 : L ⇝ K, we have
(a) ⟦Γ ⊢ [𝜎]𝑟 ▷ K⟧ = let(⟦Γ ⊢ 𝑟 ▷ L⟧); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧
(b) ⟦Γ ⊢ [𝜎]𝜎 ′

: M ⇝ K⟧ = Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ; ⟦Γ⟧ ⊗ ⟦Γ ⊢ 𝜎 ′
: M ⇝ L⟧; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧

Proof. See Appendix C.5 □

5.5 Equational Theory
Using the metatheory in the previous section, our goal is now to prove the equational theory

given in Section 4 sound with respect to any valid 𝜆SSA model. Stated more precisely, we have the

following:

Theorem 5.12 (Soundness (Eqational Theory)). We have that
(a) Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴 =⇒ ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ = ⟦Γ ⊢𝜖 𝑎′ : 𝐴⟧
(b) Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L =⇒ ⟦Γ ⊢ 𝑟 ▷ L⟧ = ⟦Γ ⊢ 𝑟 ′ ▷ L⟧
(c) 𝛾 ≈ 𝛾 ′ : Γ ↦→ Δ =⇒ ⟦𝛾 : Γ ↦→ Δ⟧ = ⟦𝛾 ′ : Γ ↦→ Δ⟧
(d) 𝜎 ≈ 𝜎 ′ ⊢ Γ : L ⇝ K =⇒ ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ = ⟦Γ ⊢ 𝜎 ′

: L ⇝ K⟧
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Proof. See Appendix C.6 □

Now that we’ve proved the soundness of our equational theory, what remains is to prove that

it is complete, i.e., that every equation which holds in all 𝜆SSA models can be derived from it, or,

stated more categorically, that our syntax quotiented by the equational theory forms an initial 𝜆SSA
model. Our strategy for doing this is as follows:

(1) We begin by constructing a category of expressions Th⊗ (Γ) and a category of regions

Th(Γ, L) quotiented by our equational theory, and constructing a functor from the former

to the latter.

(2) We then show that the category of expressions and the category of regions have the structure

of an 𝜆SSA expression model and 𝜆SSA model, respectively, and hence that expressions may

be interpreted in the former and both expressions and regions in the latter.

To do so, we will first need some notation to talk about the behaviour of the equivalence

classes of quotients. Suppose 𝑆 and 𝑇 are sets of terms. Then we will write Γ ⊢𝜖 𝑆 : 𝐴 to

mean that for every 𝑎 ∈ 𝑆 , we have Γ ⊢𝜖 𝑎 : 𝐴, and similarly we will write Γ ⊢𝜖 𝑆 ≈ 𝑇 : 𝐴

when for all 𝑎 ∈ 𝑆 and 𝑏 ∈ 𝑇 , we have Γ ⊢𝜖 𝑎 ≈ 𝑏 : 𝐴. We generalize in the obvious fashion

to regions as well as the case when only one side of an equivalence is a set of terms.

Then, it will turn out that, for a distinguished variable □ and label ■,

Γ,□ : ⟨Δ⟩ ⊢𝜖 ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧Th⊗ (Γ) : 𝐴
Γ,□ : ⟨Δ⟩ ⊢ ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧Th(Γ,L) ▷ L,■(𝐴)
Γ,□ : ⟨Δ⟩ ⊢ ⟦Δ ⊢ 𝑟 ▷ K⟧Th(Γ,L) ▷ L,■(⟨K⟩)

(40)

where packing of contexts into types ⟨Δ⟩ is defined as in Appendix A.

(3) Finally, we refine this result to show that

Γ,□ : [Δ] ⊢𝜖 ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧Th⊗ (Γ) ≈ ⟨𝑎⟩ : 𝐴
Γ,□ : [Δ] ⊢ ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧Th(Γ,L) ≈ ret ⟨𝑎⟩ ▷ L,■(𝐴)
Γ,□ : [Δ] ⊢ ⟦Δ ⊢ 𝑟 ▷ K⟧Th(Γ,L) ≈ ⟨𝑟 ⟩ ▷ L,■(⟨K⟩)

(41)

where ret 𝑎 := br ■ 𝑎. Since the packing operator ⟨·⟩ on terms and regions from Appendix A

is injective for pure contexts eff(Γ) = ⊥, and hence in particular for Γ = ·, L = ·, it follows
that in this case the category of expressions and the category of regions are the initial

distributive 𝜆SSA expression model and 𝜆SSA model respectively.

5.6 Expressions
We’ll begin by going over the entire proof of completeness for expressions, which is the simpler

case. In particular, we may define the category Th⊗𝜖 (Γ) of expressions with effect 𝜖 as follows:

• Objects |Th⊗ (Γ) | are types 𝐴, 𝐵,𝐶
• Morphisms Th⊗ (Γ)𝜖 (𝐴, 𝐵) = {𝑒 | Γ,□ : 𝐴 ⊢𝜖 𝑒 : 𝐵} quotiented by Γ,□ : 𝐴 ⊢𝜖 𝑒 ≈ 𝑒′ : 𝐵
• Identity (Γ,□ : 𝐴 ⊢⊥ □ : 𝐴) ∈ Th⊗ (Γ)𝜖 (𝐴,𝐴)
• Composition 𝑒 ; 𝑒′ = (let □ = 𝑒 ; 𝑒′), which satisfies

Γ,□ : 𝐴 ⊢𝜖 𝑒 : 𝐵, Γ,□ : 𝐵 ⊢𝜖 𝑒′ : 𝐶 =⇒ Γ,□ : 𝐴 ⊢𝜖 𝑒 ; 𝑒′ : 𝐶
We may verify that this satisfies the axioms of a category w.r.t. our equational theory

In general, the category of expressions Th⊗ (Γ) is simply then given by Th⊗⊤ (Γ), which can be

viewed as the union of all Th⊗𝜖 (Γ).
We now need to equip Th⊗𝜖 (Γ) with the structure of a premonoidal category. Obviously, we wish

to define the tensor product of types 𝐴 and 𝐵 to be simply 𝐴 ⊗ 𝐵; we can then begin by defining
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projections

Γ,□ : 𝐴 ⊗ 𝐵 ⊢𝜖 𝜋𝑙 := let (𝑥,𝑦) = □;𝑥 : 𝐴 Γ,□ : 𝐴 ⊗ 𝐵 ⊢𝜖 let (𝑥,𝑦) = □;𝑦 : 𝐵 (42)

By simply using the pair constructor as a cartesian product ⟨𝑎, 𝑏⟩ = (𝑎, 𝑏), this can be shown to

endow Th⊗⊥ (Γ) with the structure of a cartesian category, allowing us to define the associators,

symmetries, and unitors in the natural manner. If we then define tensor functors

− ⊗ 𝑋 : 𝑒 ↦→ let (□, 𝑥) = □; (𝑒 ; (□, 𝑥)) 𝑋 ⊗ − : 𝑒 ↦→ let (𝑥,□) = □; (𝑒; (𝑥,□)) (43)

we find that Th⊗𝜖 (Γ) and hence in particular Th⊗ (Γ) is endowed with the structure of a Freyd

category with pure subcategory Th⊗⊥ (Γ).
Similarly, we wish to show that 𝐴 + 𝐵 is the coproduct of 𝐴 and 𝐵 in Th⊗𝜖 (Γ). Since we already

have obvious injection morphisms

Γ,□ : 𝐴 ⊢𝜖 𝜄𝑙 := 𝜄𝑙 □ : 𝐴 + 𝐵 Γ,□ : 𝐵 ⊢𝜖 𝜄𝑟 := 𝜄𝑟 □ : 𝐴 + 𝐵 (44)

we can define the coproduct of morphisms Γ,□ : 𝐴 ⊢𝜖 𝑎 : 𝐶 and Γ,□ : 𝐵 ⊢𝜖 𝑏 : 𝐶 to be simply given

by

Γ,□ : 𝐴 + 𝐵 ⊢𝜖 [𝑎, 𝑏] := case □ {𝜄𝑙 □ : 𝑎, 𝜄𝑟 □ : 𝑏} : 𝐶 (45)

It is straightforward to verify that this indeed induces a coproduct on Th⊗𝜖 (Γ) and hence on Th⊗ (Γ)
All that remains is to show that Th⊗𝜖 (Γ) is in fact a distributive Freyd category. To do so, we may

define an inverse distributor morphism

Γ,□ : 𝐴⊗(𝐵+𝐶) ⊢𝜖 𝛿−1 := let (𝑥,𝑦) = □; case 𝑦 {𝜄𝑙 𝑧 : 𝜄𝑙 (𝑥, 𝑧), 𝜄𝑟 𝑧 : 𝜄𝑟 (𝑥, 𝑧)} : 𝐴 ⊗ 𝐵 +𝐴 ⊗ 𝐶 (46)

which can easily be shown to be an inverse to the obvious distributor morphism. We may now note

that

⟦·⟧Th⊗ (Γ) = 1, ⟦Δ, 𝑥 : 𝐴⟧Th⊗ (Γ) = ⟦Δ⟧Th⊗ (Γ) ⊗ 𝐴 =⇒ ⟦Δ⟧Th⊗ (Γ) = ⟨Γ⟩ (47)

Therefore, it follows that, as expected, that Γ,□ : ⟨Δ⟩ ⊢𝜖 ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧Th⊗ (Γ) : 𝐴 and it remains to

show that we in fact have

Γ,□ : ⟨Δ⟩ ⊢𝜖 ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧Th⊗ (Γ) ≈ [𝑎] : 𝐴

which can be done by a relatively straightforward induction, implying, since [·] is injective w.r.t.
our equational theory for pure contexts, the following theorem:

Theorem 5.13 (Completeness (Expressions)). We have that, for all pure eff(Γ) = ⊥,

Γ ⊢𝜖 𝑒 ≈ 𝑒′ : 𝐴 ⇐⇒ ⟦Γ ⊢𝜖 𝑒 : 𝐴⟧Th⊗ ( ·) = ⟦Γ ⊢𝜖 𝑒′ : 𝐴⟧Th⊗ ( ·)
In particular, this implies that Th(·) is the initial 𝜆SSA expression model

Proof. See Appendix C.7 □

5.7 Regions
We define the category Th(Γ, L) of regions as follows:

• Objects |Th(Γ, L) | types 𝐴, 𝐵,𝐶
• Morphisms Th(Γ, L) (𝐴, 𝐵) = {𝑟 | Γ,□ : 𝐴 ⊢ 𝑟 ▷ L,■(𝐵)} quotiented by Γ,□ : 𝐴 ⊢ 𝑟 ≈
𝑟 ′ ▷ L,■(𝐵)

• Identity Γ,□ : 𝐴 ⊢ ret □ ▷ L,■(𝐴) where ret 𝑎 := br ■ 𝑎

• Composition 𝑟 ; 𝑟 ′ = [(■(□) ↦→ 𝑟 ′)↿]𝑟
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In particular, we may view ret as an identity-on-objects functor Th⊗⊥ (Γ) → Th(Γ, L) with action on

morphisms given by given by

Γ,□ : 𝐴 ⊢⊥ 𝑒 : 𝐵 ↦→ Γ,□(𝐴) ⊢ ret 𝑒 ▷ L,■(𝐵) (48)

We will use this to equip Th(Γ, L) with the structure of a Freyd category. In particular, taking our

subcategory of pure morphisms to be the image of ret in Th(Γ, L), we may define the obvious tensor

functors

− ⊗ 𝑋 : 𝑟 ↦→ let (□, 𝑥) = □; (𝑟 ; ret (□, 𝑥)) 𝑋 ⊗ − : 𝑟 ↦→ let (𝑥,□) = □; (𝑟 ; ret (𝑥,□)) (49)

Our premonoidal structure is then completely described by requiring that ret preserves all relevant
structure, i.e., that we have

𝛼 = ret 𝛼 𝜆 = ret 𝜆 𝜌 = ret 𝜌 𝜎 = ret 𝜎 Δ = ret Δ (50)

Just like for expressions, we canwrite the coproduct of Γ,□ : 𝐴 ⊢ 𝑠▷L,■(𝐶) and Γ,□ : 𝐵 ⊢ 𝑡▷L,■(𝐶)
in Th(Γ, L) as

Γ,□ : 𝐴 + 𝐵 ⊢ [𝑠, 𝑡] := case □ {𝜄𝑙 □ : 𝑠, 𝜄𝑟 □ : 𝑡} ▷ L,■(𝐶) (51)

with the obvious injections 𝜄𝑙 := ret 𝜄𝑙 and 𝜄𝑟 = ret 𝜄𝑟 . It turns out that in this case ret preserves
coproducts as well, and we can therefore easily conclude that our category is distributive by taking

inverse distributor 𝛿−1 = ret 𝛿−1.
All that remains now is to take Th(Γ, L) from an 𝜆SSA expression model to an 𝜆SSA model by giving

it an Elgot structure. We do so by defining the fixpoint of a morphism Γ,□ : 𝐴 ⊢ 𝑟 ▷ L,■(𝐵 +𝐴) as
follows:

Γ,□ : 𝐴 ⊢ 𝑟† := br go □ where go(□ : 𝐴) : {𝑟 ; case □ {𝜄𝑙 𝑥 : ret 𝑥, 𝜄𝑟 𝑦 : br go 𝑦}} ▷ L,■(𝐵) (52)

where go is an (arbitrary) fresh label. We can verify this indeed satisfies the axioms of an Elgot

structure through a somewhat tedious calculation. We may now note that

⟦·⟧Th(Γ,L) = 1, ⟦Δ, 𝑥 : 𝐴⟧Th(Γ,L) = ⟦Δ⟧Th(Γ,L) ⊗ 𝐴 =⇒ ⟦Δ⟧Th(Γ,L) = ⟨Γ⟩
⟦·+⟧Th(Γ,L) = 0, ⟦K, ℓ (𝐴)⟧Th(Γ,L) = ⟦K⟧Th(Γ,L) +𝐴 =⇒ ⟦K⟧Th(Γ,L) = ⟨K⟩

(53)

and hence that

Γ,□ : ⟨Δ⟩ ⊢ ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧Th(Γ,L) ▷ L,■(𝐴) Γ,□ : ⟨Δ⟩ ⊢ ⟦Δ ⊢ 𝑟 ▷ K⟧Th(Γ,L) ▷ L,■(⟨K⟩)

as expected. It is relatively easy to derive that

Γ,□ : ⟨Δ⟩ ⊢ ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧Th(Γ,L) ≈ ret ⟨𝑎⟩ ▷ L,■(𝐴)

by a relatively straightforward induction. A much more tedious induction is required to prove that

Γ,□ : ⟨Δ⟩ ⊢ ⟦Δ ⊢ 𝑟 ▷ K⟧Th(Γ,L) ≈ [𝑟 ] ▷ L,■(⟨K⟩)

since the case for where-statements is particularly complex. With a little bit more book-keeping

(which can be found in the mechanization), we can state the completeness theorem as follows:

Theorem 5.14 (Completeness (Regions)). We have that, for all pure eff(Γ) = ⊥,

Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L ⇐⇒ ⟦Γ ⊢ 𝑟 ▷ L⟧Th( ·,· ) = ⟦Γ ⊢ 𝑟 ′ ▷ L⟧Th( ·,· )
In particular, this implies that Th(·, ·) is the initial 𝜆SSA model.

Proof. See Appendix C.7 □
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6 Concrete Models
6.1 Monads and Monad Transformers
As previously stated, every strong monad over a CCC, by virtue of providing a model of higher-order

effectful programming, also provides a model of first-order effectful programming, i.e., (acyclic)

SSA. In particular, the Kleisli category CT of every such strong monad T is a premonoidal category

and induces a Freyd category with pure morphisms given by

(CT)⊥ (𝐴, 𝐵) = {𝑓 ;𝜂𝐵 : 𝐴 → T𝐵 | 𝑓 : 𝐴 → 𝐵} ⊆ C(𝐴, T𝐵) = CT (𝐴, 𝐵) (54)

It follows that every strong Elgot monad over a CCC with all coproducts is an 𝜆SSA model (since, in

particular, every CCC with coproducts is distributive). This allows us to very quickly amass a large

collection of 𝜆SSA models from the literature on strong Elgot monads (see e.g. [28], [26]).

Probably the simplest example of an 𝜆SSA model is given by the option monad Option 𝐴 = 𝐴 + 1
2
, with fixpoint operation

𝑓 † = some 𝑏 if ∃𝑛, 𝑓 𝑛 𝑎 = some (𝜄𝑙 𝑏) 𝑓 † = none otherwise

where

𝑓 0 𝑎 = some (𝜄𝑟 𝑎) 𝑓 𝑛+1 𝑎 = bind (𝑓 𝑛 𝑎) [(pure; 𝜄𝑙 ), 𝑓 ]
This model allows us to interpret potentially divergent but otherwise purely functional programs.

Another very important 𝜆SSA model is generated by the powerset monad P over Set, which has

fixpoint operation

𝑓 † 𝑎 =
⋃
𝑛

{𝑏 | 𝜄𝑙 𝑏 ∈ 𝑓 𝑛 𝑎}

We can use this monad to interpret nondeterministic potentially divergent functional programs.

We can further expand our repertoire of 𝜆SSA models by considering monad transformers, many of

which preserve Elgot-ness. For example, if T is a strong Elgot over Set,
• For all types 𝑅, the reader transformer ReaderT 𝑅 T 𝐴 = 𝑅 → T 𝐴 is strong Elgot with

monad operations

𝜂 𝑎 = 𝜆 − .𝜂T 𝑎 bind 𝑎 𝑓 = 𝜆𝑟 .bindT (𝑎 𝑟 ) (𝜆𝑎.𝑓 𝑎 𝑟 ) (55)

and fixpoint

𝑓 † = 𝜆𝑟 .(𝜆𝑎.𝑓 𝑎 𝑟 )†T (56)

• For all monoids𝑊 , the writer transformer WriterT𝑊 T 𝐴 = T (𝐴 ×𝑊 ) is strong Elgot with
monad operations

𝜂 𝑎 = 𝜂T (𝑎, 1) bind 𝑎 𝑓 = bindT 𝑎 (𝜆(𝑎,𝑤).bindT (𝑓 𝑎) (𝜆(𝑏,𝑤 ′).(𝑏,𝑤 ·𝑤 ′))) (57)

and fixpoint

𝑓 † 𝑎 = (𝜆(𝑎,𝑤).bindT (𝑓 𝑎) (𝜆(𝑏,𝑤 ′).𝜂T ( [(𝜆𝑐. (𝑐,𝑤 ·𝑤 ′)), (𝜆𝑐. (𝑐,𝑤 ·𝑤 ′))] 𝑏)))†T (𝑎, 1) (58)

• For all types 𝑆 , the state transformer StateT 𝑆 T 𝐴 = 𝑆 → T(𝐴 × 𝑆) is strong Elgot with

monad operations

𝜂 𝑎 = 𝜆𝑠.𝜂T (𝑎, 𝑠) bind 𝑎 𝑓 = 𝜆𝑠.bindT (𝑎 𝑠) (𝜆(𝑎, 𝑠′).𝑓 𝑎 𝑠′) (59)

and fixpoint

𝑓 † = 𝜆𝑠.(𝜆(𝑎, 𝑠′).bindT (𝑓 𝑎 𝑠′) (𝜆(𝑏, 𝑠′).𝜂T ( [(𝜆𝑐. (𝑐, 𝑠′)), (𝜆𝑐.(𝑐, 𝑠′))] 𝑏)))†T (60)

One other important source of 𝜆SSA models is via Elgot submonads of monads on Set, which we

define as follows:

2
In a constructive setting, we may equivalently use the partial values monad Partial 𝐴 := Σ𝜙 : Prop.𝜙 → 𝐴.
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Definition 6.1 (Elgot submonad). A monad (S, 𝜂′, 𝜇′) is a submonad of (T, 𝜂, 𝜇) if 𝜂 = 𝜂′, ∀𝐴, S 𝐴 ⊆
T 𝐴, and, on the set S (S 𝐴) ⊆ T (T 𝐴), 𝜇 = 𝜇′. We say S is strong Elgot if T is strong Elgot and, for

all 𝑓 ∈ 𝐴 → S (𝐴 + 𝐵), 𝑓 † ∈ 𝐴 → S 𝐵 (i.e. the fixpoint operation sends the Kleisli category of S to

itself).

One useful property this definition has is that the intersection of arbitrarily many (Elgot) sub-

monads forms an (Elgot) submonad, i.e., the (Elgot) submonads form a complete lattice.

6.2 Trace Models
A particularly important class of 𝜆SSA models are what we will call trace models, which can be

viewed as programs which either diverge or produce a result, while also producing (potentially

nondeterministic, potentially infinite) traces of events 𝜖 ∈ 𝐸.

Definition 6.2 (Stream Action). A stream action (𝑀, 𝐼, ·, Σ) is a monoid actions (𝑀, 𝐼, ·) of finite
effects 𝑀 acting on divergent effects 𝐼 , along with a function Σ : 𝑀𝜔 → 𝐼 mapping infinite streams

of𝑀 to an element of 𝐼 satisfying Σ𝜎 = 𝜎0 · Σ𝑖𝜎𝑖+1, where Σ𝑖𝜎𝑖 = Σ(𝜆𝑖.𝜎𝑖 ).

The most important example of a stream action is the free stream action over a set 𝐸, called the

set of events, where:
• 𝑀 = 𝐸∗ is the free monoid over a set of “events" 𝜖 ∈ 𝐸, i.e., the monoid of finite lists of

events

• 𝐼 = 𝐸≤𝜔
is the set of potentially infinite streams of events 𝜖 ∈ 𝐸

• 𝑚 · 𝑖 is defined in the obvious manner, i.e. by prepending the (finite) list𝑚 to the (potentially

infinite) stream 𝑖

• Σ 𝜎 is defined as the supremum

⊔
𝑖 𝑡𝑖 , where 𝑡 ≤ 𝑡 ′ iff 𝑡 is a prefix of 𝑡 ′, 𝑡0 = ⊥ (the empty

stream), and 𝑡𝑖+1 = 𝑡𝑖 · 𝜎𝑖
Definition 6.3 (Trace Monad Transformer). Given a stream action (𝑀, 𝐼, ·, Σ), we can define the

trace monad transformer over Set as follows: TraceT Σ T 𝐴 = T (𝐴 ×𝑀 + 𝐼 ) with monad operations

𝜂 = (𝜆𝑎.𝜄𝑙 (𝑎, 0));𝜂T bind 𝑎 𝑓 = bindT 𝑎 [𝜆(𝑎,𝑚).𝑚 · 𝑓 𝑎, 𝜆𝑖 .𝜂T (𝜄𝑟 𝑖)]
This yields a family of useful Elgot monads, including

• Traces? Σ = TraceT Σ P, with the fixpoint of 𝑓 : 𝐴 → 𝐵 +𝐴 given by

𝑓 † 𝑎 = 𝑓 †∞ 𝑎 ∪
⋃
𝑛

𝑓 †𝑛 𝑎 where (61)

𝑓 †𝑛 𝑎 = {𝜄𝑙 (𝑏,𝑚) | 𝜄𝑙 (𝜄𝑙 𝑏,𝑚) ∈ [id𝐵, 𝑓 ]𝑛 (𝜄𝑟 𝑎)} ∪ {𝜄𝑟 𝑖 | 𝜄𝑟 𝑖 ∈ [id𝐵, 𝑓 ]𝑛 (𝜄𝑟 𝑎)} (62)

𝑓 ∞ 𝑎 = {𝜄𝑟Σ𝜎 | ∃𝛼 : 𝐴𝜔 , 𝛼0 = 𝑎 ∧ ∀𝑖, 𝜄𝑙 (𝜄𝑟 𝛼𝑖+1, 𝜎𝑖 ) ∈ 𝑓 𝛼𝑖 } (63)

We say a morphism 𝑓 : 𝐴 → Traces? Σ 𝐵 is total if all 𝑓 𝑎 are nonempty, and deterministic
if all 𝑓 𝑎 are subsingletons.

• Traces Σ = TraceT Σ P+
, which can be viewed as an Elgot submonad of Traces? Σ since

the fixpoint of a total function is total

• Trace? Σ = TraceT Σ Option, which can be viewed as an Elgot submonad of Traces? Σ since

the fixpoint of a deterministic function is deterministic

• Trace Σ = TraceT Σ Id, which can be viewed as an Elgot submonad of Traces? Σ, and in

particular the intersection Trace? Σ ∩ Traces Σ.

As a simple, concrete example of this type of model this construction lets us define, consider

the nondeterministic printing monad, which is simply defined as Print 𝐴 ≡ Traces Σ, where
Σ : (byte∗)𝜔 → byte≤𝜔 denotes concatenation of bytestrings into a (potentially infinite) bytestream.
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This gives us us an 𝜆SSA model supporting effectful instructions print : byte∗ → 1 and nondet : 1 →
𝐴 (for 𝐴 nonempty), with semantics ⟦print⟧ = 𝜆𝑏.{𝜄0 ((), 𝑏)}, ⟦nondet⟧ = 𝜆().{𝜄0 (𝑎, []) | 𝑎 ∈ 𝐴}.

We can make things a little more interesting by adding a heap to the mix, defining our monad

Comp = StateT Heap Print, where Heap = N ⇀ N is simply a partial function with finite support.

The Kleisli category of this monad is also a Freyd category and inherits an Elgot structure from

that on SetPrint; we therefore have an 𝜆SSA model supporting the instructions set : N ×N → 1, get :
N → N, alloc : N → N), and free : N → 1. We can assign semantics to set in the standard fashion,

with ⟦set⟧ = 𝜆(𝑝, 𝑣) ℎ.{𝜄0 ((), [𝑝 ↦→ 𝑣]ℎ, [])}. get is a bit more tricky, since it is unclear what to do

when we try to access uninitialized memory: one option is simply to return an arbitrary value, with

⟦get⟧ = 𝜆𝑝 ℎ.{𝜄0 (𝑣, ℎ, []) | 𝑣 = ℎ 𝑝 ∨ 𝑝 ∉ ℎ}. Finally, ⟦alloc⟧ = 𝜆𝑣 ℎ.{𝜄0 (𝑝,ℎ′, []) | ℎ′ = ℎ ⊔ 𝑝 ↦→ 𝑣}
simply fills a random empty heap cell with the provided value, returning a pointer to the cell, while

⟦free⟧ = 𝜆𝑝 ℎ.{𝜄0 ((), ℎ \ 𝑝, [])}.
As we can see, the trace monad is a very powerful tool for quickly constructing families of

𝜆SSA models, at least for relatively simple side-effects. The resulting family of models is somewhat

similar to interaction trees, which were introduced by Xia et al. [61] to give convenient denotational

semantics to imperative programs: these also form an Elgot monad. Because they form an Elgot

monad, they immediately form a model of 𝜆SSA. Similar techniques can be used to tackle much

more complex side-effects; to demonstrate this, we will show how the model of TSO weak given in

Kavanagh and Brookes [38] can be adapted to our framework.

6.3 TSO weak memory
Rather than a sequential trace consisting of a stream of events (here, actions) 𝑎1, 𝑎2, 𝑎3, ..., Kavanagh
and Brookes [38] model concurrency by considering a partially ordered multiset, or pomset, of
actions. The incomparable actions in our pomset are then precisely those which are executed in

parallel. More formally, we define:

Definition 6.4 (Pomset). A pomset 𝛼 over a set of actions A with a distinguished null action

"tick" 𝛿 ∈ A is a nonempty partially-ordered carrier set 𝑃 such that every 𝑝 ∈ 𝑃 has finitely many

predecessors equipped with a mapping 𝛼 : 𝑃 → A. A pomset is finite if its carrier set is. We will

quotient pomsets over the removal of arbitrarily many copies of 𝛿 as long as infinite sets are only

equated to other infinite pomsets. We will write unordered pomsets using multiset notation, e.g.

{𝑎, 𝑎, 𝑏}, and linearly ordered pomsets using list notation, e.g. [𝑎, 𝑎, 𝑏].

(Finite) pomsets form a monoid under sequential composition 𝛼 ; 𝛽 , which is defined by the

function [𝛼, 𝛽] : trim(𝑃 +𝑄) → A, where 𝑃 +𝑄 is given the lexicographic ordering and trim(𝑅)
removes all elements of 𝑅 with infinitely many predecessors. They also form a monoid under

parallel composition, defining 𝛼 | |𝛽 = [𝛼, 𝛽] : 𝑃 +𝑄 → A where 𝑃 +𝑄 is given the standard partial

ordering (with elements of 𝑃 and 𝑄 incomparable). Note in both cases the monoidal unit is {𝛿},
since we only consider nonempty pomsets but allow the removal of finitely many ticks. Given

any partially ordered set 𝑁 and a family of pomsets 𝛼𝑛 for 𝑛 ∈ 𝑁 , we can define their sum Σ𝑛𝛼𝑛
to be given by the function (𝑛, 𝑎) ↦→ 𝛼𝑛 𝑎 : trim(Σ𝑛𝑃𝑛) → A, where the dependent product Σ𝑛𝑃𝑛
is given the lexicographic order. In particular, choosing 𝑁 = N makes Σ : Pom𝜔

fin → Pom into a

stream action monoid w.r.t the sequential composition monoid on finite pomsets.

For simplicity, we will consider an infinite set of named locations 𝑥,𝑦, 𝑧 ∈ Loc which are subject

to concurrent modification by all threads via TSO reads, writes, and fences. In particular, we define

a program order pomset to be a pomset with APO =A𝑤 ∪ A𝑟 ∪ {𝛿}, where A𝑟 consists of reads of
the form 𝑥 = 𝑣 and A𝑤 consists of writes of the form 𝑥 := 𝑣 for locations 𝑥 and values 𝑣 ∈ Word.
We may now define the program order monad PO 𝐴 = Traces Σ 𝐴, where Σ is taken as

a stream action on finite program order pomsets. This yields an 𝜆SSA model with support for
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concurrent read and write operations read𝑥 : I∅
0
(1,Word), write𝑥 : I∅

0
(Word, 1) with semantics

⟦read𝑥⟧ = 𝑅PO
𝑥 = 𝜆().{(𝑣, {𝑥 = 𝑣}) |𝑣 ∈ Word}, ⟦write𝑥⟧ = 𝑊 PO

𝑥 = 𝜆𝑣.{((), {𝑥 := 𝑣})}. The
semantics of read in particular give a hint as to how this model works: rather than tracking the

state of the heap, we simply emit a pomset of the events that would have been generated by a given

execution (in the case of a read, a read event 𝑥 = 𝑣 whenever the read returns 𝑣 , and in the case of

a write, the single write event 𝑥 := 𝑣 for a write of 𝑣), and later post-filter to obtain a set of valid

executions. By doing so, our semantics remains compositional, allowing us to reason about each

program fragment individually, while still allowing other program fragments to perform concurrent

operations affecting our potential executions. On that note, we can define the parallel execution of

two morphisms as follows:

𝑓0 | |𝑓1 = 𝜆(𝑎0, 𝑎1).{𝜄0 ((𝑏0, 𝑏1), 𝛼0 | |𝛼1) | 𝜄0 (𝑏𝑖 , 𝛼𝑖 ) ∈ 𝑓𝑖 𝑎𝑖 }
∪ {𝜄1 (𝛼0 | |𝛼1) | (𝜄0 (𝑏0, 𝛼0) ∈ 𝑓0 𝑎 ∨ 𝜄0 𝛼0 ∈ 𝑓0 𝑎0) ∧ 𝜄1𝛼1 ∈ 𝑓1 𝑎1}
∪ {𝜄1 (𝛼0 | |𝛼1) | 𝜄1 𝛼0 ∈ 𝑓0 𝑎0 ∧ 𝜄0 (𝑎1, 𝛼1) ∈ 𝑓1 𝑎1} : SetPO (𝐴 ⊗ 𝐴′, 𝐵 ⊗ 𝐵′)

(64)

It’s tempting to try to use this to define a tensor product of morphisms to obtain a monoidal (rather

than premonoidal) category, but unfortunately, sliding still fails: (𝑊 PO
𝑥 | |id); (id| |𝑊 PO

𝑦 ) emits the

pomset [𝑥 := 𝑎,𝑦 := 𝑏], while (id| |𝑊 PO
𝑦 ); (𝑊 PO

𝑥 | |id) emits the pomset [𝑦 := 𝑏, 𝑥 := 𝑎].
To graduate from sequential consistency to a genuine, if maximally simple, weak memory model,

we introduce load buffering of write actions. We will implement TSO ordering by buffering all our

writes, in which case they are only visible to the local thread. On the other hand, read events will

first attempt to read from the buffer, and, if there is no corresponding write in the buffer, will read

an arbitrary value, in both cases pushing an event to the global pomset. At any point, we may

choose to flush some of the buffered writes. We introduce the set A𝑏 = {(𝑥 := 𝑣)} of buffer write
actions, where an action 𝑥 := 𝑣 by a thread denotes adding a write 𝑥 := 𝑣 to the thread’s write

buffer. We may then define the set of TSO actions ATSO = APO ∪ A𝑏 ; a pomset over this set is

called a TSO pomset. A buffer will be defined to be a list of write actions Buf =A∗
𝑏
, which we will

interpret as linear pomsets over ATSO ordered by index (with the empty list corresponding to {𝛿}).
In particular, we define the monad TSO = StateT Buf (Trace Σ), where Σ is taken as a the stream

action of finite TSO pomsets on TSO pomsets. We can view PO as a submonad of this monad.

Given a buffer Buf, we can define the result of reads [·]𝑥 : Buf → Word ⊔ {⊥} from the buffer

by induction to be: (𝐿; {𝑥 := 𝑣}) [𝑥] = 𝑣,, (𝐿; {𝑦 := 𝑣}) [𝑥] = 𝐿[𝑥], [] [𝑥] = ⊥. Note that writes at
the end of the buffer are prioritized, since later writes overwrite earlier ones!

The semantics of reads and writes can then be given by

⟦read𝑥⟧ = 𝑅TSO
𝑥 = pflush; (𝜆() 𝐿.{(𝑣, 𝐿, {𝑥 = 𝑣}) | 𝐿[𝑥] = 𝑣 ∨ 𝐿[𝑥] = ⊥}); pflush

⟦write𝑥⟧ =𝑊 TSO
𝑥 = pflush; (𝜆𝑣 𝐿.{(𝑣, (𝐿; {𝑥 := 𝑣}), {𝑥 := 𝑣})}); pflush

(65)

where buffer flushing is implemented via the morphism

pflush𝐴 = 𝜆𝑎 𝐿.{(𝑎, 𝑅, 𝛼) |𝐿 = 𝛼 ;𝑅} : SetTSO (𝐴,𝐴)
(called split in [38]). To be able to perform synchronization, we will also need to introduce a

fence : I∅
0
(1, 1) instruction, which simply causes all actions before the fence to be observed before

any actions after the fence. For TSO, implementing this is as simple as flushing the buffer, i.e., we

define

⟦fence⟧ = 𝜆() 𝐿.{((), [], 𝐿; {𝛿})}
We can now define the parallel composition of morphisms in a "fork-join" style as follows: we

first flush the buffer completely (i.e., taking it and sticking it at the beginning of our pomset), then

execute 𝑓 and 𝑔 in parallel with separate buffers, filtering out executions which completely flush the
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buffer. Since both threads end up with an empty buffer, the resulting joined buffer is also empty,

giving us the following definition:

𝑓0 | |𝑓1 = 𝜆(𝑎0, 𝑎1) 𝐿.{𝜄0 ((𝑏0, 𝑏1), [], 𝐿; (𝛼0 | |𝛼1)) | 𝜄0 (𝑏𝑖 , [], 𝛼𝑖 ) ∈ 𝑓𝑖 𝑎𝑖 []}
∪ {𝜄1 (𝛼0 | |𝛼1) | (𝜄0 (𝑏0, [], 𝛼0) ∈ 𝑓0 𝑎 ∨ 𝜄0 𝛼0 ∈ 𝑓0 𝑎0 []) ∧ 𝜄1𝛼1 ∈ 𝑓1 𝑎1 []}
∪ {𝜄1 (𝛼0 | |𝛼1) | 𝜄1 𝛼0 ∈ 𝑓0 𝑎0 [] ∧ 𝜄0 (𝑎1, [], 𝛼1) ∈ 𝑓1 𝑎1 []}

(66)

One issue with this model is that our category currently has “too many” operations besides the

ones we want: for example, it is a perfectly valid morphism to simply add an event into the buffer

without any flushing. Of course, one thing we could do is consider the smallest Elgot subcategory

generated by the atomic instructions we want to support, such as read𝑥 , write𝑥 , and fence, which
can be a perfectly valid approach, but is somewhat unwieldy. Another approach, however, is to

think about what “valid” morphisms might look like in general; this also has the benefit of letting us

write down specifications that may not be trivially implementable in terms of actual instructions.

There are many potential properties we might want “valid” morphisms to have; in general, the

less valid morphisms we admit, the more equations we have to work with when reasoning. One

simple property we might consider is that a “valid” morphism must have at least one execution

in which the buffer is completely flushed, regardless of initial state. This is a perfectly reasonable

property to impose, since it ensures that we do not encounter degenerate cases where, for example,

the parallel composition of two processes has an empty trace set even though both processes have a

nonempty trace set (since neither empties the buffer). We might even want to go a little bit further

and, representing the fact that a buffer flush can happen at any time between instructions, require

that a nondeterministic buffer flush before or after an instruction does not change its semantics,

i.e., that pflush𝐴; 𝑓 ; pflush𝐵 = 𝑓 . Unfortunately, this does not hold for the identity, since

pflush; id; pflush = pflush; pflush = pflush ≠ id (67)

so this would not give us a subcategory. While one possible solution is to simply add the identity

back in (and this would give us a valid subcategory), we have the issue that, for example, morphisms

like the associator and unitor would still be excluded. Instead, we can take into account the fact

that all pflush𝐴 are idempotent and define a new category PTSO with objects sets and morphisms

of the form

PTSO(𝐴, 𝐵) = {pflush𝐴; 𝑓 ; pflush𝐵 | 𝑓 ∈ SetTSO (𝐴, 𝐵)} (68)

In this category, pflush𝐴 is the identity on 𝐴, since

pflush𝐴; pflush𝐴; 𝑓 ; pflush𝐵 = pflush𝐴; 𝑓 ; pflush𝐵
pflush𝐴; 𝑓 ; pflush𝐵 ; pflush𝐵 = pflush𝐴; 𝑓 ; pflush𝐵

(69)

This is especially useful since it frees us from needing to remember to sprinkle pflush everywhere

when specifying things (and, of course, when that level of control is desired, we can specify in

SetTSO and then lift to PTSO).
It turns out that this is a general construction we can do, which gives us another useful way to

build up 𝜆SSA models that can often be quite difficult to express as simply monads. In particular, we

have the following definition

Definition 6.5 (Idempotent envelope category). Let C be a category and 𝑑 be a family of morphisms

for each 𝐴 ∈ |C| such that each 𝑑𝐴 : C(𝐴,𝐴) is idempotent, i.e., 𝑑𝐴;𝑑𝐴 = 𝑑𝐴. We may then define

the subsemicategory Ide(C, 𝑑) of C to be given by

Ide(C, 𝑑) (𝐴, 𝐵) = {𝑓 ∈ C(𝐴, 𝐵) | 𝑓 = 𝑑𝐴; 𝑓 ;𝑑𝐵} = {𝑑𝐴; 𝑓 ;𝑑𝐵 | 𝑓 ∈ C(𝐴, 𝐵)} (70)

Note that Ide(C, 𝑑) is not a subcategory unless 𝑑𝐴 = id𝐴 for all 𝐴, in which case Ide(C, 𝑑) = C.
However, Ide(C, 𝑑) can be independently viewed as a category with identity 𝑑𝐴 at 𝐴.
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We have that, if C has coproducts and 𝑑𝐴+𝐵 = 𝑑𝐴 + 𝑑𝐵 , then Ide(C, 𝑑) inherits coproducts from
C with injections

𝑑𝐴; 𝜄𝑙 = 𝜄𝑙 ;𝑑𝐴+𝐵 = 𝑑𝐴; 𝜄𝑙 ;𝑑𝐴+𝐵 ∈ Ide(C, 𝑑) (𝐴,𝐴 + 𝐵)
𝑑𝐵 ; 𝜄𝑟 = 𝜄𝑟 ;𝑑𝐴+𝐵 = 𝑑𝐵 ; 𝜄𝑟 ;𝑑𝐴+𝐵 ∈ Ide(C, 𝑑) (𝐵,𝐴 + 𝐵) (71)

since, for 𝑓 ∈ Ide(C, 𝑑) (𝐴,𝐶), 𝑔 ∈ Ide(C, 𝑑) (𝐴,𝐶), we have that
𝑑𝐴+𝐵 ; [𝑓 , 𝑔];𝑑𝐶 = 𝑑𝐴 + 𝐵; [𝑓 , 𝑔];𝑑𝐶 = [𝑑𝐴; 𝑓 ;𝑑𝐶 , 𝑑𝐵 ;𝑔;𝑑𝐶 ] = [𝑓 , 𝑔] (72)

In particular, it follows that Ide𝑑 preserves coproducts. If C in addition has an Elgot structure, then

Ide(C, 𝑑) also inherits this structure (and therefore Ide𝑑 preserves it), as for 𝑓 ∈ Ide(C, 𝑑) (𝐴, 𝐵+𝐴),
we have

𝑓 † = (𝑑𝐴; 𝑓 ;𝑑𝐵 + 𝑑𝐴)† = (𝑑𝐴; 𝑓 ;𝑑𝐵 + 𝑑𝐴)†;𝑑𝐵 = 𝑑𝐴; (𝑓 ;𝑑𝐵 + (𝑑𝐴;𝑑𝐴))†;𝑑𝐵 = 𝑑𝐴; 𝑓
†
;𝑑𝐵 (73)

On the other hand, if C is equipped with a (symmetric) premonoidal structure and we have that

𝑑𝐴⊗𝐵 = 𝑑𝐴 ⋉ 𝑑𝐵 = 𝑑𝐴 ⋊ 𝑑𝐵 𝑑𝐴⊗𝐼 = 𝑑𝐴 ⊗ 𝐼 𝑑𝐼⊗𝐴 = 𝐼 ⊗ 𝑑𝐴 (74)

(note that 𝑑 does not have to be central!), it follows that Ide(C, 𝑑) has (symmetric) premonoidal

structure as well, with inherited tensor product functors and associators, unitors, and symmetries

given by

𝑑 (𝐴⊗𝐵)⊗𝐶 ;𝛼𝐴,𝐵,𝐶 = 𝛼𝐴,𝐵,𝐶 ;𝑑𝐴⊗(𝐵⊗𝐶 ) = 𝑑 (𝐴⊗𝐵)⊗𝐶 ;𝛼𝐴,𝐵,𝐶 ;𝑑𝐴⊗(𝐵⊗𝐶 )

𝑑𝐴⊗𝐼 ; 𝜆𝐴 = 𝜆𝐴;𝑑𝐴 = 𝑑𝐴⊗𝐼 ; 𝜆𝐴;𝑑𝐴 𝑑𝐼⊗𝐴; 𝜌𝐴 = 𝜌𝐴;𝑑𝐴 = 𝑑𝐼⊗𝐴; 𝜌𝐴;𝑑𝐴

𝑑𝐴⊗𝐵 ;𝜎𝐴,𝐵 = 𝜎𝐴,𝐵 ;𝑑𝐵⊗𝐴 = 𝑑𝐴⊗𝐵 ;𝜎𝐴,𝐵 ;𝑑𝐵⊗𝐴

(75)

respectively. It follows that if C is distributive, so is Ide(C, 𝑑), since we can verify that the distributor
[𝑑𝐴 ⊗ (𝑑𝐵 ; 𝜄𝑙 ), 𝑑𝐴 ⊗ (𝑑𝐶 ; 𝜄𝑟 )] has the expected inverse

𝑑𝐴⊗(𝐵+𝐶 ) ;𝛿
−1
;𝑑 (𝐴⊗𝐵)+(𝐴⊗𝐶 ) (76)

If we in fact have that 𝑑𝐴⊗𝐵 = 𝐴 ⊗ 𝑑𝐵 = 𝑑𝐴 ⊗ 𝐵 for all 𝐴, 𝐵 (which implies Equation 74) and C is

equipped with the structure of a Freyd category, then so is Ide(C, 𝑑), with projections and diagonal

given by

𝑑𝐴⊗𝐵 ;𝜋𝑙 = 𝜋𝑙 ;𝑑𝐴 = 𝑑𝐴⊗𝐵 ;𝜋𝑙 ;𝑑𝐴 𝑑𝐴⊗𝐵 ;𝜋𝑟 = 𝜋𝑟 ;𝑑𝐵 = 𝑑𝐴⊗𝐵 ;𝜋𝑟 ;𝑑𝐵

𝑑𝐴;Δ = Δ;𝑑𝐴⊗𝐴 = 𝑑𝐴;Δ;𝑑𝐴⊗𝐴
(77)

Hence, it follows that if C is an 𝜆SSA (expression) model, 𝑑𝐴 is idempotent, 𝑑𝐴+𝐵 = 𝑑𝐴 + 𝑑𝐵 , and

𝑑𝐴⊗𝐵 = 𝐴 ⊗ 𝑑𝐵 = 𝑑𝐴 ⊗ 𝐵, then Ide(C, 𝑑) is an 𝜆SSA (expression) model as well. It turns out that all

these properties hold for 𝑑 = pflush, giving us our final categorical model for TSO weak memory,

PTSO = Ide(SetTSO, pflush).

6.4 Brookes-Style Models
In this section, we show how to construct a concurrency monad from a Brookes [12]-style model

of concurrency, which we axiomatize. We will then explicitly show how to instantiate the model

for sequentially consistent execution from Brookes [12]. We begin by defining a countable closure
operator, given below:

Definition 6.6 (Countable Closure Operator). We define a (countable) closure operator c : P(𝑇 ) →
P(𝑇 ) on 𝑇 to be a function on sets of 𝑇 which:

• is extensive: 𝑋 ⊆ c(𝑋 )
• is idempotent: c(c(𝑋 )) = c(𝑋 )
• distributes over countable unions: c(⋃𝑖 𝑋𝑖 ) =

⋃
𝑖 c(𝑋𝑖 )

We say a set 𝑋 such that c(𝑋 ) = 𝑋 is closed under c.
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Note that this differs from the standard definition of a Kuratowski topological closure operator,

which only requires us to distributive over finite unions. We define the lift of a closure operator
c𝐴 : P(𝑇 ×𝐴) → P(𝑇 ×𝐴) to be given by

c𝐴 (𝑋 ) :=
⋃
𝑎∈𝐴

{(𝑡 ′, 𝑎) | 𝑡 ′ ∈ c({𝑡 | (𝑡, 𝑎) ∈ 𝑋 })}

Identifying P(𝑇 ×𝐴) with 𝐴 → P(𝑇 ), this is equivalent to stating that c𝐴 (𝑋 ) := c ◦ 𝑋 . It is hence

easy to check that this gives a closure operator on 𝑇 ×𝐴.

Definition 6.7 (Brookes Monad). Given a monoid of traces 𝑇 and a closure operator c : P(𝑇 ) →
P(𝑇 ), we define the Brookes monad Bc over c to be given by closed sets of pairs 𝑡 ∴ 𝑎 of traces
𝑡 ∈ 𝑇 and results 𝑎 ∈ 𝐴. In particular, we define

Bc (𝐴) := c𝐴 (P(𝑇 ×𝐴)) ≃ 𝐴 → c(P(𝑇 ))
with

𝜂Bc 𝑎 := c𝐴 ({1 ∴ 𝑎}) 𝑋 >>=Bc 𝑓 := c𝐴 ({𝑡 · 𝑡 ′ ∴ 𝑏 | ∃𝑎.𝑡 ∴ 𝑎 ∈ 𝑋, 𝑡 ′ ∴ 𝑏 ∈ 𝑋 ′})
It is easy to see that the Brookes monad is in fact poset-enriched under the inclusion order. We say

a Brookes monad is standard if 𝑇 = ⟨𝑆, 𝑆⟩∗ is the monoid of finite sequences of rely-guarantee pairs
of states 𝑆 .

We note that this definition gives us a Kleisli category which is not only poset-enriched, but in

fact compatible with countable unions: with the usual definition ∪𝑖 𝑓𝑖 := 𝜆𝑎. ∪𝑖 𝑓𝑖 (𝑎), we have

((
⋃
𝑖

𝑓𝑖 );𝑔) (𝑎) := c𝐶 ({𝑡 · 𝑡 ′ ∴ 𝑐 | ∃𝑏.𝑡 ∴ 𝑏 ∈
⋃
𝑖

𝑓𝑖 (𝑎), 𝑡 ′ ∴ 𝑐 ∈ 𝑔(𝑏)})

= c(
⋃
𝑖

{𝑡 · 𝑡 ′ ∴ 𝑐 | ∃𝑏.𝑡 ∴ 𝑏 ∈ 𝑓𝑖 (𝑎), 𝑡 ′ ∴ 𝑐 ∈ 𝑔(𝑏)})

=
⋃
𝑖

c({𝑡 · 𝑡 ′ ∴ 𝑐 | ∃𝑏.𝑡 ∴ 𝑏 ∈ 𝑓𝑖 (𝑎), 𝑡 ′ ∴ 𝑐 ∈ 𝑔(𝑏)})

=
⋃
𝑖

(𝑓𝑖 ;𝑔) (𝑎)

𝑓 ; (
⋃
𝑖

𝑔𝑖 ) (𝑎) := c({𝑡 · 𝑡 ′ ∴ 𝑐 | ∃𝑏.𝑡 ∴ 𝑏 ∈ 𝑓 (𝑎), 𝑡 ′ ∴ 𝑐 ∈
⋃
𝑖

𝑔𝑖 (𝑏)})

= c(
⋃
𝑖

{𝑡 · 𝑡 ′ ∴ 𝑐 | ∃𝑏.𝑡 ∴ 𝑏 ∈ 𝑓 (𝑎), 𝑡 ′ ∴ 𝑐 ∈ 𝑔𝑖 (𝑏)})

=
⋃
𝑖

c({𝑡 · 𝑡 ′ ∴ 𝑐 | ∃𝑏.𝑡 ∴ 𝑏 ∈ 𝑓 (𝑎), 𝑡 ′ ∴ 𝑐 ∈ 𝑔𝑖 (𝑏)})

=
⋃
𝑖

(𝑓 ;𝑔𝑖 ) (𝑎)

and likewise for coproducts.

We can always equip Bc with an Elgot structure (·)† by, for 𝑓 : 𝐴 → Bc (𝐵 +𝐴), defining

𝑓 † :=
⋃
𝑖∈N

𝑓𝑖

where 𝑓𝑖 : 𝐴 → BC (𝐵) are the iterates of 𝑓 , defined inductively as follows

𝑓0 := 0𝐴,𝐵 = (𝜆𝑥.∅) 𝑓𝑖+1 := 𝑓 ; [id𝐵, 𝑓𝑖 ]
We note in particular that ∀𝑖 .𝑓𝑖 ⊆ 𝑓𝑖+1; similarly, if 𝑔 ⊆ 𝑓 , we have that 𝑔𝑖 ⊆ 𝑓𝑖 . We can think of

analysis using this structure as corresponding to partial correctness, since any infinite traces are
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simply discarded (a program which always diverges will have denotation ∅). It is straightforward
to check that this is indeed an Elgot structure, since it satisfies:

• Fixpoint: we have, since 𝑓0 ∪ 𝑔 = 𝑔,

𝑓 † =
⋃
𝑖∈N

𝑓𝑖 =
⋃
𝑖∈N

𝑓𝑖+1 =
⋃
𝑖∈N

(𝑓 ; [id𝐵, 𝑓𝑖 ]) = 𝑓 ; [id𝐵,
⋃
𝑖∈N

𝑓𝑖 ] = 𝑓 ; [id𝐵, 𝑓 †]

as desired.

• Naturality: by induction, we show that (𝑓 ;𝑔 +𝐴)𝑖 = 𝑓𝑖 ;𝑔, since (𝑓 ;𝑔 +𝐴)0 = 0𝐴,𝐶 = 0𝐴,𝐵 ;𝑔

and

(𝑓 ;𝑔 +𝐴)𝑖+1 = 𝑓 ;𝑔 +𝐴; [id𝐶 , (𝑓 ;𝑔 +𝐴)𝑖 ] = 𝑓 ; [𝑔, 𝑓𝑖 ;𝑔] = 𝑓 ; [id𝐵, 𝑓𝑖 ];𝑔 = 𝑓𝑖+1;𝑔

and therefore

(𝑓 ;𝑔 +𝐴)† =
⋃
𝑖∈N

(𝑓 ;𝑔 +𝐴)𝑖 =
⋃
𝑖∈N

(𝑓𝑖 ;𝑔) = (
⋃
𝑖∈N

𝑓𝑖 );𝑔 = 𝑓 †;𝑔

• Codiagonal: given 𝑓 : 𝐴 → (𝐵 +𝐴) +𝐴, define 𝑔 = 𝑓 ; [id𝐵+𝐴, 𝜄𝑟 ] and ℎ = 𝑓 †. We have

ℎ𝑖+1 = 𝑓 †; [id, ℎ𝑖 ] = 𝑓 ; [id, 𝑓 †]; [id, ℎ𝑖 ]
= 𝑓 ; [[id, ℎ𝑖 ], 𝑓 †; [id, ℎ𝑖 ]] = 𝑓 ; [[id, ℎ𝑖 ], ℎ𝑖+1]

𝑔𝑖+1 = 𝑓 ; [id𝐵, 𝜄𝑟 ]; [id, 𝑔𝑖 ] = 𝑓 ; [[id, 𝑔𝑖 ], 𝑔𝑖 ]

It follows by induction that 𝑔𝑖 ⊆ ℎ𝑖 , since 𝑔0 = ℎ0, and

𝑔𝑖+1 = 𝑓 ; [[id, 𝑔𝑖 ], 𝑔𝑖 ] ⊆ 𝑓 ; [[id, ℎ𝑖 ], ℎ𝑖 ] ⊆ 𝑓 ; [[id, ℎ𝑖 ], ℎ𝑖+1] = ℎ𝑖+1

We therefore have that 𝑔† ⊆ ℎ†. On the other hand, we may show by induction on 𝑗 that

𝑓𝑗 ; [id, 𝑔†] ⊆ 𝑔†, since 0 ⊆ 𝑔† and

𝑓𝑗+1; [id, 𝑔†] = 𝑓 ; [id, 𝑓𝑗 ]; [id, 𝑔†] = 𝑓 ; [[id, 𝑔†], 𝑓𝑗 ; [id, 𝑔†]] ⊆ 𝑓 ; [[id, 𝑔†], 𝑔†] = 𝑔†

We now show by induction that ℎ𝑖 ⊆ 𝑔†: noting that ℎ0 = 0 ⊆ 𝑔†, it suffices to show that

ℎ𝑖+1 = 𝑓 ; [[id, ℎ𝑖 ], 𝑓 †; [id, ℎ𝑖 ]] ⊆ 𝑓 ; [[id, 𝑔†], 𝑓𝑗 ; [id, 𝑔†]]

=
⋃
𝑗∈N

(𝑓 ; [[id, 𝑔†], 𝑓𝑗 ; [id, 𝑔†]]) ⊆
⋃
𝑗∈N

(𝑓 ; [[id, 𝑔†], 𝑔†]]) = 𝑔†

It follows that ℎ† ⊆ 𝑔† and hence that ℎ† = 𝑔†, as desired.
• Uniformity: given arbitrary 𝑓 : 𝐴 → 𝐵 + 𝐴, 𝑔 : 𝑋 → 𝐵 + 𝑋 and ℎ : 𝑋 → 𝐴 such that

ℎ; 𝑓 = 𝑔;𝐵 + ℎ, for all 𝑓𝑖 , we show by induction that ℎ; 𝑓𝑖 = 𝑔𝑖 since ℎ; 𝑓0 = 0 = 𝑔0 and

ℎ; 𝑓𝑖+1 = ℎ; 𝑓 ; [id, 𝑓𝑖 ] = 𝑔;𝐵 + ℎ; [id, 𝑓𝑖 ] = 𝑔; [id, ℎ; 𝑓𝑖 ] = 𝑔; [id, 𝑔𝑖 ] = 𝑔𝑖+1

Therefore, ℎ; 𝑓 † =
⋃
𝑖 ℎ; 𝑓𝑖 =

⋃
𝑖 𝑔𝑖 = 𝑔†, as desired.

Following Brookes [12], we can build up a model of sequentially consistent concurrent computation

by taking a standard Brookes monad with

• States maps from locations to values 𝑆 := Loc → Val
• Closure operator generated by:

– Stuttering ∀𝜇 ∈ 𝑆.· ↠ ⟨𝜇, 𝜇⟩
– Mumbling ∀𝜇, 𝜌, 𝜃 ∈ 𝑆.⟨𝜇, 𝜌⟩⟨𝜌, 𝜃⟩ ↠ ⟨𝜇, 𝜃⟩
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The semantics of a write, for example, is then given by

write : Loc × Val → Bc (1) := 𝜆(ℓ, 𝑣).c1 ({⟨𝜇, [ℓ ↦→ 𝑣]𝜇⟩ ∴ () | 𝜇 ∈ 𝑆})
More complex states (e.g. involving per-thread buffers) and closure operators can allow us to model

weak memory models. In particular, Jagadeesan et al. [36] gives a Brookes model of TSO, while

Dvir et al. [18] gives a Brookes model of release-acquire.

6.5 Non-examples
Weak memory is very complicated, and it has been very difficult to build models which satisfy

even “obvious” properties. For example, the model of Jagadeesan et al. [35] fails to even satisfy the

associativity of sequencing (i.e., ⟦(𝑆1; 𝑆2); 𝑆3⟧ = ⟦𝑆1; (𝑆2; 𝑆3)⟧), and it took a nontrivial effort by

Jeffrey et al. [37] to establish this property. However, properties like distributivity

⟦𝑆 ; if 𝑏 {𝑇1} else {𝑇2}⟧ = ⟦if 𝑏 {𝑆 ;𝑇1} else {𝑆 ;𝑇2}⟧
do not hold, and there is often no semantics of loops at all. This makes them impossible to apply to

SSA without extensive adaptation.

One of the easiest ways to build a model with “nice” properties is to make the model monadic;

indeed, all the models presented in the above section are an example of this technique. This

handles sequencing and distributivity “for free” via the monad laws and the fact that monads

always preserve coproducts; however, this still requires us to verify the Conway iteration axioms

to support loops, as is done in Xia et al. [62]. Our work identifies the minimal conditions required

to have a compositional model of general first-order side effects compatible with the standard

interpretation of SSA; the higher-order analogue is precisely a (complete) Elgot monad [2], as

presented in Goncharov et al. [29].

7 Discussion and Related Work
7.1 Lean Formalization
We have formalized many of the lemmas and theorems presented in this paper in the Lean 4 proof

assistant; as of now, our main formalization, debruijn-ssa (https://github.com/imbrem/debruijn-

ssa), weighs about 29 kloc. While our paper uses named variables for simplicity, all our rules and

syntax are formalized using de-Bruijn indices. Each formalized theorem is tagged as such in the

respective proof. It was also necessary to fork Mathlib’s monoidal category implementation to

support Freyd categories, distributivity, and Elgot structure: the resulting library, discretion
(https://github.com/imbrem/discretion), weighs about 27 kloc. We are currently trying to upstream

support for premonoidal categories into Mathlib.

7.2 SSA, FP and IRs
Static Single Assignment (SSA) form was first introduced as a compiler intermediate representation

by Alpern et al. [4] and Rosen et al. [58], with the goal of facilitating effective reasoning about

program variable equivalence. To perform optimizations like common subexpression elimination

(CSE) effectively, we need to determine which expressions are equal at a given point in time. By
transforming the program into SSA form, we introduce unique variables for each assignment and

use 𝜙-nodes to merge variable values at points where control paths converge. Since each variable

then corresponds to a unique value at a specific point in the program’s execution, SSA unlocks the

ability to perform algebraic reasoning about variable values over time. As a result, analyses like

CSE become a matter of simple algebraic rewriting based on variable names.

Cytron et al. [16] provided the first efficient algorithm for converting 3-address code programs

to SSA form using a minimal number of 𝜙-nodes. They observed that a 𝜙-node only needs to be
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introduced at the earliest point where a variable may have different values based on control flow.

This point is computable via the graph-theoretic notion of a dominance frontier, which identifies

where control paths merge in the program’s control flow graph. Since then, SSA has become the

intermediate representation of choice for most production-grade compiler toolchains.

One of the most famous optimizations enabled by SSA’s support for effective algebraic reasoning

is sparse conditional constant propagation (SCCP), introduced in Wegman and Zadeck [60]. This

algorithm leverages the SSA property to reason about the possible set of values each variable may

take using a lattice-based data-flow analysis, which models variable values in terms of abstract

states like unknown, constant, or overdefined. Without SSA, one could naively consider all variable

definitions, which would likely detect fewer constants due to imprecision. Alternatively, achieving

more precise results would require a complex and computationally intensive reaching-definitions

analysis.

However, while SSA is an excellent representation for implementing compilers, the semantics of

𝜙-nodes can be quite unintuitive due to their lack of an obvious operational interpretation, making

them challenging to reason about formally. Kelsey [39] establishes a correspondence between SSA

and a subset of continuation-passing style (CPS), a common intermediate representation for functional

compilers. In particular, while not all CPS programs can be directly converted to SSA form—those

using non-local returns like longjmp or call/cc—the typical outputs of CPS transformations avoid

such features. Kelsey observed that many optimizations requiring flow analysis in CPS could be

performed directly in SSA, often dramatically simplifying them.

Appel [5] builds on this work by informally showing that the functional subset of CPS programs

“hidden inside" SSA is, in fact, simply nested, mutually tail-recursive functions, with each function

corresponding to a basic block. He makes the key observation that the dominance-based scoping

of SSA corresponds to the lexical scoping of functions. For a variable to be visible in a function,

it must appear in the lexical scope of that variable’s definition and therefore be dominated by it;

otherwise, there would be no way to call the function.

In fact, the subset of functional programs identified by Appel [5] corresponds to A-normal
form (ANF), another functional intermediate representation advocated by Flanagan et al. [21].

Chakravarty et al. [14] formalizes this correspondence giving an algorithm to convert SSA programs

to ANF, and then showing how SSA optimizations such as SCCP can be written to operate on

ANF programs. The authors highlight that the semantic rigor of their notation, combined with the

well-defined semantics of ANF, make their presentation of SCCP significantly more amenable to

formal analysis.

Going in the other direction, Leißa et al. [43] introduce the Thorin intermediate representation,

which consists of CPS extended with SSA-style dominance-based scoping. As SSA is a first-order

language, it is often difficult to represent programs using closures effectively, and consequently,

difficult to optimize them well. The authors give the example of LLVM, which often needs to

generate a new struct and a large amount of boilerplate code for every closure, which, even after

optimization, is often not significantly reduced. By contrast, Thorin retains the advantages of CPS

for representing functional programs, while enabling SSA-like graph-based use-def analysis by

prohibiting variable shadowing.

The primary focus of the works we have covered so far is establishing the correspondence

between SSA, an imperative intermediate representation, and widely used functional intermedi-

ate representations. However, to advance beyond these correspondences and directly study the

optimization and verification of SSA programs themselves, we require an equational theory un-

derpinned by formal semantics. One approach found in the literature (and which we also use) is

to relax SSA into forms that support richer substitution principles and well-defined operational
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semantics, which can then be used to reason about SSA itself. Two papers which exemplify this

approach are Benton and Kennedy [9] and Garbuzov et al. [23].

One of the difficulties of working with ANF as an intermediate representation is that it does

not, in general, satisfy substitution: replacing a variable 𝑥 with a compound expression like a

function call can take a program out of the ANF-fragment. The monadic intermediate language
(MIL) introduced by Benton and Kennedy [9] for use in the MLj compiler for Standard ML can be

viewed as a relaxation of ANF (and hence, of SSA) to get a nicer substitution principle. Benton and

Kennedy then use this flexibility to build up an equational theory justified by their operational

semantics. One interesting feature is that, unlike Moggi’s equational metalanguage [51] (and like

our 𝜆SSA calculus), MIL enforces a stratification of values and computations, without supporting
“computations of computations” (corresponding to nestedmonad types T(T(𝐴)))). This hints at Freyd
categories, rather than general Kleisli categories, being a natural model of MIL-like intermediate

representations.

Similarly, Garbuzov et al. [23] exhibit a correspondence between an operational semantics for

SSA and an operational semantics for call-by-push-value (CBPV) [45]. They then use the normal

form bisimulations of Lassen and Levy [40] to derive an equational theory for use in justifying

optimizations. In particular, we can view their paper as interpreting CBPV as a relaxation of SSA

more suited for developing an equational theory and for semantics work; in particular, to be able to

take advantage of CBPV to give a structural operational semantics for (unstructured) SSA programs.

The semantics of CBPV are widely studied, and hint at a large variety of potential models for SSA,

but the formalization in [23] does not support any effects other than nontermination.

7.3 Formalizations of SSA
7.3.1 Other SSA type systems. Several attempts have been made to provide a type-theoretic treat-

ment of SSA. The work most similar to ours is by Rigon et al. [56], who present a typed translation

from SSA into the lambda calculus using a type-and-effect system, observing that the algorithm for

converting programs to SSA form may also be viewed as a mechanism for transforming programs

in a functional language with unstructured control flow into equivalent expressions.

Similarly to 𝜆SSA, they extend the lambda calculus with a mutually recursive where-binding,
which allows them to directly translate unstructured SSA control flow. However, their calculus uses

only a single syntactic category of expressions, whereas we attempt to model (generalized) SSA

directly by distinguishing between expressions and regions. Their language also includes support

for effect handlers, which are beyond the scope of our current study but represent an interesting

direction for future work. While the authors do not provide an equational theory or a semantics

for their language, we believe that our equational theory could be adapted to the fragment of their

language without effect handlers.

An interesting alternative approach is demonstrated by Matsuno and Ohori [49], who give a type

theory for what appear to be ordinary three-address code programs. However, every well-typed

program can be placed into SSA-form by inserting 𝜙-nodes in a fully type-directed way. This lets

them model SSA without any 𝜙-nodes, letting them use the standard semantics for three-address

code.

Menon et al. [50] give a type-safe formalization of SSA, along with an operational semantics and

formal definitions of dominance, definition/use points, and the SSA property for 3-address code. By

augmenting SSA with first-class proof variables, they aim to give a representation which allows

aggressive optimizations to preserve safety information. Their type system requires checking the

SSA property separately from well-typedness, but is proven sound if the SSA property holds. Hua

et al. [33] give another type system and direct operational semantics for standard SSA, and prove

type safety for it.
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Many operational semantics for SSA have arisen from compiler verification efforts. Barthe

et al. [7] give an operational semantics as part of the CompCertSSA project, and give a semantics-

preserving translation from three-address code into SSA. Herklotz et al. [31] formalise "gated

SSA" and give semantics-preserving translations between it and ordinary SSA. Going beyond

CompCertSSA, Zhao et al. [63] have studied the semantics of the LLVM IR itself as part of the

Vellvm project; Li and Gunter [48] goes further and gives an operational semantics for LLVM in

the (sequentially consistent) multithreaded setting.

There has been much less work on denotational semantics for SSA, or directly on its equational

theory. Pop et al. [54] give an unusual denotational model of SSA in terms of the iteration structure

of a program, which they use to better understand the loop-closing 𝜙-nodes found both in the

gated SSA representation as well as practical compilers such as GCC. Xia et al. [61] describe a

toolkit for building denotational semantics for imperative languages, including the standard IMP

language and a simple assembly language, using the interaction tree monad and continuation tree
monad, which they show to satisfy the Elgot axioms. Recently, Chappe et al. [15] introduced choice
trees (CTrees), which extend ITrees to support weak memory concurrency, and use this to model a

subset of LLVM IR.

7.3.2 Mechanizations of SSA. CompcertSSA [6] is an attempt to extend the CompCert verified

compiler [44] with an SSA-based middle-end. This is achieved by generating a pruned SSA IR

from CompCert’s RTL format. Instead of verifying the RTL-to-SSA translation within Coq, this

translation is performed by unverified code, and a separate translation validation stage uses a

verified checker to ensure correctness. After performing (verified) SSA optimizations, the IR is

naively lowered back to RTL for the rest of CompCert’s machinery to work on. Demange et al. [17]

build on this work by providing realistic, verified implementations of Sparse Conditional Constant

Propagation (SCCP) [60], Common Subexpression Elimination (CSE), and Global Value Numbering

(GVN) [58] within a general framework of flow-insensitive static analysis for CompCertSSA.

While CompCert is a verified implementation of a new compiler in Coq, the Vellvm project [63]

attempts to mechanize a subset of the LLVM intermediate representation (IR), covering the LLVM

type system, operational semantics, and the well-formedness and structural properties of valid

LLVM IR. The authors adopt a memory model for LLVM based on CompCert’s [44], allowing them

to leverage significant portions of CompCert’s Coq infrastructure. Similarly, Bhat et al. [10] attempt

to mechanize a well-defined subset of the Multi-Level Intermediate Representation (MLIR) in the

Lean 4 theorem prover. Their formalization features a user-friendly front end to convert MLIR

syntax into their calculus and scaffolding for defining and verifying peephole rewrites using tactics.

Their framework has been tested on bitvector rewrites from LLVM, structured control flow, and

fully homomorphic encryption; however, as of publication, only structured control flow was fully

supported.

7.3.3 Completeness. Most other formalizations oF SSA have given specific semantics for it, whether

operational or denotational. One of the features whichmakes our work distinctive is that we give our

type theory semantics relative to a categorical axiomatization. Essentially, we have parameterized

our interpretation over any model satisfying the Freyd-Elgot axioms. First, this lets us show that

many different concrete semantics are valid models of SSA, as can be seen in section 6. This also

let us show that our equational theory is complete: we have exactly the equations valid in all

Freyd-Elgot models, no more and (crucially) no less. As a result, implementors and researchers

proving things about compiler optimizations do not have to deal with any of the messy details of

(for example) weak memory semantics, unless they are trying to study optimizations specifically

involving weak memory. All the usual equations used in control- and data-flow optimizations are

independent of those details, and can be validated using the equational theory.
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Conversely, researchers working on models of weak memory (and other strange models of

computation such as quantum computation), can use the Freyd-Elgot axioms as a target. If they

ensure their models satisfy these axioms, then using an SSA-based IR in their compiler is justified.

7.4 Compositional (Relaxed) Concurrency
The most natural way to think about concurrency is often in terms of an operational semantics on

an abstract machine, in which concurrent threads interleave and interact. Such semantics, naturally,

are designed to reason about an entire program at a time. Batty [8] argues that a compositional

semantics of concurrency is necessary to be able to reason about properties of large software systems

effectively, particularly in the presence of complicating factors such as compiler optimizations

and weak memory semantics. However, it is generally very challenging to reason about a small

component of a concurrent system in isolation since its behaviour may be drastically affected by

other components running in parallel.

One natural approach to constructing denotational models of concurrency is to consider the

extension of an abstract machine’s behavior. Each thread performs a sequence of atomic actions,

and so from the outside, the machine can produce any interleaving of the atomic actions of

each thread. Just by itself, considering sets of possible traces is not sufficiently abstract, and so

Brookes [12] takes the closure of these sets under semantics-preserving transformations, such as

stuttering (introducing extra identity steps) and mumbling (which fuse sequential atomic operations,

thereby hiding implementation details), to obtain a model with good equational properties such as

associativity (⟦𝛼 ; (𝛽 ;𝛾)⟧ = ⟦(𝛼 ; 𝛽);𝛾⟧) and the expected identities for branches and loops.

If the machine model is sequentially consistent – i.e., all allowed behaviors arise from interleavings

of sequences of atomic events – then this style of trace semantics is sufficient. However, real

hardware often exhibits relaxed behaviour, in which additional behaviours which do not correspond

to the interleaving of parallel threads are allowed. Even more relaxed behaviours arise from

fundamental compiler optimizations, such as re-ordering of independent reads and writes. These

are perfectly valid in a single-threaded context but can introduce new behaviours in multithreaded

programs — for example, another thread could distinguish the order of writes. In general, we need

tools to reason about interactions with a system that is not linearizable (i.e., in which concurrent

operations cannot be reduced to interleaved atomic operations on a single thread), of which actual

hardware is only one example. There are two major approaches to this problem.

One idea we might have is to augment traces with additional structure, which we can then

quotient away to maintain extensionality by using an appropriate closure operator. What’s nice

about this method is that we can often use structures analogous to the additional state in the

machine model which leads to the relaxed behaviour in the first place. For example, in Jagadeesan

et al. [36], the authors extend Brookes [12] with additional state corresponding to the contents of a

thread-local buffer, and then take the closure of their trace-set with respect to buffer operations such

as nondeterministic flushing. This gives them a model of TSO weak memory with good equational

properties and a monadic structure, which remains intuitive, since it has a connection to the original

TSO model which can also be framed in terms of the abstract machine having thread-local buffers.

Dvir et al. [18] use this approach to derive a trace-based semantics for release-acquire atomics

inspired by their operational semantics, showing the viability of this technique even for very

complex memory models.

The idea of augmenting traces leads naturally to games, which we can view one variant of

as sequential traces of moves between a proponent and an opponent. Game semantics were first

used with great success to give a semantics to sequential computation; for example, Abramsky and

McCusker [1] give an adequate denotational semantics for sequential Algol using Hyland-Ong
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games [34]. Ghica and Murawski [25] observe that the sequentiality of Hyland-Ong games corre-

sponds to a highly constrained, deterministic form of interleaving between concurrent processes.

By generalizing away many of the rules of Hyland-Ong games, and in particular alternation (i.e.,

the proponent and the opponent must take turns), the authors obtain a form of game-semantics for

concurrent programs, which they use to build a fully abstract semantics for fine-grained concurrency
(in contrast to Brookes [12], which implements coarse-grained concurrency using the somewhat

unrealistic await primitive).

In general, generalizing traces to represent true concurrency leads us to another approach:

replacing sets of linear traces with (sets of) partially ordered structures that directly represent the

concurrency of their component operations. This approach directly captures the idea that executing

two operations concurrently (i.e., without specifying an order between them) is fundamentally

different from executing them in some particular order. The most basic such data structure is a

partially ordered multiset, or pomset, which we describe in Section 6.3 of our paper. Pomsets can

naturally model sequential consistency, and, like traces, can be augmented with additional structure

to model relaxed memory models such as TSO weak memory, as in Kavanagh and Brookes [38].

One issue with this approach is that it can be very challenging to determine the appropriate

structures to augment pomsets with in order to model more advanced memory models. For example,

Jagadeesan et al. [35] introduce pomsets with preconditions (PwP), which augment pomsets with

logical formulae, to model weak memory behaviors. However, Jeffrey et al. [37] demonstrate that

sequential composition (the semicolon operator) in PwP is not associative. This lack of associativity

undermines many common program optimizations and breaks the monadic structure necessary

for compositional reasoning. To address this issue, Jeffrey et al. [37] propose pomsets with predi-
cate transformers (PwT), which restore the associativity of sequential composition. Despite this

improvement, their semantics still do not support loops, and developing a monadic structure based

on PwT that fully supports recursion and iterative constructs remains future work.

Another potential generalization of pomsets, inspired by game semantics, is the use of event
structures, which introduce a conflict relation to represent many potentially conflicting executions

within a single mathematical object. Castellan [13] show how to use event structures to represent

concurrent executions with respect to a memory model. They study a simple language supporting

parallel composition of 𝑛 linear programs defined as lists of loads, stores, and arithmetic operations,

for which event structures provide a denotational semantics. Paviotti et al. [53] use the event

structure approach to give denotational semantics for relaxed memory concurrency in a more

realistic language, including semantics for branches and loops. However, they employ step indexing

in their semantics, and as a result, loop unrolling is only a refinement rather than an equation.

Since event structures satisfy the axioms of axiomatic domain theory [20], it should be possible to

modify this semantics into one where loop unrolling is an equation, at which point it would be a

model of our calculus.

7.5 Future Work
7.5.1 Substructural Types and Effects. Currently, our treatment of effects is relatively primitive, in

that, while we postulate a lattice of effects, our equational theory only distinguishes between pure
and impure functions, the former having effect ⊥. Führmann [22] studies languages with semantics

given in an abstract Kleisli category. In particular, he introduces the notion of

• Central operations, which commute with all other operations; we like to call suchmorphisms

linear
• Duplicable operations 𝑓 , for which let 𝑦 = 𝑓 (𝑥); (𝑦,𝑦) ≈ (𝑓 (𝑥), 𝑓 (𝑥))
• Discardable operations 𝑓 , for which let 𝑦 = 𝑓 (𝑥); 𝑒 ≈ 𝑒 when 𝑒 does not depend on 𝑦
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While, as we make use of in our calculus, pure operations are central, duplicable, and discardable, it

can be useful to study each notion in isolation, as well as to consider morphisms which are central

and duplicable (which we have taken to calling relevant) and morphisms which are both central

and discardable (which we have taken to calling affine). Examples of morphisms which are not

pure but nonetheless relevant or affine abound; for example,

• In a programming language with nondeterminism, nondeterministic functions are impure
(since let 𝑦 = 𝑓 (𝑥); (𝑦,𝑦) is a strict refinement of (𝑓 (𝑥), 𝑓 (𝑥))), but are nontheless affine,
because discarding the result of a nondeterministic function does not affect the program’s

behavior, assuming they have no other effect.

• In a programming language with nontermination, nonterminating functions with no other

effect are impure (since let 𝑦 = 𝑓 (𝑥); 𝑒 may diverge even if 𝑒 does not) but are always

duplicable, because duplicating a nonterminating function does not introduce new effects

beyond divergence. Depending on whether the language’s other effects commute with

nontermination, they may in fact be relevant.

All three of these concepts still make perfect sense when interpreted as-is in a Freyd category, and

are particularly useful when reasoning about models of probabilistic programming, such as Markov

categories (which have many affine morphisms) [52].

Given that such relevant and affine side-effects have substitution principles which depend on how

often a variable is used in a term, we call such side-effects substructural. We might also consider how

we could support substructural, and in particular linear, types. Categorically, this corresponds to
weakening the requirement that our base category be cartesian, instead requiring only a symmetric

monoidal category. The resulting generalization of a Freyd category is called an effectful category
by Román [57].

7.5.2 Refinement and Enrichment. Throughout this work, we have focused on the notion of program
equivalence Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L. In many settings, especially when considering the nondeterminism and

concurrency, we would also like to study program refinement Γ ⊢ 𝑟 ⊑ 𝑟 ′ ▷ L. Semantically, this

corresponds to an enrichment of our model in the category of partial orders; we conjecture that

adding this to our semantics would require minimal changes. We may also consider how our syntax

could be extended to support explicit parallelism and how we could reflect the corresponding

algebraic laws (as given in, e.g., Hoare and van Staden [32]), such as

(𝑃 ∥ 𝑄); (𝑅 ∥ 𝑆) ⊑ (𝑃 ;𝑅) ∥ (𝑄 ; 𝑆) (78)

in our equational theory. More generally, we can consider enrichment with further structures,

such as distributive lattices and dcpos, and the language features these correspond to, such as

nondeterministic choice between programs 𝑃 ∨𝐶 . These features are particularly interesting from

the perspective of programs as specifications, as they offer the potential for representing complex

specifications within SSA.

7.5.3 Guarded Iteration. Elgot categories and monads were introduced in Elgot [19], and subse-

quently formalized in Adámek et al. [2]. Levy and Goncharov [46] generalize Elgot categories to

guarded Elgot categories (and, correspondingly, guarded Elgot monads, whose Kleisli categories are
guarded Elgot), to support partial non-unique iteration – in other words, categories where the

fixed point does not always exist. Generalizing our language with support for guarded iteration

could allow us to study applications of SSA to domains for which not all fixpoints exist, such as the

representation of terminating languages (as, for example, one would find in a proof assistant) or

productive processes.
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Goncharov et al. [27] introduce a metalanguage for guarded iteration based on labelled iteration

as presented by Geron and Levy [24]. Interestingly, they refer to the labels in their systems as

exceptions, making the claim that this more closely matches their semantics. Similar to our work,

they provide a denotational semantics for this language using the Kleisli category of a strong

guarded pre-iterative monad T—that is, a monad with a guarded fixpoint operator—on a distributive

category C. They then demonstrate that this semantics is sound and adequate with respect to

a big-step operational semantics for a specific monad, namely T 𝑋 = (𝑋 × N∗) + N𝜔 over Set.
Notably, unlike our trace monad, their monad is guarded iterative rather than merely iterative. The

infinite branch of the coproduct N𝜔 represents an infinite sequence of natural numbers, effectively

prohibiting non-productive infinite loops — that is, recursion that does not pass through a guard,
which in this context is emitting a natural number. Their treatment of iteration is thus somewhat

more general than ours, as they support guarded iteration and require only a pre-iterative monad.

However, they focus on Kleisli categories rather than providing a general treatment for Freyd

categories. Additionally, their language supports functional types, whereas our language is purely

first-order. We are very interested in exploring the connection between guarded labelled-iteration

and SSA implied by the similarities between our respective syntaxes and semantics.
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A Records and Enums
For simplicity, we defined our language to have only binary products and sums. However, we would

like to support records (named 𝑛-ary products) and enums (named 𝑛-ary sums). We will implement

these on top of our language using contexts; the resulting machinery will turn out to be crucial in

proving the Böhm-Jacopini theorem in Appendix A.1 and completeness in Section 5.5. We begin by

defining packing of variable contexts as follows:

⟨·⟩ = 1 ⟨Γ, 𝑥 : 𝐴⟩ = ⟨Γ⟩ ⊗ 𝐴 (79)

While in general we destructure pairs using binary let-bindings, it will be more convenient to start

defining operations on records in terms of projections. We begin by defining projections on pairs

in the obvious manner:

Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵
𝜋𝑙

Γ ⊢𝜖 𝜋𝑙 𝑒 := (let (𝑥,𝑦) = 𝑒; 𝑥) : 𝐴
Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵

𝜋𝑟
Γ ⊢𝜖 𝜋𝑟 𝑒 := (let (𝑥,𝑦) = 𝑒 ; 𝑦) : 𝐴 (80)

We may then define projections on records as follows:

𝜋 (Δ,𝑥 :𝐴),𝑦 𝑒 = 𝜋Δ,𝑦 (𝜋𝑙 𝑒) 𝜋 (Δ,𝑥 :𝐴),𝑥 𝑒 = 𝜋𝑟 𝑒 (81)

with typing rule

Γ ⊢𝜖 𝑒 : ⟨Δ⟩ Δ(𝑥) = 𝐴
𝜋rec

Γ ⊢𝜖 𝜋Δ,𝑥 𝑒 : 𝐴 (82)

We will omit Δ when it is clear from context. We can define a term Γ ⊢⊥ packed(Γ) : [Γ] to “pack”

up the current context into a record as follows:

packed(·) = () packed(Γ, 𝑥 : 𝐴) = (packed(Γ), 𝑥) (83)

We may now define packing and unpacking substitutions pack⊗𝑦 (Γ) : Γ ↦→ 𝑦 : ⟨Γ⟩, unpack⊗𝑦 (Γ) :
𝑦 : ⟨Γ⟩ ↦→ Γ as follows:

pack⊗𝑦 (Γ) = 𝑦 ↦→ packed(Γ) unpack⊗𝑦 (Γ) = (𝑥 ↦→ 𝜋Γ,𝑥 𝑦)𝑥∈Γ (84)

Our equational theory is sufficient to show that the pack and unpack substitutions are inverses of

each other:

[unpack⊗𝑦 (Γ)]pack⊗𝑦 (Γ) ≈ idΓ : Γ ↦→ Γ

[pack⊗𝑦 (Γ)]unpack⊗𝑦 (Γ) ≈ id𝑦:[Γ ] : 𝑦 : Γ ↦→ 𝑦 : Γ
(85)

Similarly, we may define a “packing” operation ⟨·⟩ on label-contexts as follows:

⟨·⟩ = 0 ⟨L, ℓ (𝐴)⟩ = ⟨L⟩ +𝐴 (86)

We may then define injections on enums as follows:

𝜄 (L,ℓ (𝐴) ),𝜅 𝑒 = 𝜄L,𝜅 (𝜄𝑙 𝑒) 𝜄 (L,ℓ (𝐴) ),ℓ 𝑒 = 𝜄𝑟 𝑒 (87)

with typing rule

Γ ⊢𝜖 𝑒 : 𝐴 L(ℓ) = 𝐴
𝜄enum

Γ ⊢𝜖 𝜄L,ℓ 𝑒 : ⟨L⟩ (88)

Similarly, we can define 𝑛-ary case-statements on enums by induction as follows:

case· 𝑒 {} =∞
caseL,𝜅 (𝐴) 𝑒 {(ℓ𝑖 (𝑥𝑖 ) : 𝑡𝑖 )𝑖 , 𝜅 (𝑦) : 𝑠} = case 𝑒 {𝜄𝑙 𝑥 : caseL 𝑥 {(ℓ𝑖 (𝐴𝑖 ) : 𝑡𝑖 )𝑖 }, 𝜄𝑟 𝑦 : 𝑠} (89)

with typing rule

Γ ⊢𝜖 𝑒 : [L] ∀𝑖 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ K
caseenum

Γ ⊢ caseL 𝑒 {(ℓ𝑖 (𝑥𝑖 ) : 𝑡𝑖 )𝑖 } ▷ K (90)
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where

∞
Γ ⊢ ∞ := br ℓ () where ℓ (𝑥) : {br ℓ 𝑥} ▷ L (91)

We may now define “packing” and “unpacking” label-substitutions · ⊢ pack+𝜅 (L) : L ⇝ 𝜅 ( [L]),
· ⊢ unpack+𝜅 (L) : 𝜅 ( [L]) ⇝ L as follows:

pack+𝜅 (·) = · pack+𝜅 (L, ℓ (𝐴)) = [𝜅 (𝑥) ↦→ br 𝜅 𝜄𝑙 𝑥]pack+𝜅 (L), ℓ (𝑥) ↦→ br 𝜅 𝜄𝑟 𝑥 (92)

unpack+𝜅 (L) = 𝜅 (𝑥) ↦→ unpack+ (L) 𝑥 (93)

where we have

Γ ⊢𝜖 𝑒 : L
unpack+

Γ ⊢ unpack+ (L) 𝑒 ▷ L (94)

defined as follows:

unpack+ (·) 𝑒 =∞ unpack+ (L, ℓ (𝐴)) 𝑒 = case 𝑒 {𝜄𝑙 𝑥 : unpack+ (L) 𝑥, 𝜄𝑟 𝑦 : br ℓ 𝑦} (95)

We can further show that, in this case for all label contexts L, these substitutions are mutually

inverse, i.e., that

Γ ⊢ [unpack+𝜅 (L)]pack+𝜅 (L) ≈ idL : L ⇝ L

Γ ⊢ [pack+𝜅 (L)]unpack+𝜅 (L) ≈ id𝜅 ( [L] ) : 𝜅 ( [L]) ⇝ 𝜅 ( [L])
(96)

Finally, fixing a distinguished variable □, it will be very useful to define a “variable packing”
operation on expressions and regions as follows:

Γ ⊢ 𝑟 ▷ L =⇒ □ : [Γ] ⊢ (⟨𝑟 ⟩⊗ := [unpack⊗□ (Γ)]𝑟 ) ▷ L (97)

In particular, for Γ pure, the packing operation [·] is an injection on expressions and regions w.r.t.

the equational theory, since unpack⊗□ (Γ) has an inverse. Similarly, fixing a distinguished label ■,
we may define a “label packing” operation on regions as follows:

Γ ⊢ 𝑟 ▷ L =⇒ Γ ⊢ ⟨𝑟 ⟩+ := [pack+■ (L)]𝑟 ▷ ■( [L]) (98)

Since the packing substitution has an inverse, it similarly follows that label packing is an injection

w.r.t. the equational theory, i.e.

Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L ⇐⇒ Γ ⊢ ⟨𝑟 ⟩+ ≈ ⟨𝑟 ′⟩+ ▷ L (99)

Finally, we can define a “packing” operation on regions to be given by label-packing followed by

variable-packing, or vice versa (since it turns out the operations commute), as follows:

Γ ⊢ 𝑟 ▷ L =⇒ □ : [Γ] ⊢ ⟨𝑟 ⟩ := ⟨⟨𝑟 ⟩+⟩⊗ = ⟨⟨𝑟 ⟩⊗⟩+ ▷ ■(L) (100)

We similarly have that this is an injection for Γ pure, i.e.

Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L ⇐⇒ Γ ⊢ ⟨𝑟 ⟩ ≈ ⟨𝑟 ′⟩ ▷ L (101)

A.1 Böhm-Jacopini for SSA
Now that we have given our equational theory, we want to show it is “good enough” to reason about

the properties inherent to all SSA-based languages. In particular, we wish to show that we have

enough power to reason about interconversion between data-flow and control-flow. For example,

a state machine can be implemented either as a switch on a state value, or as a set of mutually-

tail-recursive functions (i.e., the state can be encoded in the program counter). We demonstrate

this by using some of the machinery from the previous section to state and prove a form of the

Böhm-Jacopini theorem [11] for SSA.

The Böhm-Jacopini theorem states that every general control-flow graph program can be rewrit-

ten to an equivalent program which uses only structured control-flow: i.e., it can be rewritten to a
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program using only conditional branching, sequencing, and loops. To adapt this result to SSA, we

need to express branching, sequencing and loops as SSA regions Γ ⊢ 𝑟 ▷ L, so that we can build

up an inductive set of structured regions. We will be maximally strict, and allow branching to an

exit label in L only as the terminal statement in a structured program (and, in particular, not from

within a loop!). It is obvious that we can represent conditional branching using case-statements,

but we need convenient primitives for sequencing and looping. Sequencing can be expressed using

a where-block as follows (with ℓ fresh):

Γ ⊢ 𝑟 ▷ ■(𝐴) Γ,□ : 𝐴 ⊢ 𝑠 ▷ L
seq

Γ ⊢ seq(𝑟, 𝑠) := ( [■(𝑥) ↦→ br ℓ 𝑥]𝑟 where ℓ (□) : {𝑠}) ▷ L (102)

where “□" is a distinguished input variable, and “■” is a distinguished output label. Another,

equivalent, way of writing sequencing is:

Γ ⊢ seq(𝑟, 𝑠) ≈ [■(□) ↦→ 𝑠]𝑟 ▷ L (103)

That is, when we exit 𝑟 , we jump to (a copy of) 𝑠 .

Expressing structured looping is a bit more complicated, since we do not have mutable variables

and hence cannot directly express while loops. If we recall that loops can be expressed as tail-

recursive procedures which carry the loop state in the argument, then we can define a “functional

do-while loop” as follows:

Γ ⊢𝜖 𝑒 : 𝐴 Γ,□ : 𝐴 ⊢ 𝑟 ▷ ■(𝐵 +𝐴)
loop

Γ ⊢ loop(𝑒, 𝑟 ) := (br ℓ 𝑒 where ℓ (□) : {seq(𝑟, case □ {𝜄𝑙 𝑥 : br ■ 𝑥, 𝜄𝑟 𝑦 : br ℓ 𝑦})}) ▷ ■(𝐵)
(104)

We can now define the inductive predicate Γ ⊢s 𝑟 ▷ L, which says that 𝑟 is a structured region

with input variables Γ and output labels L, as in Figure 34. Note that this defines a subset of the

well-typed regions: every region 𝑟 such that Γ ⊢s 𝑟 ▷ L is also well-typed as Γ ⊢ 𝑟 ▷ L.
It now remains to give an algorithm to convert a region 𝑟 targeting label-context L into an

equivalent structured regionWHL (𝑟 ). In particular, we define

WHL (𝑟 ) = [unpack+■ (L)]PW𝐿 (𝑟 ) (105)

where we define

PWL (br ℓ 𝑎) = br ■ 𝜄L,ℓ 𝑎

PWL (let 𝑥 = 𝑎; 𝑟 ) = let 𝑥 = 𝑎;PWL (𝑟 )
PWL (let (𝑥,𝑦) = 𝑎; 𝑟 ) = let (𝑥,𝑦) = 𝑎;PWL (𝑟 )

PWL (case 𝑒 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠}) = case 𝑒 {𝜄𝑙 𝑥 : PWL (𝑟 ), 𝜄𝑟 𝑦 : PWL (𝑠)}
PWL (𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) = seq(PWL (𝑟 ), case ua □ {𝜄𝑙 𝑥 : br ■ 𝑥

, 𝜄𝑟 𝑦 : loop(𝑦, caseR □ {ℓ𝑖 (𝑥𝑖 ) : seq(PWL (𝑡𝑖 ), br ■ (ua □)})})
where R = (ℓ𝑖 (𝐴𝑖 ), )

(106)

and

uaL,· 𝑒 = 𝑒 uaL,(R,ℓ (𝐴) ) 𝑒 = case 𝑒 {𝜄𝑙 𝑥 : case uaL,R 𝑥 {𝜄𝑙 𝑧 : 𝜄𝑙 𝑧, 𝜄𝑟 𝑤 : 𝜄𝑟 𝜄𝑙 𝑤}, 𝜄𝑟 𝑦 : 𝜄𝑟 (𝜄𝑟 𝑦)}
(107)

Note that the base case PWL (br ℓ 𝑎) is The PWL (𝑟 ) function does the actual transformation, and

we can see that most of the cases are trivial except for:

• The base case, in which we simply replace a branch br ℓ 𝑎 with a branch to the output label

■ with the appropriate injection 𝜄L,ℓ 𝑎 as parameter.
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Γ ⊢⊥ 𝑎 : 𝐴 L ℓ = 𝐴
s-br

Γ ⊢s br ℓ 𝑎 ▷ L
Γ ⊢𝜖 𝑎 : 𝐴 Γ, 𝑥 : 𝐴 ⊢s 𝑟 ▷ L

s-let1-r
Γ ⊢s let 𝑥 = 𝑎; 𝑟 ▷ L

Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵 Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢s 𝑟 ▷ L
s-let2-r

Γ ⊢s let (𝑥,𝑦) = 𝑒; 𝑟 ▷ L
Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵 Γ, 𝑥 : 𝐴 ⊢s 𝑟 ▷ L Γ, 𝑦 : 𝐵 ⊢s 𝑠 ▷ L

s-case-r
Γ ⊢s case 𝑒 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠} ▷ L

Γ ⊢s 𝑟 ▷ ■(𝐴) Γ,□ : 𝐴 ⊢s 𝑠 ▷ L
s-seq

Γ ⊢s seq(𝑟, 𝑠) ▷ L
Γ ⊢𝜖 𝑒 : ■(𝐴) Γ,□ : 𝐴 ⊢s 𝑟 ▷ ■(𝐵 +𝐴)

s-loop
Γ ⊢s loop(𝑒, 𝑟 ) ▷ ■(𝐵)

Fig. 34. Typing rules for structured regions

• The 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 case, in which we replace the set of labels bound by the where
clause with a tag and a while loop containing a case statement branching on the tag. (This

uses the ua function, which implements associativity of 𝑛-ary coproducts. That is, given

Γ ⊢⊥ 𝑒 : [𝐿, 𝑅], we have that Γ ⊢⊥ uaL 𝑒 : [𝐿] + [𝑅].)
The Böhm-Jacopini theorem for SSA can then be written:

Theorem A.1 (Böhm-Jacopini for SSA). For all Γ ⊢ 𝑟 ▷ L, we have that Γ ⊢s WHL (𝑟 ) ▷ L is
structured, and Γ ⊢ 𝑟 ≈ WHL (𝑟 ) ▷ L. In particular, we have that Γ ⊢s PWL (𝑟 ) ▷ ■(⟨L⟩) is structured,
and Γ ⊢ ⟨𝑟 ⟩+ ≈ PW𝑟 (▷)■(⟨L⟩).

Proof. See Appendix C.3 □

B The Environment Comonad
If C is a Freyd category, then given an object 𝑅 ∈ |C|, the functor 𝑅 ⊗ · is a comonad with counit

𝜋𝑟 : 𝑅 ⊗𝐴 → 𝐴 and comultiplication Δ𝑅 ⊗𝐴;𝛼 : 𝑅 ⊗𝐴 → 𝑅 ⊗ (𝑅 ⊗𝐴), often called the environment
comonad or coreader comonad. In Set, the co-Kleisli category of 𝑅 ⊗ · is isomorphic to the Kleisli

category of the reader monad 𝑅 → ·, and thus can be equipped with the structure of a distributive

Elgot category. We might therefore intuit that, in general, if C is a distributive Elgot category, the

co-Kleisli category of 𝑅 ⊗ · has this structure, even if e.g. C lacks exponentials. The rest of this

section is dedicated to proving this, which, beyond providing yet another class of 𝜆SSA models, will

also give us a some useful equations and notation to use in our proofs later in the appendix. We

begin by giving an explicit definition:

Definition B.1 (Environment Comonad). Given a Freyd category C and an object (the environment)
𝑅 ∈ |C|, the environment comonad C𝑅⊗· is given by the functor 𝐴 ↦→ 𝑅 ⊗ 𝐴 and has counit 𝜋𝑟
and comultiplication Δ𝑅 ⊗ 𝐴. It follows that composition of co-Kleisli morphisms 𝑓 : 𝑅 ⊗ 𝐴 → 𝐵,

𝑔 : 𝑅 ⊗ 𝐵 → 𝐶 is given by

𝑓 ≫𝑅 𝑔 := Δ𝑅 ;𝛼 ;𝑅 ⊗ 𝑓 ;𝑔 : 𝑅 ⊗ 𝐴 → 𝐶 (108)

In particular, we can define an identity on objects functor env𝑅 : C → C𝑅⊗· as follows:
env𝑅 (𝑓 ) := 𝜋𝑟 ; 𝑓 (109)

Where it is clear from context, we will leave out the environment 𝑅.

Given 𝑓 : 𝑅 ⊗ 𝐴 → 𝐵, we will introduce the syntax sugar

rlet(𝑓 ) := Δ𝑅 ;𝛼 ;𝑅 ⊗ 𝑓 : 𝑅 ⊗ 𝐴 → 𝑅 ⊗ 𝐵 (110)
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In particular, we have that 𝑓 ≫ 𝑔 = rlet(𝑓 );𝑔 and rlet(env (𝑓 )) := 𝑅 ⊗ 𝑓 . It is trivial to verify (for

example, by drawing string diagrams) that

rlet(rlet(𝑓 );𝑔) = rlet(𝑓 ); rlet(𝑔) =⇒ 𝑓 ≫ (𝑔 ≫ ℎ) = (𝑓 ≫ 𝑔) ≫ ℎ

rlet(𝑓 );𝜋𝑟 = 𝑓 =⇒ 𝑓 ≫ 𝜋𝑟 = 𝑓 rlet(𝜋𝑟 ) = id =⇒ 𝜋𝑟 ≫ 𝑓 = 𝑓
(111)

and hence that C𝑅⊗· is indeed a category. To show it is in fact a Freyd category, we can define tensor

functors

𝑓 ⊗𝑅 𝑋 := 𝛼−1
; 𝑓 ⊗ 𝑋 : 𝑅 ⊗ (𝐴 ⊗ 𝑋 ) → 𝐵 ⊗ 𝑋

𝑋 ⊗𝑅 𝑓 := 𝑅 ⊗ 𝜎 ; 𝑓 ⊗𝑅 𝑋 ;𝜎 : 𝑅 ⊗ (𝑋 ⊗ 𝐴) → 𝑋 ⊗ 𝐵
(112)

We can define

• Associators 𝛼𝑅
𝐴,𝐵,𝐶

:= env𝑅 (𝛼𝐴,𝐵,𝐶 )
• Unitors 𝜆𝑅

𝐴
:= env𝑅 (𝜆𝐴) and 𝜌𝑅

𝐴
:= env𝑅 (𝜌𝐴)

• Symmetries 𝜎𝑅
𝐴,𝐵

:= env𝑅 (𝜎𝐴,𝐵)
• Projections 𝜋𝑅

𝑙
:= env𝑅 (𝜋𝑙 ) and 𝜋𝑅𝑟 := env𝑅 (𝜋𝑟 )

• Terminal morphisms !
𝑅
𝐴
:= env𝑅 (!𝐴) =!𝑅⊗𝐴

• Diagonals Δ𝑅
𝐴
:= env𝑅 (Δ𝐴)

• Pure morphisms C𝑅⊗·⊥ (𝐴, 𝐵) = C⊥ (𝑅 ⊗ 𝐴, 𝐵)

Lemma B.2. We can always equip C𝑅⊗· with the structure of a Freyd category as described above ;
furthermore, env𝑅 (·) strictly preserves premonoidal structure.

Proof. We have that

env𝑅 (𝑓 ⊗ 𝐴) = 𝜋𝑟 ; 𝑓 ⊗ 𝐴 = 𝛼−1
; (𝜋𝑟 ; 𝑓 ) ⊗ 𝐴 = env𝑅 (𝑓 ) ⊗𝑅 𝐴

env𝑅 (𝐴 ⊗ 𝑓 ) = 𝜋𝑟 ;𝐴 ⊗ 𝑓 = 𝑅 ⊗ 𝜎 ;𝛼−1
; (𝜋𝑟 ; 𝑓 ) ⊗ 𝐴;𝜎 = 𝐴 ⊗𝑅 env𝑅 (𝑓 )

(113)

and hence that env𝑅 preserves products. Since env𝑅 is a functor, to check we indeed have a Freyd

category, it suffices to show that:

• 𝛼𝑅
𝐴,𝐵,𝐶

is natural: we have that, given 𝑓 : 𝑅 ⊗ 𝐴 → 𝐴′
, 𝑔 : 𝑅 ⊗ 𝐵 → 𝐵′

, ℎ : 𝑅 ⊗ 𝐶 → 𝐶′

(𝑓 ⊗𝑅 𝐵) ⊗𝑅 𝐶 ≫ 𝛼𝐴′,𝐵,𝐶 = 𝛼𝐴,𝐵,𝐶 ≫ 𝑓 ⊗𝑅 (𝐵 ⊗ 𝐶) (114)

(𝐴 ⊗𝑅 𝑔) ⊗ 𝐶 ≫ 𝛼𝐴,𝐵′,𝐶 = 𝛼𝐴,𝐵,𝐶 ≫ 𝐴 ⊗𝑅 (𝑔 ⊗𝑅 𝐶) (115)

(𝐴 ⊗ 𝐵) ⊗𝑅 ℎ ≫ 𝛼𝐴,𝐵,𝐶′ = 𝛼𝐴,𝐵,𝐶 ≫ 𝐴 ⊗𝑅 (𝐵 ⊗𝑅 ℎ) (116)

(117)

since, for each equation, both sides are equal to the same string diagram in Figure 35a, 35b,

and 35c respectively.

• 𝜆𝑅
𝐴
is natural: we have that, for 𝑓 : 𝑅 ⊗ 𝐴 → 𝐴′

,

𝑓 ⊗𝑅 1 ≫ 𝜆𝑅𝐴′ = Δ𝑅 ;𝛼 ;𝑅 ⊗ (𝛼−1
; 𝑓 ⊗ 1);𝜋𝑟 ;𝜋𝑙

= 𝑅 ⊗ 𝜋𝑙 ; 𝑓

= Δ𝑅 ;𝛼 ;𝑅 ⊗ (𝜋𝑟 ;𝜋𝑙 ); 𝑓 = 𝜆𝑅𝐴 ≫ 𝑓

(118)

In general, we note that, for all 𝑔 : 𝑅 ⊗ 𝐴 → 𝐴′ ⊗ 1, 𝑔 ≫ 𝜆𝑅 = 𝑔;𝜋𝑙 .

• 𝜌𝑅
𝐴
is natural:

1 ⊗𝑅 𝑓 ≫ 𝜌𝑅𝐴′ = Δ𝑅 ⊗ (1 ⊗ 𝐴);𝛼 ;𝑅 ⊗ (𝑅 ⊗ 𝜎 ;𝛼−1
; 𝑓 ⊗ 1;𝜎);𝜋𝑟 ;𝜋𝑟

= 𝑅 ⊗ 𝜋𝑟 ; 𝑓

= Δ𝑅 ;𝛼 ;𝑅 ⊗ (𝜋𝑟 ;𝜋𝑟 ); 𝑓 = 𝜌𝑅𝐴 ≫ 𝑓

(119)
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𝑅 𝐴 𝐵 𝐶

𝑓

𝐴′ 𝐵 𝐶

(a) Equation 114

𝑅 𝐴 𝐵 𝐶

𝑔

𝐴 𝐵′ 𝐶

(b) Equation 115

𝑅 𝐴 𝐵 𝐶

ℎ

𝐴 𝐵 𝐶′

(c) Equation 116

Fig. 35. Naturality of the associator in the co-Kleisli category of the environment comonad

In general, we note that, for all 𝑔 : 𝑅 ⊗ 𝐴 → 1 ⊗ 𝐴′
, 𝑔 ≫ 𝜌𝑅 = 𝑔;𝜋𝑟 .

• 𝜎𝑅
𝐴,𝐵

is natural: given 𝑓 : 𝑅 ⊗ 𝐴 → 𝐴′
and 𝑔 : 𝑅 ⊗ 𝐵 → 𝐵′

, we have that

𝑓 ⊗𝑅 𝐵 ≫ 𝜎𝑅𝐴′,𝐵 = Δ𝑅 ⊗ (𝐴 ⊗ 𝐵);𝛼 ;𝑅 ⊗ (𝛼−1
; 𝑓 ⊗ 𝐵);𝜋𝑟 ;𝜎

= 𝛼−1
; 𝑓 ⊗ 𝐵;𝜎

= 𝑅 ⊗ 𝜎 ;𝑅 ⊗ 𝜎 ; 𝑓 ⊗ 𝐵;𝜎

= Δ𝑅 ⊗ (𝐵 ⊗ 𝐴);𝑅 ⊗ (𝜋𝑟 ;𝜎);𝑅 ⊗ 𝜎 ;𝛼−1
; 𝑓 ⊗ 𝐵;𝜎 = 𝜎𝑅𝐴,𝐵 ≫ 𝐵 ⊗𝑅 𝑓

(120)

and

𝐴 ⊗ 𝑔 ≫ 𝜎𝑅𝐴,𝐵′ = Δ𝑅 ⊗ (𝐴 ⊗ 𝐵);𝛼 ;𝑅 ⊗ (𝑅 ⊗ 𝜎 ;𝛼−1
;𝑔 ⊗ 𝐴;𝜎);𝜋𝑟 ;𝜎

= 𝑅 ⊗ 𝜎 ;𝛼−1
;𝑔 ⊗ 𝐴;��𝜎 ;𝜎

= Δ𝑅 ⊗ (𝐴 ⊗ 𝐵);𝛼 ;𝑅 ⊗ (𝜋𝑟 ;𝜎);𝛼−1
;𝑔 ⊗ 𝐴 = 𝜎𝑅𝐴,𝐵 ≫ 𝑔 ⊗𝑅 𝐴

(121)

• Pure morphisms are central: given 𝑓 : 𝑅 ⊗ 𝐴 → 𝐴′
and 𝑔 : 𝑅 ⊗ 𝐵 → 𝐵′

pure, we have that

𝑓 ⊗𝑅 𝐵 ≫ 𝐴′ ⊗𝑅 𝑔 = Δ𝑅 ;𝛼 ;𝑅 ⊗ (𝛼−1
; 𝑓 ⊗ 𝐵;𝜎);𝛼−1

;𝑔 ⊗ 𝐴′
;𝜎

= Δ𝑅 ;𝛼 ;𝑅 ⊗ (𝑅 ⊗ 𝜎 ;𝛼−1
;𝑔 ⊗ 𝐴;𝜎);𝛼−1

; 𝑓 ⊗ 𝐵′

= 𝐴 ⊗𝑅 𝑔 ≫ 𝑓 ⊗𝑅 𝐵′
(122)

since both sides correspond to the diagram in Figure 36. We will write this as 𝑓 ⊗𝑅 𝑔.
• !

𝑅
𝐴
is terminal for pure morphisms: yes, since !

𝑅
𝐴
is just !𝑅⊗𝐴 which is terminal in C

• Δ𝑅
𝐴
duplicates pure morphisms: we have

𝑓 ≫ Δ𝑅𝐵 = Δ𝑅 ;𝛼 ;𝑅 ⊗ 𝑓 ;𝜋𝑟 ;Δ𝐴′

= 𝑓 ;Δ𝐴′ = Δ𝑅⊗𝐴; 𝑓 ⊗ 𝑓

= Δ𝑅 ;𝛼 ;𝑅 ⊗ (𝛼−1
; 𝑓 ⊗ 𝐴′);𝑅 ⊗ 𝜎 ;𝛼−1

; 𝑓 ⊗ 𝐴′
;𝜎 = Δ𝑅𝐴 ≫ 𝑓 ⊗𝑅 𝑓

(123)

□

Now, assume C is distributive. We wish to show that𝐴+𝐵 is a coproduct in C𝑅⊗· , and furthermore

that C𝑅⊗· is distributive; note that even the former may not be the case without distributivity! We

proceed as follows:

Lemma B.3. If C is a distributive Freyd category, then C𝑅⊗· is also distributive Freyd
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𝑅 𝐴 𝐵

𝑓

𝑔

𝐴′ 𝐵′

=

𝑅 𝐴 𝐵

𝑓

𝑔

𝐴′ 𝐵′

Fig. 36. Centrality of pure morphisms in the environment comonad’s co-Kleisli category

Proof. Given 𝑓 : 𝑅 ⊗ 𝐴 → 𝐵 and 𝑔 : 𝑅 ⊗ 𝐴 → 𝐶 , we may define the coproduct and injections

[𝑓 , 𝑔]𝑅 := 𝛿−1; [𝑓 , 𝑔] : 𝑅⊗𝐴 → 𝐵+𝐶 𝜄𝑅
𝑙
:= 𝜋𝑟 ; 𝜄𝑟 : 𝑅⊗𝐴 → 𝐴+𝐵 𝜄𝑅𝑟 := 𝜋𝑟 ; 𝜄𝑟 : 𝑅⊗𝐵 → 𝐴+𝐵

(124)

To verify this is indeed a coproduct, we can check that

𝜄𝑅
𝑙
≫ [𝑓 , 𝑔]𝑅 = Δ𝑅 ;𝛼 ;𝑅 ⊗ (𝜋𝑟 ; 𝜄𝑟 );𝛿−1; [𝑓 , 𝑔] = 𝑅 ⊗ 𝜄𝑟 ;𝛿

−1
; [𝑓 , 𝑔] = 𝑓

𝜄𝑅𝑟 ≫ [𝑓 , 𝑔]𝑅 = Δ𝑅 ;𝛼 ;𝑅 ⊗ (𝜋𝑟 ; 𝜄𝑙 );𝛿−1; [𝑓 , 𝑔] = 𝑅 ⊗ 𝜄𝑙 ;𝛿
−1
; [𝑓 , 𝑔] = 𝑔

(125)

This morphism is obviously unique, since we have for all ℎ : 𝑅 ⊗ (𝐴 + 𝐵) → 𝐶

[𝜄𝑅
𝑙
≫ ℎ, 𝜄𝑅𝑟 ≫ ℎ]𝑅 = 𝛿−1; [Δ𝑅 ;𝛼 ;𝑅 ⊗ 𝜄𝑙 ;𝜋𝑟 ;ℎ,Δ𝑅 ;𝛼 ;𝑅 ⊗ 𝜄𝑟 ;𝜋𝑟 ;ℎ] =((((((((

𝛿−1; [𝑅 ⊗ 𝜄𝑟 , 𝑅 ⊗ 𝜄𝑙 ];ℎ (126)

To show that 𝑅C⊗· is indeed distributive, we need 𝛿𝑅−1 := env𝑅 (𝛿−1) = 𝜋𝑟 ;𝛿
𝑅
to be the inverse to

𝛿𝑅 := [𝐴 ⊗ 𝜄𝑅
𝑙
, 𝐴 ⊗ 𝜄𝑅𝑟 ]𝑅 , which can easily be derived from the functoriality of env𝑅 (·), since

env𝑅 (𝛿) = 𝜋𝑟 ; [𝜄𝑙 ; 𝜄𝑟 ] = 𝛿−1; [𝜋𝑟 ; 𝜄𝑙 , 𝜋𝑟 𝜄𝑟 ] = 𝛿𝑅 (127)

□

Note in particular that this allows us to define sums

𝑓 +𝑅 𝑔 = [𝑓 ≫ 𝜄𝑅
𝑙
, 𝑔 ≫ 𝜄𝑅𝑟 ]𝑅

= 𝛿−1; [Δ𝑅 ⊗ (𝐴 + 𝐵);𝛼 ;𝑅 ⊗ 𝑓 ;𝜋𝑟 ; 𝜄𝑙 ,Δ𝑅 ⊗ (𝐴 + 𝐵);𝛼 ;𝑅 ⊗ 𝑔;𝜋𝑟 ; 𝜄𝑟 ] = 𝛿−1; 𝑓 + 𝑔
(128)

Our final task is to show that, if C is a strong Elgot category, then so is 𝑅C⊗· , and, in particular,

with fixpoint operator rfix(𝑓 ). Note that, just like we needed distributivity to have coproducts at

all, we will need strength to have an Elgot structure. We begin by stating some generally useful

properties of rcase(𝑓 ) and rfix(𝑓 ). In particular, we have that: For 𝑓 : 𝑅 ⊗ 𝐴 → 𝐵 +𝐶 :

• Given ℎ : 𝑅 ⊗ 𝑋 → 𝐴, we have

rlet(ℎ); rcase(𝑓 ) = Δ𝑅 ⊗ 𝑋 ;𝛼 ;𝑅 ⊗ ℎ;Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1

= Δ𝑅 ⊗ 𝑋 ;𝛼 ;𝑅 ⊗ (Δ𝑅 ⊗ 𝑋 ;𝛼 ;𝑅 ⊗ ℎ; 𝑓 );𝛿−1

= rcase(rlet(ℎ); 𝑓 ) = rcase(ℎ ≫ 𝑓 )
(129)
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• Given 𝑔 : 𝑅 ⊗ 𝐵 → 𝑋 , ℎ : 𝑅 ⊗ 𝐶 → 𝑌 , we have

rcase(𝑓 ≫ 𝑔 +𝑅 ℎ) = rlet(𝑓 ≫ 𝑔 +𝑅 ℎ);𝛿−1

= rlet(𝑓 ); rlet(𝑔 +𝑅 ℎ);𝛿−1

= rlet(𝑓 );Δ𝑅 ⊗ (𝐵 +𝐶);𝛼 ;𝑅 ⊗ (𝛿−1;𝑔 + ℎ);𝛿−1

= rlet(𝑓 );Δ𝑅 ⊗ (𝐵 +𝐶);𝛼 ;𝑅 ⊗ 𝛿−1;𝛿−1; (𝑅 ⊗ 𝑔) + (𝑅 ⊗ ℎ)
= rlet(𝑓 );𝛿−1; rlet(𝑔) + rlet(ℎ)
= rcase(𝑓 ); rlet(𝑔) + rlet(ℎ)
= rlet(𝑓 ); rlet(𝑔) +𝑅 rlet(ℎ)

(130)

Similarly, for 𝑓 : 𝑅 ⊗ 𝐴 → 𝐵 +𝐴:

• Given ℎ : 𝑅′ →⊥ 𝑅, ℎ ⊗ 𝐴; rfix(𝑓 ) = rfix(ℎ ⊗ 𝐴; 𝑓 ): we have that

ℎ ⊗ 𝐴; rcase(𝑓 ) = ℎ ⊗ 𝐴;Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1

= Δ𝑅′ ⊗ 𝐴;𝛼 ;ℎ ⊗ (ℎ ⊗ 𝐴; 𝑓 );𝛿−1

= Δ𝑅′ ⊗ 𝐴;𝛼 ;𝑅 ⊗ (ℎ ⊗ 𝐴; 𝑓 );𝛿−1;ℎ ⊗ 𝐵 + ℎ ⊗ 𝐴

= rcase(ℎ ⊗ 𝐴; 𝑓 );ℎ ⊗ 𝐵 + ℎ ⊗ 𝐴

(131)

and hence by uniformity that

ℎ ⊗ 𝐴; rfix(𝑓 ) = ℎ ⊗ 𝐴; (rcase(𝑓 ))†;𝜋𝑟
= (rcase(ℎ ⊗ 𝐴; 𝑓 );ℎ ⊗ 𝐵 + 𝑅′ ⊗ 𝐴)†;𝜋𝑟
= (rcase(ℎ ⊗ 𝐴; 𝑓 ))†;ℎ ⊗ 𝐵;𝜋𝑟 = rfix(ℎ ⊗ 𝐴; 𝑓 )

(132)

• rlet(rfix(𝑓 )) = (rcase(𝑓 ))†: we have that

(Δ𝑅 ⊗ 𝐴;𝛼); (𝑅 ⊗ rcase(𝑓 );𝛿−1;𝑅 ⊗ 𝜋𝑟 + 𝑅 ⊗ (𝑅 ⊗ 𝐴))
= Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ (let(𝑓 );𝜋𝑙 ⊗ (𝐵 +𝐴);𝛿−1);𝛿−1;𝑅 ⊗ 𝜋𝑟 + 𝑅 ⊗ (𝑅 ⊗ 𝐴)
= Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;Δ𝑅 ⊗ (𝐵 +𝐴);𝛼 ;𝑅 ⊗ 𝛿−1;𝛿−1;𝑅 ⊗ 𝜋𝑟 + 𝑅 ⊗ (𝑅 ⊗ 𝐴)
= Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1; (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝜋𝑟 ) + (Δ𝑅 ⊗ 𝐴;𝛼)
= Δ𝑅⊗𝐴; (𝑅 ⊗ 𝐴) ⊗ 𝑓 ;𝜋𝑙 ⊗ (𝐵 +𝐴);𝛿−1;𝑅 ⊗ 𝐴 + (Δ𝑅 ⊗ 𝐴;𝛼)
= rcase(𝑓 );𝑅 ⊗ 𝐴 + (Δ𝑅 ⊗ 𝐴;𝛼)

(133)

It follows by uniformity and strength that

rlet(rfix(𝑓 )) = let(rfix(𝑓 ));𝜋𝑙 ⊗ 𝐵 = Δ𝑅⊗𝐴; (𝑅 ⊗ 𝐴) ⊗ rfix(𝑓 );𝜋𝑙 ⊗ 𝐵

= Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ rfix(𝑓 )
= Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ ((rcase(𝑓 ))†;𝜋𝑟 )
= Δ𝑅 ⊗ 𝐴;𝛼 ; (𝑅 ⊗ rcase(𝑓 );𝛿−1;𝑅 ⊗ 𝜋𝑟 + 𝑅 ⊗ (𝑅 ⊗ 𝐴))†

= (rcase(𝑓 ))†

(134)

as desired.

We also state some generally useful properties of rlet(𝑓 ):
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• For all 𝑓 : 𝑅 ⊗ 𝐴 → 𝐶 , 𝑔 : 𝑅 ⊗ 𝐵 → 𝐶 ,

rlet(𝛿−1; [𝑓 , 𝑔]) = Δ𝑅 ⊗ (𝐴 + 𝐵);𝛼 ;𝑅 ⊗ (𝛿−1; [𝑓 , 𝑔])
= 𝛿−1; [Δ𝑅 ⊗ 𝐴;𝛼 ; 𝑓 ,Δ𝑅 ⊗ 𝐵;𝛼 ;𝑔]
= 𝛿−1; [rlet(𝑓 ), rlet(𝑔)]

(135)

We may now state our desired result as follows:

Lemma B.4. If C is a premonoidal strong Elgot category, then so is C𝑅⊗· with fixpoint operator
rfix(𝑓 ).

Proof. We check each of the Elgot axioms as follows:

• Fixpoint: given 𝑓 : 𝑅 ⊗ 𝐴 → 𝐵 +𝐴, we have that

rfix(𝑓 ) = (rcase(𝑓 ))†;𝜋𝑟 = (rlet(𝑓 );𝛿−1)†;𝜋𝑟
= rlet(𝑓 );𝛿−1; [id𝑅⊗𝐵, (rlet(𝑓 );𝛿−1)†];𝜋𝑟
= rlet(𝑓 );𝛿−1; [𝜋𝑟 , (rcase(𝑓 ))†;𝜋𝑟 ] = 𝑓 ≫ [𝜋𝑟 , rfix(𝑓 )]𝑅

(136)

as desired.

• Naturality: given 𝑓 : 𝑅 ⊗ 𝐴 → 𝐵 +𝐴, 𝑔 : 𝑅 ⊗ 𝐵 → 𝐶 , we have that

rfix(𝑓 ≫ 𝑔 +𝑅 𝐴) = (rlet(Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1;𝑔 + 𝜋𝑟 );𝛿−1)†;𝜋𝑟
= (rlet(Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1);𝛿−1;𝑅 ⊗ 𝑔 + 𝑅 ⊗ 𝜋𝑟 )†;𝜋𝑟
= (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1);𝛿−1; (𝜋𝑟 ;𝑔) + 𝑅 ⊗ 𝜋𝑟 )†

= (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1; (Δ𝑅 ⊗ 𝐵;𝛼 ;𝜋𝑟 ;𝑔) + (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝜋𝑟 ))†

= (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1;𝑔 + 𝑅 ⊗ 𝐴)†

= (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1)†;𝑔 = (rcase(𝑓 ))†;𝑔

(137)

On the other hand, we have that

rfix(𝑓 ) ≫ 𝑔 = Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ (rcase(𝑓 );𝜋𝑟 + 𝑅 ⊗ 𝐴)†;𝑔
= Δ𝑅 ⊗ 𝐴;𝛼 ; (𝑅 ⊗ (rcase(𝑓 );𝜋𝑟 + 𝑅 ⊗ 𝐴);𝛿−1)†;𝑔
= Δ𝑅 ⊗ 𝐴;𝛼 ; (𝑅 ⊗ (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1;𝜋𝑟 + 𝑅 ⊗ 𝐴);𝛿−1)†;𝑔
= Δ𝑅 ⊗ 𝐴;𝛼 ; (𝑅 ⊗ (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1);𝛿−1;𝑅 ⊗ 𝜋𝑟 + 𝑅 ⊗ (𝑅 ⊗ 𝐴))†;𝑔

(138)

By uniformity, it hence suffices to show that

(Δ𝑅 ⊗ 𝐴;𝛼); (𝑅 ⊗ (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1);𝛿−1;𝑅 ⊗ 𝜋𝑟 + 𝑅 ⊗ (𝑅 ⊗ 𝐴))
= Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1; (Δ𝑅 ⊗ 𝐵;𝛼 ;𝑅 ⊗ 𝜋𝑟 ) + (Δ𝑅 ⊗ 𝐴;𝛼)
= rcase(𝑓 ); (𝑅 ⊗ 𝐵) + (Δ𝑅 ⊗ 𝐴;𝛼)

(139)

to yield the desired result.
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• Codiagonal: given 𝑓 : 𝑅 ⊗ 𝐴 → (𝐵 +𝐴) +𝐴, we have

rfix(rfix(𝑓 ))
= (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ ((rcase(𝑓 ))†;𝜋𝑟 );𝛿−1)†;𝜋𝑟
= (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ (rcase(𝑓 );𝜋𝑟 + 𝑅 ⊗ 𝐴)†;𝛿−1)†;𝜋𝑟
= (Δ𝑅 ⊗ 𝐴;𝛼 ; (𝑅 ⊗ (rcase(𝑓 );𝜋𝑟 + 𝑅 ⊗ 𝐴);𝛿−1)†;𝛿−1)†;𝜋𝑟
= (Δ𝑅 ⊗ 𝐴;𝛼 ; (𝑅 ⊗ (rcase(𝑓 );𝜋𝑟 + 𝑅 ⊗ 𝐴);𝛿−1;𝛿−1 + 𝑅 ⊗ (𝑅 ⊗ 𝐴))†)†;𝜋𝑟
= (Δ𝑅 ⊗ 𝐴;𝛼 ; (𝑅 ⊗ (rcase(𝑓 );𝜋𝑟 + 𝑅 ⊗ 𝐴);𝛿−1;𝛿−1 + 𝑅 ⊗ (𝑅 ⊗ 𝐴))†;𝜋𝑟 + 𝑅 ⊗ 𝐴)†

= (Δ𝑅 ⊗ 𝐴;𝛼 ; (𝑅 ⊗ (rcase(𝑓 );𝜋𝑟 + 𝑅 ⊗ 𝐴);𝛿−1; (𝛿−1; (𝜋𝑟 + 𝑅 ⊗ 𝐴)) + 𝑅 ⊗ (𝑅 ⊗ 𝐴))†)†

(140)

On the other hand, we have

rfix(𝑓 ≫ [𝜋𝑟 , 𝜄𝑅𝑙 ]𝑅) = rfix(Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1; [𝜋𝑟 , 𝜋𝑟 ; 𝜄𝑙 ])
= rfix(𝑓 ; [id, 𝜄𝑙 ])
= (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ (𝑓 ; [id, 𝜄𝑙 ]);𝛿−1)†;𝜋𝑟
= (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1;𝛿−1 + 𝑅 ⊗ 𝐴; [id, 𝜄𝑙 ])†;𝜋𝑟
= ((Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1;𝛿−1 + 𝑅 ⊗ 𝐴)†)†;𝜋𝑟
= ((Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1;𝛿−1 + 𝑅 ⊗ 𝐴)†;𝜋𝑟 + 𝑅 ⊗ 𝐴)†

= ((Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1;𝛿−1 + 𝑅 ⊗ 𝐴; (𝜋𝑟 + 𝑅 ⊗ 𝐴) + 𝑅 ⊗ 𝐴)†)†

(141)

By uniformity, it therefore suffices to show that

(Δ𝑅 ⊗ 𝐴;𝛼); (𝑅 ⊗ (rcase(𝑓 );𝜋𝑟 + 𝑅 ⊗ 𝐴);𝛿−1; (𝛿−1; (𝜋𝑟 + 𝑅 ⊗ 𝐴)) + 𝑅 ⊗ (𝑅 ⊗ 𝐴))
= Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1;𝜋𝑟 + 𝑅 ⊗ 𝐴);𝛿−1; (𝛿−1; (𝜋𝑟 + 𝑅 ⊗ 𝐴)) + 𝑅 ⊗ (𝑅 ⊗ 𝐴)
= Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ (Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1);

𝛿−1;𝑅 ⊗ 𝜋𝑟 + 𝑅 ⊗ (𝑅 ⊗ 𝐴); (𝛿−1; (𝜋𝑟 + 𝑅 ⊗ 𝐴)) + 𝑅 ⊗ (𝑅 ⊗ 𝐴)
= Δ𝑅 ⊗ 𝐴;𝛼 ;𝑅 ⊗ 𝑓 ;𝛿−1;𝛿−1 + (𝑅 ⊗ 𝐴); (𝜋𝑟 + 𝑅 ⊗ 𝐴) + (Δ𝑅 ⊗ 𝐴;𝛼)

(142)

to obtain the desired result.

• Uniformity: Given 𝑓 : 𝑅 ⊗ 𝐴 → 𝐵 +𝐴, 𝑔 : 𝑅 ⊗ 𝑋 → 𝐵 + 𝑋 and ℎ : 𝑅 ⊗ 𝑋 →⊥ 𝐴 such that

ℎ ≫ 𝑓 = 𝑔 ≫ 𝐵 +𝑅 ℎ, we have that

rlet(ℎ); rcase(𝑓 ) = rcase(ℎ ≫ 𝑓 )
= rcase(𝑔 ≫ 𝐵 +𝑅 ℎ)
= rcase(𝑔); (𝑅 ⊗ 𝐵) + rlet(ℎ)

(143)

and hence by uniformity that

ℎ ≫ rfix(𝑓 ) = rlet(ℎ); (rcase(𝑓 ))†;𝜋𝑟 = (rcase(𝑔))†;𝜋𝑟 = rfix(𝑔) (144)

□
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C Definitions and Proofs
C.1 Syntactic Metatheory

(𝛾, 𝑥 ↦→ 𝑒) (𝑥) = 𝑒 (𝛾,𝑦 ↦→ 𝑒) (𝑥) = 𝛾 (𝑥) (·) (𝑥) = 𝑥

[𝛾]𝑥 = 𝛾 (𝑥) [𝛾] (let 𝑥 = 𝑎; 𝑒) = let 𝑥 = [𝛾]𝑎; [𝛾]𝑒 [𝛾] (𝑎,𝑏) = ( [𝛾]𝑎, [𝛾]𝑏) [𝛾] () = ()
[𝛾] (let (𝑥,𝑦) = 𝑎; 𝑒) = let (𝑥,𝑦) = [𝛾]𝑎; [𝛾]𝑒 [𝛾] (𝜄𝑙 𝑎) = 𝜄𝑙 [𝛾]𝑎 [𝛾] (𝜄𝑟 𝑏) = 𝜄𝑟 [𝛾]𝑏

[𝛾] (case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏}) = case [𝛾]𝑒 {𝜄𝑙 𝑥 : [𝛾]𝑎, 𝜄𝑟 𝑦 : [𝛾]𝑏}
[𝛾] (abort 𝑎) = abort [𝛾]𝑎

[𝛾] (br ℓ 𝑎) = br ℓ [𝛾]𝑎 [𝛾] (let 𝑥 = 𝑎; 𝑟 ) = let 𝑥 = [𝛾]𝑎; [𝛾]𝑟
[𝛾] (let (𝑥,𝑦) = 𝑒; 𝑟 ) = let (𝑥,𝑦) = [𝛾]𝑒 ; [𝛾]𝑟

[𝛾] (case 𝑒 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠}) = case [𝛾]𝑒 {𝜄𝑙 𝑥 : [𝛾]𝑟, 𝜄𝑟 𝑦 : [𝛾]𝑠}
[𝛾] (𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) = [𝛾]𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {[𝛾]𝑡𝑖 }, )𝑖

[𝛾] (·) = · [𝛾] (𝛾 ′, 𝑥 ↦→ 𝑒) = ( [𝛾]𝛾 ′, 𝑥 ↦→ [𝛾]𝑒)

[𝛾] (·) = · [𝛾] (𝜎, ℓ (𝑥) ↦→ 𝑟 ) = ( [𝛾]𝜎, ℓ (𝑥) ↦→ [𝛾]𝑟 )

Fig. 37. Capture-avoiding substititon for 𝜆SSA terms, regions, and (label) substitutions; in particular, we
assume bound variables and labels are 𝛼-converted so as not to appear in 𝛾/𝜎 .

C.2 Lexical SSA and ANF
Lemma 4.4 (A-normalization). Given an arbitrary region 𝑟 , we have that

• IsANF(ANF(𝑟 ))
• If Γ ⊢ 𝑟 ▷ L, then Γ ⊢ 𝑟 ≈ ANF(𝑟 ) ▷ L

Similarly, given an arbitrary variable 𝑥 , expression 𝑎 and region 𝑟 If we are also given an arbitrary
expression 𝑎, then

• IsANF(𝑟 ) =⇒ IsANF(ANFlet (𝑥, 𝑎, 𝑟 ))
• If Γ ⊢𝜖 𝑎 : 𝐴 and Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L, then Γ ⊢ let 𝑥 = 𝑎; 𝑟 ≈ ANFlet (𝑥, 𝑎, 𝑟 ) ▷ L

Proof. We may show that ANF(𝑟 ) is always in ANF and that ANFlet (𝑥, 𝑎, 𝑟 ) is in ANF if 𝑟 is by

a straightforward induction. To prove the rest of the lemma, we begin by proving the correctness

of ANFlet (𝑥, 𝑎, 𝑟 ) by induction on expressions 𝑎:

• If Γ ⊢anf𝜖 𝑎 : 𝐴 is atomic, we are done; otherwise

• If 𝑎 = 𝑓 𝑒 , then, since 𝑒 is a subterm of 𝑎, by induction, we have

let 𝑥 = 𝑎; 𝑟 ≈ let 𝑦 = 𝑒 ; let 𝑥 = 𝑓 𝑦; 𝑟 ≈ ANFlet (𝑦, 𝑒, let 𝑥 = 𝑓 𝑦; 𝑟 ) = ANFlet (𝑥, 𝑎, 𝑟 ) (145)

as desired.

• The cases for pairs, injections, and aborts containing expressions are analogous
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• If 𝑎 = case 𝑒 {𝜄𝑙 𝑦 : 𝑏, 𝜄𝑟 𝑧 : 𝑐}, then we may rewrite

let 𝑥 = 𝑎; 𝑟 ≈ let 𝑤 = 𝑒; case 𝑤 {𝜄𝑙 𝑦 : let 𝑏 = 𝑥 ; 𝑟, 𝜄𝑟 𝑧 : let 𝑐 = 𝑥 ; 𝑟 } (146)

Since 𝑟 is in ANF, by induction (since 𝑏, 𝑐 are subterms of 𝑎), this is equivalent to

let 𝑤 = 𝑒 ; case 𝑤 {𝜄𝑙 𝑦 : ANFlet (𝑏, 𝑥, 𝑟 ), 𝜄𝑟 𝑧 : ANFlet (𝑐, 𝑥, 𝑟 )} (147)

which is equal to ANFlet (𝑥, 𝑎, 𝑟 ), as desired.
• The cases for unary and binary let are analogous to the above

We may now prove the correctness of ANF(𝑟 ) by a straightforward induction on 𝑟 :

• If 𝑟 = br ℓ 𝑎, by 𝛽-reduction, we have that

𝑟 ≈ let 𝑥 = 𝑎; br ℓ 𝑥 ≈ ANFlet (𝑥, 𝑎, br ℓ 𝑥) = ANF(𝑟 ) (148)

• If 𝑟 = let 𝑥 = 𝑎; 𝑟 ′, then by induction we have that

𝑟 ≈ let 𝑥 = 𝑎;ANF(𝑟 ′) ≈ ANFlet (𝑥, 𝑎,ANF(𝑟 ′)) = ANF(𝑟 ) (149)

as desired.

• If 𝑟 = let (𝑥,𝑦) = 𝑎; 𝑟 ′, then by induction we have that

𝑟 ≈ let 𝑧 = 𝑎; let (𝑥,𝑦) = 𝑧; 𝑟 ′

≈ let 𝑧 = 𝑎; let (𝑥,𝑦) = 𝑧;ANF(𝑟 ′)
≈ ANFlet (𝑧, 𝑎, let (𝑥,𝑦) = 𝑧;ANF(𝑟 ′)) ≈ ANF(𝑟 )

(150)

The proof for case-statements is analogous

• The case for control-flow graphs follows trivially by induction

□

Lemma 4.5 (SSA conversion). Given an arbitrary region 𝑟 ,

• IsSSA(SSA(𝑟 ))
• If Γ ⊢ 𝑟 ▷ L, then Γ ⊢ 𝑟 ≈ SSA(𝑟 ) ▷ L

In particular,

• If IsANF(𝑟 ) and ∀𝑖, IsSSA(𝑡𝑖 ), then IsSSA(SSAa (𝑟, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))
• If Γ ⊢ 𝑟 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖 and ∀𝑖, Γ ⊢ 𝑡𝑖 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖 , then Γ ⊢ (𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) ≈
SSAa (𝑟, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) ▷ L

Proof. Given that SSAa (𝑟,𝐺) ≈ 𝑟 where 𝐺 for 𝑟 in ANF, it is trivial to see that

SSA(𝑟 ) := SSAa (ANF(𝑟 ), ·) ≈ (ANF(𝑟 ) where ·) ≈ ANF(𝑟 ) ≈ 𝑟 (151)

We hence only need to prove the second part of the lemma. We proceed by induction on ANF

regions 𝑟 as follows:

• If 𝑟 is a terminator, this holds trivially by reflexivity

• If 𝑟 = let 𝑥 = 𝑎; 𝑟 ′, then by induction, we have that

SSAa (𝑟,𝐺) := let 𝑥 = 𝑎; SSAa (𝑟 ′,𝐺) ≈ let 𝑥 = 𝑎; 𝑟 ′ where 𝐺 ≈ let 𝑥 = 𝑎; 𝑟 ′ where 𝐺 ≈ 𝑟 where 𝐺
(152)

as desired. The case for binary let-statements is analogous.
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• If 𝑟 = case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}, then by induction, we have that

SSAa (𝑟,𝐺) := (case 𝑎 {𝜄𝑙 𝑥 : br ℓ𝑙 𝑥, 𝜄𝑟 𝑦 : br ℓ𝑟 𝑦}) where 𝐺, ℓ𝑙 (𝑥) : {SSA(𝑠)}, ℓ𝑟 (𝑦) : {SSA(𝑡)}
:= (case 𝑎 {𝜄𝑙 𝑥 : br ℓ𝑙 𝑥, 𝜄𝑟 𝑦 : br ℓ𝑟 𝑦}) where 𝐺, ℓ𝑙 (𝑥) : {𝑠}, ℓ𝑟 (𝑦) : {𝑡}
≈ ((case 𝑎 {𝜄𝑙 𝑥 : br ℓ𝑙 𝑥, 𝜄𝑟 𝑦 : br ℓ𝑟 𝑦}) where ℓ𝑙 (𝑥) : {𝑠}, ℓ𝑟 (𝑦) : {𝑡}) where 𝐺
≈ case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡} where 𝐺 ≈ 𝑟 where 𝐺

(153)

• If 𝑟 = 𝑟 ′ where ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 , then by induction, we have that

SSAa (𝑟,𝐺) := SSAa (𝑟 ′,𝐺, (ℓ𝑖 (𝑥𝑖 ) : {SSA(𝑡𝑖 )}, )𝑖 )
≈ 𝑟 ′ where 𝐺, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖
≈ (𝑟 ′ where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 where 𝐺 ≈ 𝑟 where 𝐺

(154)

□

Lemma 4.6 (Permutation Invariance). If𝐺 ≃ 𝐺 ′ and Γ ⊢ reg(𝐺) ▷ L, then Γ ⊢ reg(𝐺 ′) ▷ L and
Γ ⊢ reg(𝐺) ≈ reg(𝐺 ′) ▷ L

Proof. We proceed by induction on the size of 𝐺 . If 𝐺 consists only of an entry block, there is

only one permutation, so we are done. Otherwise, assume 𝐺 = 𝛽, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 . Furthermore,

let:

• ℓ𝑖 (𝑥𝑖 ) : {𝛽𝑖 } be the children of 𝛽 in 𝐺 in order

• 𝐺𝑖 = (𝜅𝑖, 𝑗 (𝑦𝑖, 𝑗 ) : {𝑡𝑖, 𝑗 }, ) 𝑗∈𝐼 be the CFG composed of the descendants of 𝛽𝑖 in 𝐺 , with 𝛽𝑖 as

entry block, in order

• ℓ ′𝑖 (𝑥 ′𝑖 ) : {𝛽 ′𝑖 } be the children of 𝛽 in 𝐺 ′
in order

• 𝐺 ′
𝑖 be the CFG composed of the descendants of 𝛽 ′𝑖 in 𝐺

′
, with 𝛽 ′𝑖 as entry block, in order

By assumption, there exists some permutation 𝜎 : 𝐼 → 𝐼 such that𝐺 ′ = 𝛽, (ℓ𝜎𝑖 (𝑥𝜎𝑖 ) : {𝑡𝜎𝑖 }, )𝑖∈𝐼 . It
follows that, since the dominance relation on labels is permutation-invariant, there exists some

permutation 𝜌 such that ∀𝑖 ∈ 𝐼 , ℓ ′𝑖 (𝑥 ′𝑖 ) : {𝛽 ′𝑖 } = ℓ𝜌𝑖 (𝑥𝜌𝑖 ) : {𝛽𝜌𝑖 }, as well as permutations 𝜏𝑖 such that

𝐺 ′
𝑖 = (ℓ𝜌𝑖 ,𝜏𝑖 𝑗 (𝑥𝜌𝑖 ,𝜏𝑖 𝑗 ) : {𝑡𝜌𝑖 ,𝜏𝑖 𝑗 }, ) 𝑗∈𝐼 , implying in particular that 𝐺 ′

𝑖 ≃ 𝐺𝜌𝑖 . By induction, we hence

have that, for all 𝑖 , reg(𝐺 ′
𝑖 ) ≈ reg(𝐺𝜌𝑖 ), and hence that

reg(𝐺 ′) := bb(𝛽, (ℓ𝜌𝑖 (𝑥𝜌𝑖 ) : {reg(𝐺 ′
𝑖 )}, )𝑖∈𝐼 )

≈ bb(𝛽, (ℓ𝜌𝑖 (𝑥𝜌𝑖 ) : {reg(𝐺𝜌𝑖 )}, )𝑖∈𝐼 )
≈ bb(𝛽, (ℓ𝑖 (𝑥𝑖 ) : {reg(𝐺𝑖 )}, )𝑖∈𝐼 ) ≈ reg(𝐺)

(155)

□

Lemma 4.7 (CFG Conversion). Given a lexical SSA region 𝑟 (i.e., assuming IsSSA(𝑟 )) s.t. Γ ⊢ 𝑟 ▷ L,
we have that Γ ⊢ 𝑟 ≈ reg(cfg(𝑟 )) ▷ L.

Proof. We will proceed by induction on the length of 𝐺 = cfg(𝑟 ). If 𝐺 consists of only an

entry block 𝛽 , then we trivially have that 𝑟 = reg(cfg(𝑟 )), and so we are done. Otherwise, assume

𝑟 = bb(𝛽, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 ). Clearly, cfg(𝑟 ) will have entry block 𝛽 ; moreover, since every block in

cfg(𝑟 ) other than those of the form entry(𝑡𝑖 ) can only be reached from within the region 𝑡𝑖 (due to

lexical scoping of labels), we have 𝛽𝑖 = entry(𝑡𝜌𝑖 ) for some injection 𝜌 , where 𝛽𝑖 are the children

of 𝛽 in the dominance tree of 𝐺 . In particular, we can write {ℓ𝑖 (𝑥𝑖 ) : {entry(𝑡𝑖 )}, }𝑖 as the disjoint
union of:

• The immediate children of 𝛽 , 𝜅𝑖 (𝑦𝑖 ) : {𝛽𝑖 }, where 𝜅𝑖 = ℓ𝜌𝑖 , 𝑦𝑖 = 𝑥𝜌𝑖 , and 𝛽𝑖 = entry(𝑡𝜌𝑖 )
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• The nodes dominated by each 𝛽𝑖 but not immediately dominated by 𝛽 ; we will write the

collection of such nodes for each 𝑖 as 𝜅𝑖, 𝑗 (𝑦𝑖, 𝑗 ) : {𝛽𝑖, 𝑗 }, where 𝜅𝑖, 𝑗 = ℓ𝜌𝑖,𝑗 , 𝑦𝑖, 𝑗 = 𝑥𝜌𝑖,𝑗 , and

𝛽𝑖, 𝑗 = entry(𝑡𝜌𝑖,𝑗 ).
As in the algorithm to compute reg(·), let 𝐺𝑖 denote the control-flow graph with entry block 𝛽𝑖
consisting of all blocks dominated by 𝛽𝑖 . We may write

𝐺 ≃ 𝛽, (𝜅𝑖 (𝑦𝑖 ) : {𝐺𝑖 }, )𝑖∈𝐼 ∀𝑖 ∈ 𝐼 ,𝐺𝑖 = 𝛽𝑖 , (𝜅𝑖, 𝑗 (𝑦𝑖, 𝑗 ) : {𝛽𝑖, 𝑗 }, ) 𝑗∈𝐼 , 𝑅𝑖 (156)

where 𝑅𝑖 is the “remainder” of the control-flow graph 𝐺𝑖 . Note the equations for 𝐺𝑖 are actually

equalities, rather than being equivalence up to permutation ≃, since the 𝛽𝑖, 𝑗 , appear in 𝐺 before

any other elements, being immediate children of 𝛽 . It follows that

reg(cfg(𝑟 )) = reg(cfg(bb(𝛽, (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))) = bb(𝛽, (𝜅𝑖 (𝑦𝑖 ) : {reg(𝐺𝑖 )}, )𝑖 ) (157)

Now, define the lexical SSA regions

𝑟𝑖 = bb(𝛽𝑖 , ((𝜅𝑖, 𝑗 (𝑦𝑖, 𝑗 ) : {𝑡𝜌𝑖,𝑗 }, ) 𝑗 , children(𝑡𝑖 ))) (158)

It is easy to show that cfg(𝑟𝑖 ) ≃ 𝐺𝑖 , since every basic block dominated by 𝛽𝑖 must be dominated

via either some 𝑡𝜌𝑖,𝑗 or some child of 𝑡𝑖 . Since by induction reg(cfg(𝑟𝑖 )) ≈ 𝑟𝑖 , and by the previous

lemma reg(cfg()𝑟𝑖 ) ≈ reg(𝐺𝑖 ), it follows that
reg(cfg(𝑟 )) ≈ bb(𝛽, (𝜅𝑖 (𝑦𝑖 ) : {𝑟𝑖 }, )𝑖 ) (159)

Define

𝑇𝑖 = (𝜅 𝑗 (𝑦 𝑗 ) : {𝑟 𝑗 }, ) 𝑗<𝑖 , (𝜅 𝑗 (𝑦 𝑗 ) : {𝑡 𝑗 }, (𝜅 𝑗,𝑘 (𝑦 𝑗,𝑘 ) : {𝑡𝜌 𝑗,𝑘 }, )𝑘 , ) 𝑗≥𝑖 (160)

Using Equation 27, we may show that, for all 𝑖 , bb(𝛽,𝑇𝑖+1) ≈ bb(𝛽,𝑇𝑖 ), since
• For all 𝑗 , 𝑡𝜌𝑖,𝑗 cannot use variables defined in 𝛽𝑖 , or 𝑟 would not typecheck

• For all 𝑗 , if 𝑟𝑘 or 𝑡𝜌𝑘,𝑗 ′ calls 𝜅𝑖, 𝑗 , then 𝑘 = 𝑖 , or 𝛽𝑖, 𝑗 would not be dominated by 𝛽𝑖
• Similarly, 𝛽 cannot call 𝜅𝑖, 𝑗 or 𝛽𝑖, 𝑗 would be a direct descendant of 𝛽

We hence have by induction that

reg(cfg(𝑟 )) ≈ bb(𝛽,𝑇𝑁 ) ≈ bb(𝛽,𝑇0) ≈ 𝑟 (161)

as desired, since 𝑇0 is a permutation of (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 . □

C.3 Böhm-Jacopini
Lemma C.1. The following facts hold:

• Given Γ ⊢ 𝑟 ▷ ■(𝐴) and Γ,□ : 𝐴 ⊢ 𝑠 ▷ L, we have that

⟦Γ ⊢ seq(𝑟, 𝑠) := ( [■(𝑥) ↦→ br ℓ 𝑥]𝑟 where ℓ (□) : {𝑠}) ▷ L⟧
= let(⟦Γ ⊢ [■(𝑥) ↦→ br ℓ 𝑥]𝑟 ▷ ℓ (𝐴)⟧); ⟦Γ⟧ ⊗ 𝛼+

𝐴; ⟦Γ,□ : 𝐴 ⊢ 𝑠 ▷ L⟧
= let(⟦Γ ⊢ 𝑟 ▷ ℓ (𝐴)⟧); ⟦Γ⟧ ⊗ 𝛼+

𝐴; ⟦Γ,□ : 𝐴 ⊢ 𝑠 ▷ L⟧
(162)

• Given Γ ⊢𝜖 𝑒 : 𝐴, Γ,□ : 𝐴 ⊢ 𝑟 ▷ ■(𝐵 +𝐴), we have that
⟦Γ ⊢ loop(𝑒, 𝑟 ) := (br ℓ 𝑒 where ℓ (□) : {seq(𝑟, case □ {𝜄𝑙 𝑥 : br ■ 𝑥, 𝜄𝑟 𝑦 : br ℓ 𝑦})}) ▷ ■(𝐵)⟧
= let(⟦Γ ⊢𝜖 𝑒 : 𝐴⟧); rfix(⟦Γ,□ : 𝐴 ⊢ 𝑟 ▷ ■(𝐵 +𝐴)⟧;𝛼+

𝐵+𝐴)
(163)

• Given R = (ℓ𝑖 (𝐴𝑖 ), )𝑖 and Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, we have

⟦Γ, 𝑐 : ⟨R⟩ ⊢ caseR 𝑐 {ℓ𝑖 (𝑥𝑖 ) : 𝑡𝑖 } ▷ L⟧
= ⟦Γ⟧ ⊗ 𝛼+

Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L⟧, ]𝑖

(164)
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We have that
⟦Γ,□ : ⊥ ⊢[L] ua □ : ⟨L⟩ + ⟨R⟩⟧ = 𝜋𝑟 ;𝛼

+
⟦L⟧+⟦R⟧ (165)

We have that
⟦Γ ⊢ pack+𝜅 (L) : L ⇝ 𝜅 (⟨L⟩)⟧ = 𝜋𝑟 ;𝛼

+
0+⟦L⟧ (166)

and
⟦Γ ⊢ unpack+𝜅 (L) : 𝜅 (⟨L⟩) ⇝ L⟧ = 𝜋𝑟 ;𝛼

+
⟦L⟧ (167)

In particular, given Γ ⊢ 𝑟 ▷ L, we have that

⟦Γ ⊢ ⟨𝑟 ⟩+ ▷ ■(⟨L⟩)⟧ = ⟦Γ ⊢ 𝑟 ▷ L⟧;𝛼+
0+⟦L⟧ (168)

Theorem A.1 (Böhm-Jacopini for SSA). For all Γ ⊢ 𝑟 ▷ L, we have that Γ ⊢s WHL (𝑟 ) ▷ L is
structured, and Γ ⊢ 𝑟 ≈ WHL (𝑟 ) ▷ L. In particular, we have that Γ ⊢s PWL (𝑟 ) ▷ ■(⟨L⟩) is structured,
and Γ ⊢ ⟨𝑟 ⟩+ ≈ PW𝑟 (▷)■(⟨L⟩).

Proof. We begin by showing the correctness of PWL (𝑟 ) by induction on 𝑟 :

• If 𝑟 = br ℓ 𝑎, we have that PWL (𝑎) = pack+ (L)ℓ (𝑎) = [br ℓ 𝑎]+ by definition

• If 𝑟 = let 𝑥 = 𝑎; 𝑠 , we have by induction that

PWL (let 𝑥 = 𝑎; 𝑠) = let 𝑥 = 𝑎;PWL (𝑠) ≈ let 𝑥 = 𝑎; [𝑠]+ = [let 𝑥 = 𝑎; 𝑠]+

• If 𝑟 = let (𝑥,𝑦) = 𝑎; 𝑠 , we have by induction that

PWL (let (𝑥,𝑦) = 𝑎; 𝑠) = let (𝑥,𝑦) = 𝑎;PWL (𝑠) ≈ let (𝑥,𝑦) = 𝑎; ⟨𝑠⟩+ = ⟨let (𝑥,𝑦) = 𝑎; 𝑠⟩+

• If 𝑟 = case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}, we have by induction that

PWL (case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}) = case 𝑎 {𝜄𝑙 𝑥 : PWL (𝑠), 𝜄𝑟 𝑦 : PWL (𝑡)}
≈ case 𝑎 {𝜄𝑙 𝑥 : ⟨𝑠⟩+, 𝜄𝑟 𝑦 : ⟨𝑡⟩+}
= ⟨case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}⟩+

• Assume 𝑟 = 𝑠 where (ℓ𝑖 (𝑡𝑖 ) : {𝑥𝑖 }, )𝑖 . Define R = (ℓ𝑖 (𝐴𝑖 ), )𝑖 . By induction, we have that

∀𝑖, PWL,R (𝑡𝑖 ) ≈ ⟨𝑡𝑖⟩+, and hence by soundness

⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ PWL (𝑡𝑖 ) ▷ ■(⟨L,R⟩)⟧ = ⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ ⟨𝑡𝑖⟩+ ▷ ■(⟨L,R⟩)⟧ (169)

Now, define

𝐷 = caseL □ {ℓ𝑖 (𝑥𝑖 ) : seq(PWL (𝑡𝑖 ), br ■ (ua □)})
and 𝐿 = loop(𝑦, 𝐷). It follows that

⟦Γ,□ : [𝑅] ⊢ 𝐷 ▷ ■(⟨𝐿⟩ + ⟨𝑅⟩)⟧
= ⟦Γ⟧ ⊗ 𝛼+

Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ seq(PWL (𝑡𝑖 ), br ■ (ua □)) ▷ ■(⟨L⟩ + ⟨R⟩)⟧, ]𝑖

= ⟦Γ⟧ ⊗ 𝛼+
Σ𝑖⟦𝐴𝑖⟧;𝛿

−1
Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ PWL (𝑡𝑖 ) ▷ ■(⟨L,R⟩)⟧;𝛼+

0+(⟦L⟧+⟦R⟧) , ]𝑖
= ⟦Γ⟧ ⊗ 𝛼+

Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ ⟨𝑡𝑖⟩+ ▷ ■(⟨L,R⟩)⟧;𝛼+

0+(⟦L⟧+⟦R⟧) , ]𝑖
= ⟦Γ⟧ ⊗ 𝛼+

Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧;𝛼+

0+(⟦L⟧+⟦R⟧) , ]𝑖

(170)

and therefore that

⟦Γ, 𝑦 : ⟨𝑅⟩ ⊢ 𝐿 ▷ ■(⟨L⟩)⟧
= let(⟦Γ, 𝑦 : ⟨𝑅⟩ ⊢⊥ 𝑦 : 𝐴⟧); rfix(⟦Γ,□ : ⟨𝑅⟩ ⊢ 𝐷 ▷ ■(⟨𝐿⟩ + ⟨𝑅⟩)⟧;𝛼+

(0+⟦L⟧)+⟦R⟧)

= rfix(⟦Γ⟧ ⊗ 𝛼+
Σ𝑖⟦𝐴𝑖⟧;𝛿

−1
Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ ⟨L,R⟩⟧;𝛼+

(0+⟦L⟧)+⟦R⟧, ]𝑖 )
= ⟦Γ⟧ ⊗ 𝛼+

Σ𝑖⟦𝐴𝑖⟧; rfix(lsemΓ,L((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ));𝛼+
0+⟦L⟧

(171)
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Hence, we have that

⟦Γ,□ : ⟨L,R⟩ ⊢ case ua □ {𝜄𝑙 𝑥 : br ■ 𝑥, 𝜄𝑟 𝑦 : 𝐿} ▷ ■( [L])⟧
= ⟦Γ⟧ ⊗ 𝛼+

⟦L⟧+⟦R⟧;𝛿
−1
; [⟦Γ, 𝑥 : ⟨L⟩ ⊢ br ■ 𝑥 ▷ ■(⟨L⟩)⟧, ⟦Γ, 𝑦 : ⟨R⟩ ⊢ 𝐿 ▷ ■(⟨L⟩)⟧]

= ⟦Γ⟧ ⊗ 𝛼+
⟦L⟧+⟦R⟧;𝛿

−1
; [𝜋𝑟 ;𝛼+

0+⟦L⟧, ⟦Γ⟧ ⊗ 𝛼+
Σ𝑖⟦𝐴𝑖⟧; rfix(lsemΓ,L ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ));𝛼+

0+⟦L⟧]

= ⟦Γ⟧ ⊗ 𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧;𝛿

−1
; [𝜋𝑟 , rfix(lsemΓ,L((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))];𝛼+

0+⟦L⟧

(172)

It hence suffices by completeness (Theorem 5.14) to show that

⟦Γ ⊢ seq(PWL (𝑟 ), case ua □ {𝜄𝑙 𝑥 : br ■ 𝑥, 𝜄𝑟 𝑦 : 𝐿}) ▷ ■(⟨L⟩)⟧
= let(⟦Γ ⊢ PWL (𝑟 ) ▷ ■(⟨L,R⟩)⟧); ⟦Γ⟧ ⊗ 𝛼+

⟦L,R⟧;

⟦Γ,□ : ⟨L,R⟩ ⊢ case ua □ {𝜄𝑙 𝑥 : br ■ 𝑥, 𝜄𝑟 𝑦 : 𝐿} ▷ ■(⟨L⟩)⟧
= let(⟦Γ ⊢ PWL (𝑟 ) ▷ ■(⟨L,R⟩)⟧); ⟦Γ⟧ ⊗ 𝛼+

⟦L⟧+Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
;

[𝜋𝑟 , rfix(lsemΓ,L ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))];𝛼+
0+⟦L⟧

= ⟦Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧;𝛼+
0+⟦L⟧

= ⟦Γ ⊢ [𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ]+ ▷ L⟧

(173)

□

C.4 Substitution
Lemma C.2. The following facts hold:
(a) For all 𝑓 : 𝐴 → 𝐵 ⊗ 𝐶 , 𝑔 : (𝐴 ⊗ 𝐵) ⊗ 𝐶 → 𝐷 , we have

let(𝑓 );𝛼 ; let(𝑔); (𝜋𝑙 ;𝜋𝑙 ) ⊗ 𝐷 = let(let(𝑓 );𝛼 ;𝑔) (174)

(b) For all 𝑓 : 𝐴 → 𝐵 +𝐶 , 𝑔 : 𝐴 ⊗ 𝐵 → 𝐷 , ℎ : 𝐴 ⊗ 𝐶 → 𝐷 , we have

let(𝑓 );𝛿−1; [let(𝑔);𝜋𝑙 ⊗ 𝐷, let(ℎ);𝜋𝑙 ⊗ 𝐷] = let(let(𝑓 );𝛿−1; [𝑔,ℎ]) (175)

(c) For all 𝑓𝑖 : 𝑅 ⊗ 𝐴𝑖 → 𝐵, we have

𝛿−1Σ ; [let(𝑓𝑖 );𝜋𝑙 ⊗ 𝐵, ]𝑖 = let(𝛿−1Σ ; [𝑓𝑖 ]𝑖 );𝜋𝑙 ⊗ 𝐵 (176)

i.e.,
𝛿−1Σ ; [rlet(𝑓𝑖 ), ]𝑖 = rlet(𝛿−1Σ ; [𝑓𝑖 ]𝑖 ) (177)

(d) For all 𝑓 : 𝐴 → 𝐵 +𝐶 , 𝑔 : 𝐴 ⊗ 𝐵 → 𝐵′, ℎ : 𝐴 ⊗ 𝐶 → 𝐶′, we have

let(let(𝑓 );𝛿−1;𝑔 + ℎ) = let(𝑓 );𝛿−1; [let(𝑔);𝜋𝑙 ⊗ 𝜄𝑙 , let(ℎ);𝜋𝑙 ⊗ 𝜄𝑟 ]
= let(𝑓 );𝛿−1; (let(𝑔);𝜋𝑙 ⊗ 𝐵′) + (let(ℎ);𝜋𝑙 ⊗ 𝐶′);𝛿
= let(𝑓 );𝛿−1; rlet(𝑔) + rlet(ℎ);𝛿

(178)

In particular, we have

let(let(𝑓 );𝛿−1;𝜋𝑟 + ℎ) = let(𝑓 );𝛿−1; [𝐴 ⊗ 𝜄𝑙 , let(ℎ);𝜋𝑙 ⊗ 𝜄𝑟 ]
= let(𝑓 );𝛿−1; (𝐴 ⊗ 𝐵) + (let(ℎ);𝜋𝑙 ⊗ 𝐶′);𝛿
= let(𝑓 );𝛿−1; (𝐴 ⊗ 𝐵) + rlet(ℎ);𝛿

(179)

and
let(let(𝑓 );𝛿−1;𝑔 + 𝜋𝑟 ) = let(𝑓 );𝛿−1; [let(𝑔);𝜋𝑙 ⊗ 𝜄𝑙 , 𝐴 ⊗ 𝜄𝑟 ]

= let(𝑓 );𝛿−1; (let(𝑔);𝜋𝑙 ⊗ 𝐵′) + (𝐴 ⊗ 𝐶);𝛿
= let(𝑓 );𝛿−1; rlet(𝑔) + (𝐴 ⊗ 𝐶);𝛿

(180)
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Lemma 5.8 ((Label) Weakening). Given Γ ≤ Γ′ and L′ ≤ L, K′ ≤ K, we have
(a) For all Γ ≤ Δ, ⟦Γ ≤ Δ⟧ = ⟦Γ ≤ Γ′⟧; ⟦Γ′ ≤ Δ⟧
(b) For all L ≤ K, ⟦L′ ≤ K⟧ = ⟦L′ ≤ L⟧; ⟦L ≤ K⟧
(c) ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ = ⟦Γ ≤ Γ′⟧; ⟦Γ′ ⊢𝜖 𝑎 : 𝐴⟧
(d) ⟦Γ ⊢ 𝑟 ▷ L⟧ = ⟦Γ ≤ Γ′⟧; ⟦Γ′ ⊢ 𝑟 ▷ L′⟧; ⟦L′ ≤ L⟧
(e) For all 𝛾 : Γ ↦→ Δ, ⟦𝛾 : Γ ↦→ Δ⟧ = ⟦Γ ≤ Γ′⟧; ⟦𝛾 : Γ′ ↦→ Δ⟧
(f) For all Γ ⊢ 𝜎 : L ⇝ K, ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ = ⟦Γ ≤ Γ′⟧ ⊗ ⟦L⟧; ⟦Γ ⊢ 𝜎 : L ⇝ K′⟧; ⟦K′ ≤ K⟧

Proof. To show that variable weakenings compose (a), we proceed by induction on the derivation

of Γ ≤ Γ′ as follows:

• wk-nil: if Γ, Γ′ = ·, then Δ = ·, and so we trivially have ⟦· ≤ ·⟧; ⟦· ≤ ·⟧ = ⟦· ≤ ·⟧ = id
• wk-skip: we have Γ = Ξ, 𝑥 : 𝐴, and so by induction

⟦Ξ, 𝑥 : 𝐴 ≤ Γ′⟧; ⟦Γ′ ≤ Δ⟧ = 𝜋𝑙 ; ⟦Ξ ≤ Γ′⟧; ⟦Γ′ ≤ Δ⟧ = 𝜋𝑙 ; ⟦Ξ ≤ Δ⟧ = ⟦Ξ, 𝑥 : 𝐴 ≤ Δ⟧ (181)

as desired

• wk-cons: we have Γ = Ξ, 𝑥 : 𝐴 and Γ′ = Ξ′, 𝑥 : 𝐴. We proceed by case analysis on Γ′ ≤ Δ:
– wk-skip: we have

⟦Ξ, 𝑥 : 𝐴 ≤ Ξ′, 𝑥 : 𝐴⟧; ⟦Ξ′ ≤ Δ⟧ = ⟦Ξ ≤ Ξ′⟧ ⊗ ⟦𝐴⟧; ⟦Ξ′, 𝑥 : 𝐴 ≤ Δ⟧
= ⟦Ξ ≤ Ξ′⟧ ⊗ ⟦𝐴⟧;𝜋𝑙 ; ⟦Ξ′ ≤ Δ⟧
= 𝜋𝑙 ; ⟦Ξ ≤ Ξ′⟧; ⟦Ξ′ ≤ Δ⟧
= 𝜋𝑙 ; ⟦Ξ ≤ Δ⟧
= ⟦Ξ, 𝑥 : 𝐴 ≤ Δ⟧

(182)

as desired

– wk-cons: we have Δ = Δ′, 𝑥 : 𝐴, and so by induction

⟦Ξ, 𝑥 : 𝐴 ≤ Ξ′, 𝑥 : 𝐴⟧; ⟦Ξ′, 𝑥 : 𝐴 ≤ Δ′, 𝑥 : 𝐴⟧ = ⟦Ξ ≤ Ξ′⟧ ⊗ ⟦𝐴⟧; ⟦Ξ′ ≤ Δ′⟧ ⊗ ⟦𝐴⟧
= (⟦Ξ ≤ Ξ′⟧; ⟦Ξ′ ≤ Δ′⟧) ⊗ ⟦𝐴⟧
= ⟦Ξ ≤ Δ′⟧ ⊗ ⟦𝐴⟧
= ⟦Ξ, 𝑥 : 𝐴 ≤ Δ⟧

(183)

as desired

We can analogously show (b) (i.e., that label weakenings compose) by induction on the derivation

of L ≤ K as follows:

• lwk-nil: if L = K = ·, then L′ = ·, so the result follows trivially from the fact that ⟦·⟧ = L′ is
the initial object

• lwk-skip: we have K = K′, ℓ (𝐴), and therefore

⟦L′ ≤ L⟧; ⟦L ≤ K′, ℓ (𝐴)⟧ = ⟦L′ ≤ L⟧; ⟦L ≤ K′⟧; 𝜄𝑟 = ⟦L′ ≤ K′⟧; 𝜄𝑟 = ⟦L′ ≤ K⟧ (184)

• lwk-cons: we have L = R, ℓ (𝐴) and K = K′, ℓ (𝐴). We proceed by case splitting on L ≤ K′
:

– lwk-skip: we have

⟦L′ ≤ R, ℓ (𝐴)⟧; ⟦R, ℓ (𝐴) ≤ K′, ℓ (𝐴)⟧ = ⟦L′ ≤ R⟧; 𝜄𝑟 ; ⟦R ≤ K′⟧ + ⟦𝐴⟧
= ⟦L′ ≤ R⟧; ⟦R ≤ K′⟧; 𝜄𝑟
= ⟦L′ ≤ K′⟧; 𝜄𝑟
= ⟦L′ ≤ K′, ℓ (𝐴)⟧

(185)
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– lwk-cons: we have that L′ = R′, ℓ (𝐴), and therefore

⟦R′, ℓ (𝐴) ≤ R, ℓ (𝐴)⟧; ⟦R, ℓ (𝐴) ≤ K′, ℓ (𝐴)⟧ = ⟦R′ ≤ R⟧ + ⟦𝐴⟧; ⟦R ≤ K′⟧ + ⟦𝐴⟧
= (⟦R′ ≤ R⟧; ⟦R ≤ K′⟧) + ⟦𝐴⟧
= ⟦R′ ≤ K′⟧ + ⟦𝐴⟧
= ⟦R′, ℓ (𝐴) ≤ K′, ℓ (𝐴)⟧

(186)

We can now show weakening for expressions Δ ⊢𝜖 𝑎 : 𝐴 (c) by induction on the typing derivation

as follows:

• var: we need to show that

⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑥 : 𝐴⟧ = ⟦Γ ≤ Δ⟧;𝜋Δ,𝑥 = ⟦Γ ⊢𝜖 𝑥 : 𝐴⟧ = 𝜋Γ,𝑥 (187)

we proceed by induction on Γ ≤ Δ:
– wk-nil: this case yields a contradiction, since if Δ = · it cannot define 𝑥 .
– wk-cons: given Γ = Γ′, 𝑦 : 𝐵, Δ = Δ′, 𝑦 : 𝐵,

∗ If 𝑥 = 𝑦, then 𝐵 = 𝐴, and

⟦Γ′, 𝑥 : 𝐴 ≤ Δ′, 𝑥 : 𝐴⟧;𝜋 (Δ,𝑥 :𝐴),𝑥 = ⟦Γ′ ≤ Δ′⟧ ⊗ ⟦𝐴⟧;𝜋𝑟 = 𝜋𝑟 = 𝜋 (Γ,𝑥 :𝐴),𝑥 (188)

as desired.

∗ Otherwise, we have by induction that

⟦Γ′, 𝑦 : 𝐵 ≤ Δ′, 𝑦 : 𝐵⟧;𝜋 (Δ′,𝑦:𝐵),𝑥 = ⟦Γ′ ≤ Δ′⟧ ⊗ ⟦𝐵⟧;𝜋𝑙 ;𝜋Δ′,𝑥

= 𝜋𝑙 ; ⟦Γ′ ≤ Δ′⟧;𝜋Δ′,𝑥 = 𝜋𝑙 ;𝜋Γ′,𝑥 = 𝜋Γ,𝑥
(189)

– wk-skip: we have Γ = Γ′, 𝑦 : 𝐵, and hence

⟦Γ′, 𝑦 : 𝐵 ≤ Δ⟧;𝜋Δ,𝑥 = 𝜋𝑙 ; ⟦Γ′ ≤ Δ⟧;𝜋Δ,𝑥 = 𝜋𝑙 ;𝜋Γ′,𝑥 = 𝜋Γ,𝑥 (190)

• let1: we have

⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 let 𝑥 = 𝑎; 𝑏 : 𝐵⟧
= ⟦Γ ≤ Δ⟧; let(⟦Δ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧
= let(⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ ≤ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ≤ Δ, 𝑥 : 𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧
= ⟦Γ ⊢𝜖 let 𝑥 = 𝑎; 𝑏 : 𝐵⟧

(191)

• unit: follows immediately since weakenings are pure and 1 is the terminal object.

• pair: we have

⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 (𝑎, 𝑏) : 𝐴 ⊗ 𝐵⟧
= ⟦Γ ≤ Δ⟧;ΔΔ; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧ ⊗ ⟦Δ ⊢𝜖 𝑏 : 𝐵⟧
= ΔΓ ; (⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧) ⊗ (⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑏 : 𝐵⟧)
= ΔΓ ; ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ ⊗ ⟦Γ ⊢𝜖 𝑏 : 𝐵⟧
= ⟦Γ ⊢𝜖 (𝑎, 𝑏) : 𝐴 ⊗ 𝐵⟧

(192)

, Vol. 1, No. 1, Article . Publication date: March 2024.



3970

3971

3972

3973

3974

3975

3976

3977

3978

3979

3980

3981

3982

3983

3984

3985

3986

3987

3988

3989

3990

3991

3992

3993

3994

3995

3996

3997

3998

3999

4000

4001

4002

4003

4004

4005

4006

4007

4008

4009

4010

4011

4012

4013

4014

4015

4016

4017

4018

82 Jad Ghalayini and Neel Krishnaswami

• let2: we have

⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 let (𝑥,𝑦) = 𝑎; 𝑏 : 𝐵⟧
= ⟦Γ ≤ Δ⟧; let(⟦Δ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐵⟧
= let(⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ ≤ Δ⟧ ⊗ ⟦𝐴⟧ ⊗ ⟦𝐵⟧; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐵⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ≤ Δ, 𝑥 : 𝐴,𝑦 : 𝐵⟧; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐵⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐵⟧
= ⟦Γ ⊢𝜖 let (𝑥,𝑦) = 𝑎; 𝑏 : 𝐵⟧

(193)

• case: we have

⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡} : 𝐵⟧
= ⟦Γ ≤ Δ⟧; let(⟦Δ ⊢𝜖 𝑎 : 𝐴⟧);𝛿−1; [⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑠 : 𝐵⟧, ⟦Δ, 𝑦 : 𝐴 ⊢𝜖 𝑡 : 𝐵⟧]
= let(⟦Γ ≤ Δ⟧; ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧);𝛿−1;

[⟦Γ ≤ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑠 : 𝐶⟧, ⟦Γ ≤ Δ⟧ ⊗ ⟦𝐵⟧; ⟦Δ, 𝑦 : 𝐵 ⊢𝜖 𝑡 : 𝐶⟧]
= let(⟦Δ ⊢𝜖 𝑎 : 𝐴⟧);

[⟦Γ, 𝑥 : 𝐴 ≤ Δ, 𝑥 : 𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑠 : 𝐶⟧, ⟦Γ, 𝑦 : 𝐵 ≤ Δ, 𝑦 : 𝐵⟧; ⟦Δ, 𝑦 : 𝐵 ⊢𝜖 𝑡 : 𝐶⟧]
= let(⟦Δ ⊢𝜖 𝑎 : 𝐴⟧); [⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑠 : 𝐶⟧, ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑡 : 𝐶⟧]

(194)

• op: we have

⟦Γ ≤ Δ⟧; ⟦Γ ⊢𝜖 𝑓 𝑎 : 𝐵⟧ = ⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧; ⟦𝑓 ∈ I𝜖 (𝐴, 𝐵)⟧
= ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧; ⟦𝑓 ∈ I𝜖 (𝐴, 𝐵)⟧
= ⟦Γ ⊢𝜖 𝑓 𝑎 : 𝐵⟧

(195)

• inl, inr: analogous to the op case

Similarly, we can show weakening for regions Δ ⊢ 𝑟 ▷ L (d) by induction on the typing derivation

as follows:

• br: we have that

⟦Γ ≤ Δ⟧; ⟦Δ ⊢ br ℓ 𝑎 ▷ L⟧; ⟦L ≤ K⟧ = ⟦Γ ≤ Δ⟧; ⟦Δ ⊢⊥ 𝑎 : 𝐴⟧; 𝜄L,ℓ ; ⟦L ≤ K⟧
= ⟦Γ ⊢⊥ 𝑎 : 𝐴⟧; 𝜄L,ℓ ; ⟦L ≤ K⟧ (196)

It hence suffices to show that 𝜄L,ℓ ; ⟦L ≤ K⟧ = 𝜄K,ℓ , which we can do by induction on L ≤ K:
– lwk-nil: this case yields a contradiction, since if K = · it cannot define the label ℓ .
– lwk-skip: we have K = K′, 𝜅 (𝐵), and hence

𝜄L′,ℓ ; ⟦L ≤ K′, 𝜅 (𝐵)⟧ = 𝜄L′,ℓ ; ⟦L ≤ K′, 𝜅 (𝐵)⟧; 𝜄𝑙 = 𝜄K′,ℓ ; 𝜄𝑙 = 𝜄K,ℓ (197)

– lwk-cons: we have L = L′, 𝜅 (𝐵) and K = K′, 𝜅 (𝐵) .
∗ If 𝜅 = ℓ , then 𝐵 = 𝐴 and

𝜄 (L′,ℓ (𝐴) ),ℓ ; ⟦L, ℓ (𝐴) ≤ K′, ℓ (𝐴)⟧ = 𝜄𝑟 ; ⟦L′ ≤ K′⟧ + ⟦𝐴⟧ = 𝜄𝑟 = 𝜄K,ℓ (198)

∗ Otherwise, we have by induction that

𝜄 (L′,𝜅 (𝐵) ),ℓ ; ⟦L, 𝜅 (𝐵) ≤ K′, 𝜅 (𝐵)⟧ = 𝜄L′,ℓ ; 𝜄𝑙 ; ⟦L′ ≤ K′⟧ + ⟦𝐵⟧
= 𝜄L′,ℓ ; ⟦L′ ≤ K′⟧; 𝜄𝑙
= 𝜄K′,ℓ ; 𝜄𝑙 = 𝜄K,ℓ

(199)
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• let1-r: we have by induction that

⟦Γ ≤ Δ⟧; ⟦Δ ⊢ let 𝑥 = 𝑎; 𝑟 ▷ L⟧; ⟦L ≤ K⟧
= ⟦Γ ≤ Δ⟧; let(⟦Δ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L⟧; ⟦L ≤ K⟧
= let(⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ ≤ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L⟧; ⟦L ≤ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ≤ Δ, 𝑥 : 𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ L⟧; ⟦L ≤ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢ 𝑟 ▷ K⟧
= ⟦Γ ⊢ let 𝑥 = 𝑎; 𝑟 ▷ K⟧

(200)

• let2-r: we have by induction that

⟦Γ ≤ Δ⟧; ⟦Δ ⊢ let (𝑥,𝑦) = 𝑎; 𝑟 ▷ L⟧; ⟦L ≤ K⟧
= ⟦Γ ≤ Δ⟧; let(⟦Δ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑟 ▷ L⟧; ⟦L ≤ K⟧
= let(⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ ≤ Δ⟧ ⊗ ⟦𝐴⟧ ⊗ ⟦𝐵⟧; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑟 ▷ L⟧; ⟦L ≤ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ≤ Δ, 𝑥 : 𝐴,𝑦 : 𝐵⟧; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑟 ▷ L⟧; ⟦L ≤ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑟 ▷ K⟧

(201)

• case-r: we have by induction that

⟦Γ ≤ Δ⟧; ⟦Δ ⊢ case 𝑎 {𝜄𝑙 𝑥 : 𝑟, 𝜄𝑟 𝑦 : 𝑠} ▷ L⟧; ⟦L ≤ K⟧
= ⟦Γ ≤ Δ⟧; let(⟦Δ ⊢𝜖 𝑎 : 𝐴⟧);𝛿−1;

[⟦Δ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧, ⟦Δ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧]; ⟦L ≤ K⟧
= let(⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧);𝛿−1; [

⟦Γ ≤ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧; ⟦L ≤ K⟧,
⟦Γ ≤ Δ⟧ ⊗ ⟦𝐵⟧; ⟦Δ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧; ⟦L ≤ K⟧]

= let(⟦Γ ≤ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧);𝛿−1; [
⟦Γ, 𝑥 : 𝐴 ≤ Δ, 𝑥 : 𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧; ⟦L ≤ K⟧,
⟦Γ, 𝑦 : 𝐵 ≤ Δ, 𝑦 : 𝐵⟧; ⟦Δ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧; ⟦L ≤ K⟧]

= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧);𝛿−1; [⟦Γ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ K⟧, ⟦Γ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ K⟧]
= ⟦Γ ⊢ case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡} ▷ K⟧

(202)

• cfg: Let 𝐿 = lsemΔ,L ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) and R = (ℓ𝑖 (𝐴𝑖 ), )𝑖 . We have by induction that

⟦Γ ≤ Δ⟧;𝐿; ⟦L ≤ K⟧ + Σ𝑖⟦𝐴𝑖⟧
= ⟦Γ ≤ Δ⟧;𝛿−1Σ ; [(⟦Δ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧, )𝑖 ];𝛼+

⟦L⟧+Σ𝑖⟦𝐴𝑖⟧; ⟦L ≤ K⟧ + Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [⟦Γ ≤ Δ⟧ ⊗ ⟦𝐴𝑖⟧; (⟦Δ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧;𝛼⟦L⟧+⟦R⟧; ⟦L ≤ K⟧ + ⟦R⟧, )𝑖 ];𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ≤ Δ, 𝑥𝑖 : 𝐴𝑖⟧; ⟦Δ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧; ⟦L,R ≤ K,R⟧, )𝑖 ];𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ K,R⟧, )𝑖 ];𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= lsemΓ,K((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 )

(203)
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It follows that

⟦Γ ≤ Δ⟧; ⟦Δ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧; ⟦L ≤ K⟧
= ⟦Γ ≤ Δ⟧; let(⟦Δ ⊢ 𝑟 ▷ L,R⟧); ⟦Δ⟧ ⊗ 𝛼+

⟦𝐿⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿
−1
; [𝜋𝑟 , rfix(𝐿)]; ⟦L ≤ K⟧

= let(⟦Γ ≤ Δ⟧; ⟦Δ ⊢ 𝑟 ▷ L,R⟧;𝛼+
⟦𝐿⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿

−1
; [𝜋𝑟 , ⟦Γ ≤ Δ⟧; rfix(𝐿)]; ⟦L ≤ K⟧

= let(⟦Γ ⊢ 𝑟 ▷ L,R⟧;𝛼+
⟦𝐿⟧+Σ𝑖⟦𝐴𝑖⟧); [𝜋𝑟 ; ⟦L ≤ K⟧, rfix(lsemΓ,K((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))]

= let(⟦Γ ⊢ 𝑟 ▷ L,R⟧;𝛼⟦L⟧+Σ𝑖⟦𝐴𝑖⟧; ⟦L ≤ K⟧ + Σ𝑖⟦𝐴𝑖⟧); [𝜋𝑟 , rfix(lsemΓ,K((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))]
= let(⟦Γ ⊢ 𝑟 ▷ L,R⟧;𝛼⟦L⟧+Σ𝑖⟦𝐴𝑖⟧; ⟦L ≤ K⟧ + Σ𝑖⟦𝐴𝑖⟧); [𝜋𝑟 , rfix(lsemΓ,K((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))]
= let(⟦Γ ⊢ 𝑟 ▷ L,R⟧; ⟦L,R ≤ K,R⟧;𝛼⟦K⟧+Σ𝑖⟦𝐴𝑖⟧); [𝜋𝑟 , rfix(lsemΓ,K ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))]
= let(⟦Γ ⊢ 𝑟 ▷ K,R⟧;𝛼⟦K⟧+Σ𝑖⟦𝐴𝑖⟧); [𝜋𝑟 , rfix(lsemΓ,K ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ))]
= ⟦Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ K⟧

(204)

Weakening for substitutions (e) and label substitututions (f) then follow by a trivial induction. □

Lemma C.3 (Substitution Projection). For 𝛾 : Γ ↦→ Δ, eff(Δ) = ⊥ and Δ(𝑥) = 𝐴, we have

⟦𝛾 : Γ ↦→ Δ⟧;𝜋Δ,𝑥 = ⟦Γ ⊢𝜖 [𝛾]𝑥 : 𝐴⟧ (205)

Proof. We proceed by induction on Δ:

• If Δ = ·, then Δ(𝑥) = 𝐴 is a contradiction.

• If Δ = Δ′, 𝑥 : 𝐴, then 𝛾 = 𝛾 ′, 𝑥 ↦→ [𝛾]𝑥 , so we have

⟦𝛾 : Γ ↦→ Δ⟧;𝜋Δ,𝑥 = Δ⟦Γ⟧; ⟦𝛾 ′ : Γ ↦→ Δ′⟧ ⊗ ⟦Γ ⊢⊥ [𝛾]𝑥 : 𝐴⟧;𝜋𝑟 = ⟦Γ ⊢𝜖 [𝛾]𝑥 : 𝐴⟧ (206)

as desired.

• If Δ = Δ′, 𝑦 : 𝐵 (with 𝑦 ≠ 𝑥), then 𝛾 = 𝛾 ′, 𝑦 ↦→ [𝛾]𝑦, so by induction we have

⟦𝛾 : Γ ↦→ Δ⟧;𝜋Δ,𝑥 = Δ⟦Γ⟧; ⟦𝛾 ′ : Γ ↦→ Δ′⟧ ⊗ ⟦Γ ⊢⊥ [𝛾]𝑦 : 𝐵⟧;𝜋𝑙 ;𝜋Δ′,𝑥

= ⟦𝛾 ′ : Γ ↦→ Δ′⟧;𝜋Δ′,𝑥 = ⟦Γ ⊢𝜖 [𝛾 ′]𝑥 : 𝐴⟧ = ⟦Γ ⊢𝜖 [𝛾]𝑥 : 𝐴⟧ (207)

□

Theorem 5.9 (Soundness (Substitution)). Given ⟦𝛾 : Γ ↦→ Δ⟧ : ⟦Γ⟧ → ⟦Δ⟧ pure, we have that
(a) ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧
(b) ⟦Γ ⊢ [𝛾]𝑟 ▷ L⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢ 𝑟 ▷ L⟧
(c) ⟦[𝛾]𝜌 : Δ ↦→ Ξ⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦𝜌 : Δ ↦→ Ξ⟧
(d) ⟦Γ ⊢ [𝛾]𝜎 : L ⇝ K⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢ 𝜎 : L ⇝ K⟧

Proof. Fix 𝛾 : Γ ↦→ Δ with eff(Δ) = ⊥. We will begin by showing the soundness of substitution

for expressions (a): we proceed by induction on the derivation Δ ⊢𝜖 𝑒 : 𝐸:
• If 𝑒 = 𝑥 is a variable, then by Lemma C.3, we have

⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢𝜖 𝑥 : 𝐴⟧ = ⟦𝛾 : Γ ↦→ Δ⟧;𝜋Δ,𝑥 = ⟦Γ ⊢𝜖 [𝛾]𝑥 : 𝐴⟧ (208)

as desired.

• If 𝑒 = 𝑓 𝑎 is an operation, then by induction we have that

⟦𝛾 : Γ ↦→ Δ⟧; ⟦Γ ⊢𝜖 𝑓 𝑎 : 𝐵⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧; ⟦𝑓 ∈ I𝐵 (𝜖,𝐴)⟧
= ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴⟧; ⟦𝑓 ∈ I𝐵 (𝜖,𝐴)⟧ = ⟦Γ ⊢𝜖 [𝛾] (𝑓 𝑎) : 𝐵⟧ (209)

as desired. The cases for left injections, right injections, and abort are analogous
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• If 𝑒 = (let 𝑥 = 𝑎; 𝑏) is a unary let-binding, then by induction we have that

⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧
= ⟦(𝛾, 𝑥 ↦→ 𝑥) : (Γ, 𝑥 : 𝐴) ↦→ (Δ, 𝑥 : 𝐴)⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧
= ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 [𝛾, 𝑥 ↦→ 𝑥]𝑏 : 𝐵⟧ = ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 [𝛾]𝑏 : 𝐵⟧

(210)

as we can assume that 𝑥 is a fresh variable. Hence, it follows that

⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢𝜖 let 𝑥 = 𝑎; 𝑏 : 𝐵⟧
= ⟦𝛾 : Γ ↦→ Δ⟧;Δ⟦Δ⟧; ⟦Δ⟧ ⊗ ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴⟧; ⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴⟧; ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 [𝛾]𝑏 : 𝐵⟧
= ⟦Γ ⊢𝜖 [𝛾] (let 𝑥 = 𝑎; 𝑏) : 𝐵⟧

(211)

as desired.

• If 𝑒 = (𝑎, 𝑏) is a pair, then by induction we have that

⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢𝜖 (𝑎, 𝑏) : 𝐴 × 𝐵⟧
= ⟦𝛾 : Γ ↦→ Δ⟧;Δ⟦Δ⟧; ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧ ⋉ ⟦Δ ⊢𝜖 𝑏 : 𝐵⟧
= Δ⟦Γ⟧; (⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧) ⋉ (⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦Δ ⊢𝜖 𝑏 : 𝐵⟧)
= Δ⟦Γ⟧; ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴⟧ ⋉ ⟦Γ ⊢𝜖 [𝛾]𝑏 : 𝐵⟧ = ⟦Γ ⊢𝜖 [𝛾] (𝑎, 𝑏) : 𝐴 × 𝐵⟧

(212)

• If 𝑒 = (let (𝑥,𝑦) = 𝑎; 𝑏) is a binary let-binding, then by induction we have that

⟦𝛾 : Γ ↦→ Δ⟧ ⊗ (⟦𝐴⟧ ⊗ ⟦𝐵⟧);𝛼 ; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧
= 𝛼 ; ⟦(𝛾, 𝑥 ↦→ 𝑥,𝑦 ↦→ 𝑦) : (Γ, 𝑥 : 𝐴,𝑦 : 𝐵) ↦→ (Δ, 𝑥 : 𝐴,𝑦 : 𝐵)⟧; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧
= ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 [𝛾, 𝑥 ↦→ 𝑥,𝑦 ↦→ 𝑦]𝑏 : 𝐶⟧ = ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 [𝛾]𝑏 : 𝐶⟧

(213)

as we can assume that 𝑥,𝑦 are fresh variables. Hence, it follows that

⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢𝜖 let (𝑥,𝑦) = 𝑎; 𝑏 : 𝐶⟧
= ⟦𝛾 : Γ ↦→ Δ⟧;Δ⟦Δ⟧; ⟦Δ⟧ ⊗ ⟦Δ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧;𝛼 ; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴 ⊗ 𝐵⟧; ⟦𝛾 : Γ ↦→ Δ⟧ ⊗ (⟦𝐴⟧ ⊗ ⟦𝐵⟧);𝛼 ; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴 ⊗ 𝐵⟧; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 [𝛾]𝑏 : 𝐶⟧
= ⟦Γ ⊢𝜖 [𝛾] (let (𝑥,𝑦) = 𝑎; 𝑏) : 𝐶⟧

(214)

as desired.

• If 𝑒 = case 𝑎 {𝜄𝑙 𝑥 : 𝑏, 𝜄𝑟 𝑦 : 𝑐} is a case-expression, then by induction we have that

⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐶⟧
= ⟦(𝛾, 𝑥 ↦→ 𝑥) : (Γ, 𝑥 : 𝐴) ↦→ (Δ, 𝑥 : 𝐴)⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐶⟧
= ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 [𝛾, 𝑥 ↦→ 𝑥]𝑏 : 𝐶⟧ = ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 [𝛾]𝑏 : 𝐶⟧

(215)

and

⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐵⟧; ⟦Δ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= ⟦(𝛾,𝑦 ↦→ 𝑦) : (Γ, 𝑦 : 𝐵) ↦→ (Δ, 𝑦 : 𝐵)⟧; ⟦Δ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 [𝛾, 𝑥 ↦→ 𝑥]𝑐 : 𝐶⟧ = ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 [𝛾]𝑐 : 𝐶⟧

(216)
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as we can assume that 𝑥,𝑦 are fresh variables. Hence, it follows that

⟦𝛾 : Γ ↦→ Δ⟧;Δ⟦Δ⟧; ⟦Δ⟧ ⊗ ⟦Δ ⊢𝜖 𝑎 : 𝐴 + 𝐵⟧;𝛿−1⟦Δ⟧; [⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐶⟧, ⟦Δ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧]

= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴 + 𝐵⟧;𝛿−1⟦Γ⟧;

[⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐶⟧, ⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐵⟧; ⟦Δ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧]
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴 + 𝐵⟧;𝛿−1⟦Γ⟧; [⟦Γ, 𝑥 : 𝐴 ⊢𝜖 [𝛾]𝑏 : 𝐶⟧, ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 [𝛾]𝑐 : 𝐶⟧]
= ⟦Γ ⊢𝜖 [𝛾] (case 𝑎 {𝜄𝑙 𝑥 : 𝑏, 𝜄𝑟 𝑦 : 𝑐}) : 𝐶⟧

(217)

as desired.

• If 𝑒 = () is the null expression, since ⟦𝛾 : Γ ↦→ Δ⟧ is pure, the desired result holds trivially since

1 is the terminal object in the category of pure morphisms.

We may now prove the soundness of substitution for regions as follows: assuming Γ ⊢ 𝑟 ▷ L, we
proceed by induction on 𝑟 as follows:

• If 𝑟 = br ℓ 𝑎, then we have that

⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢ br ℓ 𝐴 ▷ L⟧ = ⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢⊥ 𝑎 : 𝐴⟧; 𝜄L,ℓ
= ⟦Γ ⊢⊥ [𝛾]𝑎 : 𝐴⟧; 𝜄L,ℓ = ⟦Γ ⊢ [𝛾] (br ℓ 𝑎) ▷ L⟧ (218)

• If 𝑟 = (let 𝑥 = 𝑎; 𝑡), then we have that, by induction,

⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L⟧
= ⟦(𝛾, 𝑥 ↦→ 𝑥) : (Γ, 𝑥 : 𝐴) ↦→ (Δ, 𝑥 : 𝐴)⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L⟧
= ⟦Γ, 𝑥 : 𝐴 ⊢ [𝛾, 𝑥 ↦→ 𝑥]𝑡 ▷ L⟧ = ⟦Γ, 𝑥 : 𝐴 ⊢ [𝛾]𝑡 ▷ L⟧

(219)

since 𝑥 can be taken to be a free variable. Hence,

⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢ let 𝑥 = 𝑎; 𝑡 ▷ L⟧
= ⟦𝛾 : Γ ↦→ Δ⟧;Δ⟦Δ⟧; ⟦Δ⟧ ⊗ ⟦Δ ⊢𝜖 𝑎 : 𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴⟧; ⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴⟧; ⟦Γ, 𝑥 : 𝐴 ⊢ [𝛾]𝑡 ▷ L⟧
= ⟦Γ ⊢ [𝛾] (let 𝑥 = 𝑎; 𝑡) ▷ L⟧

(220)

• If 𝑟 = (let (𝑥,𝑦) = 𝑎; 𝑡), then we have that, by induction,

⟦𝛾 : Γ ↦→ Δ⟧ ⊗ (⟦𝐴⟧ ⊗ ⟦𝐵⟧);𝛼 ; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧
= 𝛼 ; ⟦(𝛾, 𝑥 ↦→ 𝑥,𝑦 ↦→ 𝑦) : (Γ, 𝑥 : 𝐴,𝑦 : 𝐵) ↦→ (Δ, 𝑥 : 𝐴,𝑦 : 𝐵)⟧; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧
= ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ [𝛾, 𝑥 ↦→ 𝑥,𝑦 ↦→ 𝑦]𝑡 ▷ L⟧ = ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ [𝛾]𝑡 ▷ L⟧

(221)

since 𝑥,𝑦 can be taken to be free variables. Hence,

⟦𝛾 : Γ ↦→ Δ⟧; ⟦Δ ⊢ let (𝑥,𝑦) = 𝑎; 𝑡 ▷ L⟧
= ⟦𝛾 : Γ ↦→ Δ⟧;Δ⟦Δ⟧; ⟦Δ⟧ ⊗ ⟦Δ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧;𝛼 ; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴 ⊗ 𝐵⟧; ⟦𝛾 : Γ ↦→ Δ⟧ ⊗ (⟦𝐴⟧ ⊗ ⟦𝐵⟧);𝛼 ; ⟦Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴 ⊗ 𝐵⟧; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ [𝛾]𝑡 ▷ L⟧
= ⟦Γ ⊢ [𝛾] (let (𝑥,𝑦) = 𝑎; 𝑡) ▷ L⟧

(222)
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• If 𝑟 = case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}, then we have that, by induction

⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧
= ⟦(𝛾, 𝑥 ↦→ 𝑥) : (Γ, 𝑥 : 𝐴) ↦→ (Δ, 𝑥 : 𝐴)⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧
= ⟦Γ, 𝑥 : 𝐴 ⊢ [𝛾, 𝑥 ↦→ 𝑥]𝑠 ▷ L⟧ = ⟦Γ, 𝑥 : 𝐴 ⊢ [𝛾]𝑠 ▷ L⟧

(223)

and

⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐵⟧; ⟦Δ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧
= ⟦(𝛾,𝑦 ↦→ 𝑦) : (Γ, 𝑦 : 𝐵) ↦→ (Δ, 𝑦 : 𝐵)⟧; ⟦Δ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧
= ⟦Γ, 𝑦 : 𝐵 ⊢ [𝛾,𝑦 ↦→ 𝑦]𝑡 ▷ L⟧ = ⟦Γ, 𝑦 : 𝐵 ⊢ [𝛾]𝑡 ▷ L⟧

(224)

since 𝑥,𝑦 can be taken to be free variables. Hence,

⟦𝛾 : Γ ↦→ Δ⟧;Δ⟦Δ⟧; ⟦Δ⟧ ⊗ ⟦Δ ⊢𝜖 𝑎 : 𝐴 + 𝐵⟧;𝛿−1⟦Δ⟧; [⟦Δ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧, ⟦Δ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧]

= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴 + 𝐵⟧;𝛿−1⟦Γ⟧;

[⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐴⟧; ⟦Δ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧, ⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐵⟧; ⟦Δ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧]
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 [𝛾]𝑎 : 𝐴 + 𝐵⟧;𝛿−1⟦Γ⟧; [⟦Γ, 𝑥 : 𝐴 ⊢ [𝛾]𝑠 ▷ L⟧, ⟦Γ, 𝑦 : 𝐵 ⊢ [𝛾]𝑡 ▷ L⟧]
= ⟦Γ ⊢ [𝛾] (case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}) ▷ L⟧

(225)

as desired.

• Assume 𝑟 = 𝑠 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 . Define R = (ℓ𝑖 (𝐴𝑖 ), )𝑖 and 𝑆 = ⟦𝛾 : Γ ↦→ Δ⟧. We have by

induction that, for all 𝑖 ,

⟦𝛾 : Γ ↦→ Δ⟧ ⊗ ⟦𝐴𝑖⟧; ⟦Δ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧
= ⟦(𝛾, 𝑥𝑖 ↦→ 𝑥𝑖 ) : (Γ, 𝑥𝑖 : 𝐴𝑖 ) ↦→ (Δ, 𝑥𝑖 : 𝐴𝑖 )⟧; ⟦Δ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧
= ⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ [𝛾, 𝑥𝑖 ↦→ 𝑥𝑖 ]𝑡𝑖 ▷ L,R⟧ = ⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ [𝛾]𝑡𝑖 ▷ L,R⟧

(226)

and therefore that

𝑆 ⊗ Σ𝑖⟦𝐴𝑖⟧; lsemΔ,L ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 )
= 𝑆 ⊗ Σ𝑖⟦𝐴𝑖⟧;𝛿−1Σ ; [⟦Δ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧, ]𝑖 ;𝛼+

⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [𝑆 ⊗ ⟦𝐴𝑖⟧; ⟦Δ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧, ]𝑖 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ [𝛾]𝑡𝑖 ▷ L,R⟧, ]𝑖 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= lsemΓ,L ((ℓ𝑖 (𝑥𝑖 ) : {[𝛾]𝑡𝑖 }, )𝑖 )

(227)

It follows that

𝑆 ; ⟦Δ ⊢ 𝑠 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧
= 𝑆 ; let(⟦Δ ⊢ 𝑠 ▷ L,R⟧;𝛼+

⟦L⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿
−1
; [𝜋𝑟 , lsemΔ,L((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 )]

= let(𝑆 ; ⟦Δ ⊢ 𝑠 ▷ L,R⟧;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧); 𝑆 ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛿−1; [𝜋𝑟 , lsemΔ,L ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 )]

= let(⟦Γ ⊢ [𝛾]𝑠 ▷ L,R⟧;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿

−1
; [𝜋𝑟 , 𝑆 ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧); lsemΔ,L ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 )]

= let(⟦Γ ⊢ [𝛾]𝑠 ▷ L,R⟧;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿

−1
; [𝜋𝑟 , lsemΓ,L ((ℓ𝑖 (𝑥𝑖 ) : {[𝛾]𝑡𝑖 }, )𝑖 )]

= ⟦Γ ⊢ [𝛾]𝑠 where (ℓ𝑖 (𝑥𝑖 ) : {[𝛾]𝑡𝑖 }, )𝑖 ▷ L⟧
(228)

as desired.

Composition of substitutions then follows by a trivial induction, as does substitution for label

substitutions. □
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C.5 Label Substitution
Lemma C.4 (Label Substitution Injection). For Γ ⊢ 𝜎 : L ⇝ K and L(ℓ) = 𝐴, we have

⟦Γ⟧ ⊗ 𝜄L,ℓ ; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ = ⟦Γ, 𝑥 : 𝐴 ⊢ [𝛾] (br ℓ 𝑥) ▷ K⟧ (229)

Proof. We proceed by induction on L:
• If L = ·, then L(ℓ) = 𝐴 is a contradiction

• If L = L′, ℓ (𝐴), then 𝜎 = 𝜎 ′, ℓ (𝑥) ↦→ [𝜎] (br ℓ 𝑥), so we have

⟦Γ⟧ ⊗ 𝜄L,ℓ ; ⟦Γ ⊢ 𝜎 : L, ℓ (𝐴) ⇝ K⟧
= ⟦Γ⟧ ⊗ 𝜄𝑟 ;𝛿

−1
; [⟦Γ ⊢ 𝜎 ′

: L ⇝ K⟧, ⟦Γ, 𝑥 : 𝐴 ⊢ [𝜎] (br ℓ 𝑥) ▷ K⟧]
= ⟦Γ, 𝑥 : 𝐴 ⊢ [𝜎] (br ℓ 𝑥) ▷ K⟧

(230)

• If L = L′, 𝜅 (𝐴), then 𝜎 = 𝜎 ′, 𝜅 (𝑥) ↦→ [𝜎] (br 𝜅 𝑥), so by induction we have

⟦Γ⟧ ⊗ 𝜄L,ℓ ; ⟦Γ ⊢ 𝜎 : L, ℓ (𝐴) ⇝ K⟧
= ⟦Γ⟧ ⊗ (𝜄L′,ℓ ; 𝜄𝑙 );𝛿−1; [⟦Γ ⊢ 𝜎 ′

: L ⇝ K⟧, ⟦Γ, 𝑥 : 𝐵 ⊢ [𝜎] (br 𝜅 𝑥) ▷ K⟧]
= ⟦Γ⟧ ⊗ 𝜄L′,ℓ ; ⟦Γ ⊢ 𝜎 ′

: L ⇝ K⟧
= ⟦Γ, 𝑥 : 𝐴 ⊢ [𝜎 ′] (br ℓ 𝑥) ▷ K⟧
= ⟦Γ, 𝑥 : 𝐴 ⊢ [𝜎] (br ℓ 𝑥) ▷ K⟧

(231)

□

Lemma C.5 (Label Substitution Splitting). For Γ ⊢ 𝜎 : L ⇝ K, where L = (ℓ𝑖 (𝐴𝑖 ), )𝑖 , we have
⟦Γ ⊢ 𝜎 : L ⇝ K⟧ = ⟦Γ⟧ ⊗ 𝛼Σ𝑖⟦𝐴𝑖⟧;𝛿

−1
Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ K⟧, ]𝑖 (232)

and therefore
𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ K⟧, ]𝑖 = 𝛼⟦L⟧; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ (233)

In particular, we have that, given ∀𝑖, Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ K,

⟦Γ ⊢ (ℓ𝑖 (𝑥𝑖 ) : {𝐴𝑖 }, )𝑖 ) : L ⇝ K⟧ = ⟦Γ⟧ ⊗ 𝛼Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ K⟧, ]𝑖 (234)

Lemma C.6 (Label Substitution Extension). Given 𝜎 = 𝜎𝑙 , 𝜎𝑟 , Γ ⊢ 𝜎 : L,R ⇝ L′,R′, Γ ⊢ 𝜎𝑙 :
L ⇝ L′, Γ ⊢ 𝜎𝑟 : R ⇝ R′, we have

⟦Γ ⊢ 𝜎 : L,R ⇝ L′,R′⟧ = ⟦Γ⟧ ⊗ 𝛼⟦L⟧+⟦R⟧; ⟦Γ ⊢ 𝜎𝑙 : L ⇝ L′⟧ + ⟦Γ ⊢ 𝜎𝑟 : R ⇝ R′⟧;𝛼⟦L′,R′⟧ (235)

In particular, for Γ ⊢ 𝜎 : L ⇝ K, we have

⟦Γ ⊢ 𝜎↿
: R, L ⇝ R,K⟧ = ⟦Γ⟧ ⊗ 𝛼+

⟦R⟧+⟦L⟧;𝛿
−1
;𝜋𝑟 + ⟦Γ ⊢ 𝜎 : L ⇝ K⟧;𝛼+

⟦R,K⟧ (236)

⟦Γ ⊢ 𝜎↾
: L,R ⇝ K,R⟧ = ⟦Γ⟧ ⊗ 𝛼+

⟦L⟧+⟦R⟧;𝛿
−1
; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ + 𝜋𝑟 ;𝛼

+
⟦K,R⟧ (237)

since
Γ ⊢ id : R ⇝ R = 𝜋𝑟 (238)

Theorem 5.11 (Soundness (Label Substitution)). Given Γ ⊢ 𝜎 : L ⇝ K, we have
(a) ⟦Γ ⊢ [𝜎]𝑟 ▷ K⟧ = let(⟦Γ ⊢ 𝑟 ▷ L⟧); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧
(b) ⟦Γ ⊢ [𝜎]𝜎 ′

: M ⇝ K⟧ = Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ; ⟦Γ⟧ ⊗ ⟦Γ ⊢ 𝜎 ′
: M ⇝ L⟧; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧

Proof. Fix Γ ⊢ 𝜎 : L ⇝ K. We begin by proving the soundness of label substitution for regions

as follows: assuming Γ ⊢ 𝑟 ▷ L, we proceed by induction on 𝑟 as follows:
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• If 𝑟 = br ℓ 𝑎, then by Lemma C.4 we have that

⟦Γ ⊢ [𝜎] (br ℓ 𝑎) ▷ K⟧ = ⟦Γ ⊢ [𝑎/𝑥] [𝜎] (br ℓ 𝑥) ▷ K⟧
= let(⟦Γ ⊢⊥ 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢ [𝜎] (br ℓ 𝑥) ▷ K⟧
= let(⟦Γ ⊢⊥ 𝑎 : 𝐴⟧); ⟦Γ⟧ ⊗ 𝜄L,ℓ ; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧
= let(⟦Γ ⊢⊥ 𝑎 : 𝐴⟧; 𝜄L,ℓ ); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧
= let(⟦Γ ⊢ br ℓ 𝑎 ▷ L⟧); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧

(239)

as desired.

• If 𝑟 = (let 𝑥 = 𝑎; 𝑡), then we have by induction that

⟦Γ ⊢ [𝜎] (let 𝑥 = 𝑎; 𝑡) ▷ K⟧ = ⟦Γ ⊢ let 𝑥 = 𝑎; [𝜎]𝑡 ▷ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢ [𝜎]𝑡 ▷ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); let(⟦Γ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L⟧); ⟦Γ, 𝑥 : 𝐴 ⊢ 𝜎 : L ⇝ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); let(⟦Γ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L⟧);𝜋𝑙 ⊗ ⟦L⟧; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧
= let(let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢ 𝑡 ▷ L⟧); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧
= let(⟦Γ ⊢ let 𝑥 = 𝑎; 𝑡 ▷ L⟧); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧

(240)

as desired.

• If 𝑟 = (let (𝑥,𝑦) = 𝑎; 𝑡), then we have by induction that

⟦Γ ⊢ [𝜎] (let (𝑥,𝑦) = 𝑎; 𝑡) ▷ K⟧ = ⟦Γ ⊢ let (𝑥,𝑦) = 𝑎; [𝜎]𝑡 ▷ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ [𝜎]𝑡 ▷ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; let(⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧); ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝜎 : L ⇝ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; let(⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧); (𝜋𝑙 ;𝜋𝑙 ) ⊗ ⟦L⟧; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧
= let(let(⟦Γ ⊢𝜖 𝑎 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧
= let(⟦Γ ⊢ let (𝑥,𝑦) = 𝑎; 𝑡 ▷ L⟧); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧

(241)

as desired, since

• If 𝑟 = case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}, then we have by induction that

⟦Γ ⊢ [𝜎] (case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡}) ▷ K⟧ = ⟦Γ ⊢ case 𝑎 {𝜄𝑙 𝑥 : [𝜎]𝑠, 𝜄𝑟 𝑦 : [𝜎]𝑡} ▷ K⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 + 𝐵⟧);𝛿−1; [⟦Γ, 𝑥 : 𝐴 ⊢ [𝜎]𝑠 ▷ K⟧, ⟦Γ, 𝑦 : 𝐵 ⊢ [𝜎]𝑡 ▷ K⟧]
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 + 𝐵⟧);𝛿−1; [

let(⟦Γ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧); ⟦Γ, 𝑥 : 𝐴 ⊢ 𝜎 : L ⇝ K⟧,
let(⟦Γ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧); ⟦Γ, 𝑦 : 𝐵 ⊢ 𝜎 : L ⇝ K⟧]

= let(⟦Γ ⊢𝜖 𝑎 : 𝐴 + 𝐵⟧);𝛿−1;
[let(⟦Γ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧);𝜋𝑙 ⊗ ⟦L⟧, let(⟦Γ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧);𝜋𝑙 ⊗ ⟦L⟧]; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧

= let(let(⟦Γ ⊢𝜖 𝑎 : 𝐴 + 𝐵⟧);𝛿−1; [⟦Γ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L⟧, ⟦Γ, 𝑦 : 𝐵 ⊢ 𝑡 ▷ L⟧]); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧
= let(⟦Γ ⊢ case 𝑎 {𝜄𝑙 𝑥 : 𝑠, 𝜄𝑟 𝑦 : 𝑡} ▷ L⟧); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧

(242)

as desired.
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• If 𝑟 = 𝑠 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 , then we have by induction, taking R = (ℓ𝑖 (𝐴𝑖 ), )𝑖 ,

esemΓ,K( [𝜎↾]𝑠) = ⟦Γ ⊢ [𝜎↾]𝑠 ▷ K,R⟧;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= let(⟦Γ ⊢ 𝑠 ▷ L,R⟧); ⟦Γ ⊢ 𝜎↾
: L,R ⇝ K,R⟧;𝛼+

⟦K⟧+Σ𝑖⟦𝐴𝑖⟧

= let(⟦Γ ⊢ 𝑠 ▷ L,R⟧); ⟦Γ⟧ ⊗ 𝛼+
⟦L⟧+⟦R⟧;𝛿

−1
; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ + 𝜋𝑟 ;𝛼

+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= let(⟦Γ ⊢ 𝑠 ▷ L,R⟧); ⟦Γ⟧ ⊗ 𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧;𝛿

−1
; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ + 𝜋𝑟

= let(esemΓ,L (𝑠));𝛿−1; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ + 𝜋𝑟

(243)

and

lsemΓ,K((ℓ𝑖 (𝑥𝑖 ) : {[𝜎↾]𝑡𝑖 }, )𝑖 ) = 𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ [𝜎↾]𝑡𝑖 ▷ K,R⟧]𝑖 ;𝛼+
⟦K⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [let(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧); ⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎↾
: L,R ⇝ K,R⟧]𝑖 ;𝛼+

⟦K⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [let(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧);𝜋𝑙 ⊗ ⟦L,R⟧]𝑖 ; ⟦Γ ⊢ 𝜎↾
: L,R ⇝ K,R⟧;𝛼+

⟦K⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [let(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧);𝜋𝑙 ⊗ 𝛼+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧]𝑖 ;𝛿

−1
; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ + 𝜋𝑟

= let(𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧;𝛼+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧, ]𝑖 );𝜋𝑙 ⊗ −;𝛿−1; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ + 𝜋𝑟

= let(𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧, ]𝑖 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧);𝜋𝑙 ⊗ −;𝛿−1; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ + 𝜋𝑟

= let(lsemΓ,L ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ));𝜋𝑙 ⊗ −;𝛿−1; ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ + 𝜋𝑟

(244)

Letting 𝐿 = lsemΓ,L ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) and 𝑆 = ⟦Γ ⊢ 𝜎 : L ⇝ K⟧, we have that

rcase(lsemΓ,K ((ℓ𝑖 (𝑥𝑖 ) : {[𝜎↾]𝑡𝑖 }, )𝑖 ))
= let(let(𝐿);𝜋𝑙 ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛿−1; 𝑆 + 𝜋𝑟 );𝜋𝑙 ⊗ (⟦K⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛿−1

= let(let(𝐿)); (⟦Γ⟧ ⊗ Σ𝑖⟦𝐴𝑖⟧) ⊗ (𝜋𝑙 ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛿−1; 𝑆 + 𝜋𝑟 );𝜋𝑙 ⊗ (⟦K⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛿−1

= let(𝐿);Δ⟦Γ⟧⊗Σ𝑖⟦𝐴𝑖⟧ ⊗ −;𝛼 ; (⟦Γ⟧ ⊗ Σ𝑖⟦𝐴𝑖⟧) ⊗ (𝜋𝑙 ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛿−1; 𝑆 + 𝜋𝑟 );𝜋𝑙 ⊗ −;𝛿−1

= let(𝐿); (𝜋𝑙 ;Δ⟦Γ⟧) ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛼 ; ⟦Γ⟧ ⊗ (𝛿−1; 𝑆 + 𝜋𝑟 );𝛿−1

= let(𝐿); (𝜋𝑙 ;Δ⟦Γ⟧) ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛼 ; ⟦Γ⟧ ⊗ 𝛿−1;𝛿−1; (⟦Γ⟧ ⊗ ⟦Γ⟧) ⊗ 𝑆 + (⟦Γ⟧ ⊗ ⟦Γ⟧) ⊗ 𝜋𝑟

= let(𝐿);𝜋𝑙 ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛿−1; (Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ; ⟦Γ⟧ ⊗ 𝑆) + (Δ⟦Γ⟧ ⊗ Σ𝑖⟦𝐴𝑖⟧;𝛼 ; ⟦Γ⟧ ⊗ 𝜋𝑟 )
= rcase(𝐿);Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ; ⟦Γ⟧ ⊗ 𝑆 + ⟦Γ⟧ ⊗ Σ𝑖⟦𝐴𝑖⟧

(245)

implying by naturality that

rfix(lsemΓ,K ((ℓ𝑖 (𝑥𝑖 ) : {[𝜎↾]𝑡𝑖 }, )𝑖 )) = (rcase(𝐿);Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ; ⟦Γ⟧ ⊗ 𝑆 + ⟦Γ⟧ ⊗ Σ𝑖⟦𝐴𝑖⟧)†;𝜋𝑟
= (rcase(𝐿))†;Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ; ⟦Γ⟧ ⊗ 𝑆 ;𝜋𝑟

= (rcase(𝐿))†; 𝑆
(246)
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Hence, we have that

⟦Γ ⊢ [𝜎] (𝑠 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) ▷ K⟧ = ⟦Γ ⊢ [𝜎↾]𝑠 where (ℓ𝑖 (𝑥𝑖 ) : {[𝜎↾]𝑡𝑖 }, )𝑖 ▷ K⟧
= let(esemΓ,K ( [𝜎↾]𝑠));𝛿−1; [𝜋𝑟 , rfix(lsemΓ,K((ℓ𝑖 (𝑥𝑖 ) : {[𝜎↾]𝑡𝑖 }, )𝑖 ))]
= let(let(esemΓ,L (𝑠));𝛿−1; 𝑆 + 𝜋𝑟 );𝛿−1; [𝜋𝑟 , (rcase(𝐿))†; 𝑆]
= let(let(esemΓ,L (𝑠))); ⟦Γ⟧ ⊗ (𝛿−1; 𝑆 + 𝜋𝑟 );𝛿−1; [𝜋𝑟 , (rcase(𝐿))†; 𝑆]
= let(let(esemΓ,L (𝑠))); ⟦Γ⟧ ⊗ 𝛿−1;𝛿−1; [⟦Γ⟧ ⊗ 𝑆 ;𝜋𝑟 , ⟦Γ⟧ ⊗ 𝜋𝑟 ; (rcase(𝐿))†; 𝑆]
= let(let(esemΓ,L (𝑠))); ⟦Γ⟧ ⊗ 𝛿−1;𝛿−1; [𝜋𝑟 , ⟦Γ⟧ ⊗ 𝜋𝑟 ; (rcase(𝐿))†]; 𝑆
= let(esemΓ,L (𝑠));Δ⟦Γ⟧ ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛼 ; ⟦Γ⟧ ⊗ 𝛿−1;𝛿−1; [𝜋𝑟 , ⟦Γ⟧ ⊗ 𝜋𝑟 ; (rcase(𝐿))†]; 𝑆
= let(esemΓ,L (𝑠));𝛿−1; [Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ;𝜋𝑟 ,Δ⟦Γ⟧ ⊗ Σ𝑖⟦𝐴𝑖⟧;𝛼 ; ⟦Γ⟧ ⊗ 𝜋𝑟 ; (rcase(𝐿))†]; 𝑆
= let(esemΓ,L (𝑠));𝛿−1; [Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ; ⟦Γ⟧ ⊗ 𝜋𝑟 , (rcase(𝐿))†]; 𝑆
= let(esemΓ,L (𝑠));𝛿−1; [Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ; ⟦Γ⟧ ⊗ 𝜋𝑟 , let(rfix(𝐿));𝜋𝑙 ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧)]; 𝑆
= let(esemΓ,L (𝑠));𝛿−1; [Δ⟦Γ⟧ ⊗ ⟦L⟧;𝛼 ; ⟦Γ⟧ ⊗ 𝜋𝑟 ,Δ⟦Γ⟧ ⊗ Σ𝑖⟦𝐴𝑖⟧;𝛼 ; ⟦Γ⟧ ⊗ rfix(𝐿)];𝑆
= let(esemΓ,L (𝑠));Δ⟦Γ⟧ ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛼 ; ⟦Γ⟧ ⊗ 𝛿−1;𝛿−1; [⟦Γ⟧ ⊗ 𝜋𝑟 , ⟦Γ⟧ ⊗ rfix(𝐿)];𝑆
= let(esemΓ,L (𝑠));Δ⟦Γ⟧ ⊗ (⟦L⟧ + Σ𝑖⟦𝐴𝑖⟧);𝛼 ; ⟦Γ⟧ ⊗ (𝛿−1; [𝜋𝑟 , rfix(𝐿)]); 𝑆
= let(let(esemΓ,L (𝑠))); ⟦Γ⟧ ⊗ (𝛿−1; [𝜋𝑟 , rfix(𝐿)]); 𝑆
= let(let(esemΓ,L (𝑠));𝛿−1; [𝜋𝑟 , rfix(𝐿)]); 𝑆
= let(⟦Γ ⊢ 𝑠 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧); ⟦Γ ⊢ 𝜎 : L ⇝ K⟧

(247)

as desired.

Composition of label substitutions then follows by a trivial induction. □

C.6 Equational Theory
Theorem 5.12 (Soundness (Eqational Theory)). We have that
(a) Γ ⊢𝜖 𝑎 ≈ 𝑎′ : 𝐴 =⇒ ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧ = ⟦Γ ⊢𝜖 𝑎′ : 𝐴⟧
(b) Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L =⇒ ⟦Γ ⊢ 𝑟 ▷ L⟧ = ⟦Γ ⊢ 𝑟 ′ ▷ L⟧
(c) 𝛾 ≈ 𝛾 ′ : Γ ↦→ Δ =⇒ ⟦𝛾 : Γ ↦→ Δ⟧ = ⟦𝛾 ′ : Γ ↦→ Δ⟧
(d) 𝜎 ≈ 𝜎 ′ ⊢ Γ : L ⇝ K =⇒ ⟦Γ ⊢ 𝜎 : L ⇝ K⟧ = ⟦Γ ⊢ 𝜎 ′

: L ⇝ K⟧

Proof. We begin our proof by showing soundness of the equational theory for expressions, i.e.

(a), by rule induction.

• Congruence: these follow trivially by induction

• initial, terminal: both of these follow trivially from the universal property of the initial/terminal

object, respectively.

• let1-𝛽 : this follows directly from Corollary 5.10

• let1-𝜂: we have

⟦Γ ⊢𝜖 let 𝑥 = 𝑎; 𝑥 : 𝐴⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧; ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑥 : 𝐴⟧
= Δ⟦Γ⟧; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧;𝜋𝑟
= ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧
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as desired.

• let1-op: we have

⟦Γ ⊢𝜖 let 𝑥 = 𝑎; let 𝑦 = 𝑓 𝑥 ; 𝑐 : 𝐶⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); let(⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑓 𝑥 : 𝐵⟧); ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); let(𝜋𝑟 ; ⟦𝑓 ⟧);𝜋𝑙 ⊗ ⟦𝐵⟧; ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= let(let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧);𝜋𝑟 ; ⟦𝑓 ⟧); ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧; ⟦𝑓 ⟧); ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= ⟦Γ ⊢𝜖 let 𝑦 = 𝑓 𝑎; 𝑐 : 𝐶⟧

as desired. The let1-abort case is analogous.
• let1-let1: we have that

⟦Γ ⊢𝜖 let 𝑦 = (let 𝑥 = 𝑎; 𝑏; 𝑐) : 𝐶⟧
= let(let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧); ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); let(⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧);𝜋𝑙 ⊗ ⟦𝐵⟧; ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= let(⟦Γ ⊢𝜖 𝑎 : 𝐴⟧); let(⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑏 : 𝐵⟧); ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= ⟦Γ ⊢𝜖 let 𝑥 = 𝑎; let 𝑦 = 𝑏; 𝑐 : 𝐶⟧

as desired.

• let1-let2: we have that

⟦Γ ⊢𝜖 let 𝑧 = (let (𝑥,𝑦) = 𝑒; 𝑐); 𝑑 : 𝐷⟧
= let(let(⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧); ⟦Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧
= let(Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵);𝛼 ; let(⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧); (𝜋𝑙 ;𝜋𝑙 ) ⊗ ⟦C⟧; ⟦Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧
= let(Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵);𝛼 ; let(⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧); ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧
= ⟦Γ ⊢𝜖 let (𝑥,𝑦) = 𝑒 ; let 𝑧 = 𝑐; 𝑑 : 𝐷⟧

as desired.
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• let1-case: follows from the properties of the coproduct; in particular, we have that

⟦Γ ⊢𝜖 case 𝑒 {𝜄𝑙 𝑥 : let 𝑧 = 𝑎; 𝑑, 𝜄𝑟 𝑦 : let 𝑧 = 𝑏; 𝑑} : 𝐷⟧
= Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧;𝛿−1; [

Δ; ⟦Γ, 𝑥 : 𝐴⟧ ⊗ ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶⟧; ⟦Γ, 𝑥 : 𝐴, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧,
Δ; ⟦Γ, 𝑦 : 𝐵⟧ ⊗ ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧; ⟦Γ, 𝑦 : 𝐵, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧]

= Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧;𝛿−1; [
Δ ⊗ ⟦𝐴⟧;𝛼 ; ⟦Γ⟧ ⊗ ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶⟧; ⟦Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧,
Δ ⊗ ⟦𝐵⟧;𝛼 ; ⟦Γ⟧ ⊗ ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧; ⟦Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧]

= Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧;𝛿−1; [
Δ ⊗ ⟦𝐴⟧;𝛼 ; ⟦Γ⟧ ⊗ ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶⟧,
Δ ⊗ ⟦𝐵⟧;𝛼 ; ⟦Γ⟧ ⊗ ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧]; ⟦Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧

= Δ;Δ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧;𝛿−1;
[𝛼 ; ⟦Γ⟧ ⊗ ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶⟧, 𝛼 ; ⟦Γ⟧ ⊗ ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧]; ⟦Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧

= Δ;Δ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧;𝛼 ; ⟦Γ⟧ ⊗ (𝛿−1; [⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶⟧, ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧]);
⟦Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧

= Δ; ⟦Γ⟧ ⊗ (Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧;𝛿−1; [⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑎 : 𝐶⟧, ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑏 : 𝐶⟧]);
⟦Γ, 𝑧 : 𝐶 ⊢𝜖 𝑑 : 𝐷⟧

= ⟦Γ ⊢𝜖 let 𝑧 = (case 𝑒 {𝜄𝑙 𝑥 : 𝑎, 𝜄𝑟 𝑦 : 𝑏}); 𝑑 : 𝐷⟧
• let2-bind: we have

⟦Γ ⊢𝜖 let 𝑧 = 𝑒; let (𝑥,𝑦) = 𝑧; 𝑐 : 𝐶⟧
= let(⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧); let(⟦Γ, 𝑧 : 𝐴 ⊗ 𝐵 ⊢𝜖 𝑧 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑧 : 𝐴 ⊗ 𝐵, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= let(⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧); let(𝜋𝑟 );𝜋𝑙 ⊗ (⟦𝐴⟧ ⊗ ⟦𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= let(let(⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧);𝜋𝑟 );𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= let(⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧);𝛼 ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢𝜖 𝑐 : 𝐶⟧
= ⟦Γ ⊢𝜖 let (𝑥,𝑦) = 𝑒; 𝑐 : 𝐶⟧

• let2-𝜂: follows from the properties of the product; in particular, we have that

⟦Γ ⊢𝜖 let (𝑥,𝑦) = 𝑒; (𝑥,𝑦) : 𝐴 ⊗ 𝐵⟧
= Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧;Δ; ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢⊥ 𝑥 : 𝐴⟧ ⊗ ⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢⊥ 𝑦 : 𝐵⟧
= Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧;Δ; (𝜋𝑙 ;𝜋𝑟 ) ⊗ 𝜋𝑟 = ⟦Γ ⊢𝜖 𝑒 : 𝐴 ⊗ 𝐵⟧

• case-inl: follows from the properties of the coproduct and inverse distributor; in particular, we

have that

⟦Γ ⊢𝜖 case 𝜄𝑙 𝑎 {𝜄𝑙 𝑥 : 𝑐, 𝜄𝑟 𝑦 : 𝑑} : 𝐶⟧
= Δ; ⟦Γ⟧ ⊗ (⟦Γ ⊢𝜖 𝑎 : 𝐴⟧; 𝜄𝑙 );𝛿−1; [⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑐 : 𝐶⟧, ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑑 : 𝐶⟧]
= Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧; 𝜄𝑙 ; [⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑐 : 𝐶⟧, ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑑 : 𝐶⟧]
= Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑎 : 𝐴⟧; 𝜄𝑙 ; ⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑐 : 𝐶⟧
= ⟦Γ ⊢𝜖 let 𝑥 = 𝑎; 𝑐 : 𝐶⟧
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We can validate case-inr analogously
• case-𝜂: follows from the properties of the coproduct and distributor; in particular, we have

⟦Γ ⊢𝜖 case 𝑒 {𝜄𝑙 𝑥 : 𝜄𝑙 𝑥, 𝜄𝑟 𝑦 : 𝜄𝑟 𝑦} : 𝐴 + 𝐵⟧
= Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧;𝛿−1; [⟦Γ, 𝑥 : 𝐴 ⊢𝜖 𝑥 : 𝐴⟧; 𝜄𝑙 , ⟦Γ, 𝑦 : 𝐵 ⊢𝜖 𝑦 : 𝐵; 𝜄𝑟⟧]
= Δ; ⟦Γ⟧ ⊗ ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧;𝛿−1; (𝜋𝑟 + 𝜋𝑟 ) = ⟦Γ ⊢𝜖 𝑒 : 𝐴 + 𝐵⟧

We now proceed to tackle the equational theory for regions 𝑟 in the same manner. In particular, we

proceed by rule induction as follows:

• cfg-𝛽1: Define 𝑃 = ⟦Γ ⊢⊥ 𝑎 : 𝐴𝑘⟧, 𝐿 = lsemΓ,L ((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) and R = (ℓ𝑖 (𝐴𝑖 ), )𝑖 . We have that

⟦Γ ⊢ br ℓ𝑘 𝑎 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧
= let(𝑃 ; 𝜄 (L,R),ℓ𝑘 ;𝛼+

⟦L⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿
−1
; [𝜋𝑟 , rfix(𝐿)]

= let(𝑃 ; 𝜄𝑘 ); ⟦Γ⟧ ⊗ 𝜄𝑟 ;𝛿
−1
; [𝜋𝑟 , rfix(𝐿)]

= let(𝑃 ; 𝜄𝑘 ); rfix(𝐿)
= let(𝑃 ; 𝜄𝑘 ); rcase(𝐿); [𝜋𝑟 , rfix(𝐿)]
= let(𝑃); rcase(⟦Γ⟧ ⊗ 𝜄𝑘 ;𝐿); [𝜋𝑟 , rfix(𝐿)]
= let(𝑃); rcase(⟦Γ, 𝑥𝑘 : 𝐴𝑘 ⊢ 𝑡𝑘 ▷ L,R⟧;𝛼+

⟦𝐿⟧+Σ𝑖⟦𝐴𝑖⟧); [𝜋𝑟 , rfix(𝐿)]

= let(𝑃); rlet(⟦Γ, 𝑥𝑘 : 𝐴𝑘 ⊢ 𝑡𝑘 ▷ L,R⟧;𝛼+
⟦𝐿⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿

−1
; [𝜋𝑟 , rfix(𝐿)]

= let(let(𝑃); ⟦Γ, 𝑥𝑘 : 𝐴𝑘 ⊢ 𝑡𝑘 ▷ L,R⟧;𝛼+
⟦𝐿⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿

−1
; [𝜋𝑟 , rfix(𝐿)]

= let(⟦Γ ⊢ let 𝑥𝑘 = 𝑎; 𝑡𝑘 ▷ L,R⟧;𝛼+
⟦𝐿⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿

−1
; [𝜋𝑟 , rfix(𝐿)]

= ⟦Γ ⊢ let 𝑥𝑘 = 𝑎; 𝑡𝑘 where (ℓ𝑖 (𝑥𝑖 ) : {𝐴𝑖 }, )𝑖 ▷ L⟧

(248)

as desired.

• cfg-𝛽2: Define 𝑃 = ⟦Γ ⊢⊥ 𝑏 : 𝐵⟧, 𝐿 = lsemΓ,L((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ) and R = (ℓ𝑖 (𝐴𝑖 ), )𝑖 . We have that

⟦Γ ⊢ br 𝜅 𝑏 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧
= let(𝑃 ; 𝜄 (L,R),𝜅 ;𝛼+

⟦L⟧+Σ𝑖⟦𝐴𝑖⟧);𝛿
−1
; [𝜋𝑟 , rfix(𝐿)]

= let(𝑃 ; 𝜄L,𝜅); ⟦Γ⟧ ⊗ 𝜄𝑙 ;𝛿
−1
; [𝜋𝑟 , rfix(𝐿)]

= let(𝑃 ; 𝜄L,𝜅);𝜋𝑟 = 𝑃 ; 𝜄L,𝜅 = ⟦Γ ⊢ br 𝜅 𝑏 ▷ L⟧

(249)

as desired.
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• cfg-𝜂: Let L = (𝜅 𝑗 (𝐵 𝑗 ), ) 𝑗 , and define R = (ℓ𝑖 (𝐴𝑖 ), )𝑖 and 𝐿 = lsemΓ,L((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ). Using the
cfg-𝛽1 and cfg-𝛽2 cases proved above, we have that

⟦Γ ⊢ cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 } : L,R ⇝ L⟧
= ⟦Γ⟧ ⊗ 𝛼⟦L⟧+Σ𝑖⟦𝐴𝑖⟧;𝛿

−1
; [

⟦Γ ⊢ cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 } : L ⇝ L⟧,
⟦Γ ⊢ cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 } : R ⇝ L⟧]

= ⟦Γ⟧ ⊗ 𝛼Σ𝑖⟦𝐵𝑖⟧+Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
; [

𝛿−1Σ ; [⟦Γ, 𝑦 𝑗 : 𝐵 𝑗 ⊢ br 𝜅 𝑗 𝑦 𝑗 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧, ] 𝑗 ,
𝛿−1Σ ; [⟦Γ, 𝑥 𝑗 : 𝐴 𝑗 ⊢ br ℓ𝑗 𝑥 𝑗 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧, ] 𝑗 ]

= ⟦Γ⟧ ⊗ 𝛼Σ𝑖⟦𝐵𝑖⟧+Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
; [

𝛿−1Σ ; [⟦Γ, 𝑦 𝑗 : 𝐵 𝑗 ⊢⊥ 𝑦 𝑗 : 𝐵 𝑗⟧; 𝜄L,𝜅 𝑗
, ] 𝑗 ,

𝛿−1Σ ; [let(⟦Γ, 𝑥 𝑗 : 𝐴 𝑗 ⊢⊥ 𝑥 𝑗 : 𝐴 𝑗⟧; 𝜄 𝑗 ); rfix(𝜋𝑙 ⊗ Σ𝑘⟦𝐴𝑘⟧;𝐿)] 𝑗 ]
= ⟦Γ⟧ ⊗ 𝛼Σ𝑖⟦𝐵𝑖⟧+Σ𝑖⟦𝐴𝑖⟧;𝛿

−1
; [𝛿−1Σ ; [𝜋𝑟 ; 𝜄L,𝜅 𝑗

, ] 𝑗 , 𝛿−1Σ ; [let(𝜋𝑟 ; 𝜄 𝑗 );𝜋𝑙 ⊗ Σ𝑘⟦𝐴𝑘⟧] 𝑗 ; rfix(𝐿)]
= ⟦Γ⟧ ⊗ 𝛼Σ𝑖⟦𝐵𝑖⟧+Σ𝑖⟦𝐴𝑖⟧;𝛿

−1
; [𝜋𝑟 ;𝛼L, rlet(𝛿−1Σ ; [𝜋𝑟 ; 𝜄 𝑗 ] 𝑗 ); rfix(𝐿)]

= ⟦Γ⟧ ⊗ 𝛼L+Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
; [𝜋𝑟 , rlet(𝜋𝑟 ); rfix(𝐿)]

= ⟦Γ⟧ ⊗ 𝛼L+Σ𝑖⟦𝐴𝑖⟧;𝛿
−1
; [𝜋𝑟 , rfix(𝐿)]

(250)

It follows by label-substitution that that

⟦Γ ⊢ [cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 }]𝑟 ▷ L⟧
= let(⟦Γ ⊢ 𝑟 ▷ L,R⟧); ⟦Γ ⊢ cfgs {(ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 } : L,R ⇝ L⟧
= let(⟦Γ ⊢ 𝑟 ▷ L,R⟧); ⟦Γ⟧ ⊗ 𝛼L+Σ𝑖⟦𝐴𝑖⟧;𝛿

−1
; [𝜋𝑟 , rfix(𝐿)]

= esemΓ,L (𝑟 );𝛿−1; [𝜋𝑟 , rfix(𝐿)]
⟦Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ▷ L⟧

(251)

as desired.

• codiag: Define 𝑅 = ⟦Γ ⊢ 𝑟 ▷ L, ℓ (𝐴)⟧, and 𝑆 = ⟦Γ, 𝑦 : 𝐴 ⊢ 𝑠 ▷ L, ℓ (𝐴), 𝜅 (𝐴)⟧We have that

⟦Γ ⊢ 𝑟 where ℓ (𝑥) : {br 𝜅 𝑥 where 𝜅 (𝑦) : {𝑠}} ▷ L⟧
= let(𝑅);𝛿−1; [id, rfix(⟦Γ, 𝑥 : 𝐴 ⊢ br 𝜅 𝑥 where 𝜅 (𝑦) : {𝑠} ▷ L, ℓ (𝐴)⟧)]
= let(𝑅);𝛿−1; [id, rfix(let(𝜋𝑟 ; 𝜄𝑟 );𝛿−1; [𝜋𝑟 , rfix(⟦Γ, 𝑥 : 𝐴,𝑦 : 𝐴 ⊢ 𝑠 ▷ L, ℓ (𝐴), 𝜅 (𝐴)⟧)])]
= let(𝑅);𝛿−1; [id, rfix(let(𝜋𝑟 ; 𝜄𝑟 );𝛿−1; [𝜋𝑙 ⊗ 𝐴;𝜋𝑟 , rfix(𝜋𝑙 ⊗ ⟦𝐴⟧; 𝑆)])]
= let(𝑅);𝛿−1; [id, rfix(let(𝜋𝑟 ; 𝜄𝑟 );𝜋𝑙 ⊗ ⟦𝐴⟧;𝛿−1; [𝜋𝑟 , rfix(𝑆)])]

= let(𝑅);𝛿−1; [id, rfix(𝜄⟦Γ⟧𝑟 ≫ [𝜋𝑟 , rfix(𝑆)]⟦Γ⟧)]

= let(𝑅);𝛿−1; [id, rfix(rfix(𝑆))] = let(𝑅);𝛿−1; [id, rfix(𝑆 ≫ [𝜋𝑟 , 𝜄⟦Γ⟧𝑟 ]⟦Γ⟧)]
= let(𝑅);𝛿−1; [id, rfix(let(𝑆);𝛿−1; [𝜋𝑟 , 𝜋𝑟 ; 𝜄𝑟 ])] = let(𝑅);𝛿−1; [id, rfix(𝑆 ; [id, 𝜄𝑟 ])]
= let(𝑅);𝛿−1; [id, rfix(⟦Γ, 𝑦 : 𝐴 ⊢ [ℓ/𝜅]𝑠 ▷ L, ℓ (𝐴)⟧)] = ⟦Γ ⊢ 𝑟 where ℓ (𝑦) : {[ℓ/𝜅]𝑠} ▷ L⟧

(252)

as desired.
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• uni: Define 𝑅 = ⟦Γ ⊢ 𝑟 ▷ L, ℓ (𝐴)⟧, 𝐸 = ⟦Γ, 𝑥 : 𝐴 ⊢⊥ 𝑒 : 𝐵⟧, 𝑆 = ⟦Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L, 𝜅 (𝐵)⟧, and
𝑇 = ⟦Γ, 𝑥 : 𝐴 ⊢ 𝑠 ▷ L, ℓ (𝐴)⟧. We have by induction that

⟦Γ, 𝑥 : 𝐴 ⊢ let 𝑦 = 𝑒 ; 𝑠 ▷ L, 𝜅 (𝐵)⟧ = rlet(𝐸); 𝑆 =

⟦Γ, 𝑥 : 𝐴 ⊢ 𝑡 where ℓ (𝑥) : {br 𝜅 𝑒} ▷ L, 𝜅 (𝐵)⟧ = rcase(𝑇 ); ⟦L⟧ + 𝐸
(253)

It follows in particular that

rlet(𝐸); rfix(𝑆) = rfix(𝑇 ) (254)

and hence that

⟦Γ ⊢ (𝑟 where ℓ (𝑥) : {br 𝜅 𝑒}) where 𝜅 (𝑦) : {𝑠} ▷ L⟧
= let(let(𝑅);𝛿−1;𝜋𝑟 + 𝐸);𝛿−1; [𝜋𝑟 , rfix(𝑆)]
= let(𝑅);𝛿−1; (⟦Γ⟧ ⊗ ⟦L⟧) + rlet(𝐸); [𝜋𝑟 , rfix(𝑆)] = let(𝑅);𝛿−1; [𝜋𝑟 , rlet(𝐸); rfix(𝑆)]
= let(𝑅);𝛿−1; [𝜋𝑟 , rfix(𝑇 )] = ⟦Γ ⊢ 𝑟 where ℓ (𝑥) : {𝑡} ▷ L⟧

(255)

as desired.

• dinat: We define R = (ℓ𝑖 (𝐴𝑖 ), )𝑖 , R′ = (𝜅 𝑗 (𝐵 𝑗 ), ) 𝑗 , 𝑆 = ⟦Γ ⊢ 𝜎 : R ⇝ R′⟧, and 𝑆 ′ = ⟦Γ⟧ ⊗
𝛼+
⟦𝑅⟧; 𝑆 ;𝛼

+
Σ 𝑗⟦𝐵 𝑗⟧

. We have that

esemΓ,L ( [𝜎↿]𝑟 ) = ⟦Γ ⊢ [𝜎↿]𝑟 ▷ L,R′⟧;𝛼+
⟦L⟧+Σ 𝑗⟦𝐵 𝑗⟧

= let(⟦Γ ⊢ 𝑟 ▷ L,R⟧); ⟦Γ⟧ ⊗ 𝛼+
⟦L⟧+⟦R⟧;𝛿

−1
;𝜋𝑟 + (𝑆 ;𝛼+

Σ 𝑗⟦𝐵 𝑗⟧)

= let(esemΓ,L(𝑟 ));𝛿−1;𝜋𝑟 + 𝑆 ′

(256)

and, writing 𝐿 = lsemΓ,L((ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖 ),

let((𝜅𝑖 (𝑥𝑖 ) : {[𝜎↿]𝑡𝑖 }, )𝑖 ) = 𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐵𝑖 ⊢ [𝜎↿]𝑡𝑖 ▷ L,R′⟧, ]𝑖 ;𝛼+
⟦L⟧+Σ 𝑗⟦𝐵 𝑗⟧

= 𝛿−1Σ ; [let(⟦Γ, 𝑥𝑖 : 𝐵𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧); ⟦Γ, 𝑥𝑖 : 𝐵𝑖 ⊢ 𝜎↿
: L,R ⇝ L,R′⟧, ]𝑖 ;𝛼+

⟦L⟧+Σ 𝑗⟦𝐵 𝑗⟧

= 𝛿−1Σ ; [rlet(⟦Γ, 𝑥𝑖 : 𝐵𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧), ]𝑖 ; ⟦Γ ⊢ 𝜎↿
: L,R ⇝ L,R′⟧;𝛼+

⟦L⟧+Σ 𝑗⟦𝐵 𝑗⟧

= rlet(𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐵𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧]𝑖 ); ⟦Γ⟧ ⊗ 𝛼+
⟦L⟧+⟦R⟧;𝛿

−1
;𝜋𝑟 + (𝑆 ;𝛼+

Σ 𝑗⟦𝐵 𝑗⟧)

= rlet(𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐵𝑖 ⊢ 𝑡𝑖 ▷ L,R⟧, ]𝑖 ;𝛼+
⟦L⟧+Σ 𝑗⟦𝐵 𝑗⟧);𝛿

−1
;𝜋𝑟 + 𝑆 ′

= rcase(𝐿);𝜋𝑟 + 𝑆 ′

(257)

Furthermore, we have that, letting 𝐺 = ⟦Γ ⊢ (𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , ) 𝑗 : R′ ⇝ L,R⟧,

⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ [(𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , ) 𝑗 ↿] (𝜎 ℓ𝑖 𝑥𝑖 ) ▷ L,R⟧
= let(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ L,R′⟧); ⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ (𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , ) 𝑗 ↿ : L,R′ ⇝ L,R⟧
= let(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ L,R′⟧);𝜋𝑙 ⊗ ⟦L,R′⟧; ⟦Γ ⊢ (𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , ) 𝑗 ↿ : L,R′ ⇝ L,R⟧
= rlet(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ L,R′⟧); ⟦Γ⟧ ⊗ 𝛼+

⟦L⟧+⟦R′⟧;𝛿
−1
; [𝜋𝑟 ; 𝜄𝑙 ;𝛼+

⟦L,R⟧,𝐺]

= rlet(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ L,R′⟧;𝛼+
⟦L⟧+⟦R′⟧);𝛿

−1
; [𝜋𝑟 ; 𝜄𝑙 ;𝛼+

⟦L,R⟧,𝐺]
= rcase(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ L,R′⟧;𝛼+

⟦L⟧+⟦R′⟧); [𝜋𝑟 ; 𝜄𝑙 ;𝛼
+
⟦L,R⟧,𝐺]

= rcase(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ R′⟧; 𝜄𝑟 ); [𝜋𝑟 ; 𝜄𝑙 ;𝛼+
⟦L,R⟧,𝐺]

= rlet(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ R′⟧);𝐺

(258)
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It follows that

lsemΓ,L ((ℓ𝑖 (𝑥𝑖 ) : {[(𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , )↿] (𝜎 ℓ𝑖 𝑥𝑖 )}, )𝑖 )
= 𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ [(𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , ) 𝑗 ↿] (𝜎 ℓ𝑖 𝑥𝑖 ) ▷ L,R⟧, ]𝑖 ;𝛼+

⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [rlet(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ R′⟧);𝐺]𝑖 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [rlet(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ R′⟧);𝐺]𝑖 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= 𝛿−1Σ ; [rlet(⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ R′⟧)]𝑖 ;𝐺 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= rlet(𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ R′⟧]𝑖 );𝐺 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= rlet(𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝜎 ℓ𝑖 𝑥𝑖 ▷ R′⟧]𝑖 );𝐺 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= rlet(⟦Γ⟧ ⊗ 𝛼⟦R⟧; 𝑆);𝐺 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= rlet(𝑆 ′); ⟦Γ⟧ ⊗ 𝛼⟦R′⟧; ⟦Γ ⊢ (𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , ) 𝑗 : R′ ⇝ L,R⟧;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= rlet(𝑆 ′);𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ R′L,R⟧, ]𝑖 ;𝛼+
⟦L⟧+Σ𝑖⟦𝐴𝑖⟧

= rlet(𝑆 ′);𝐿

(259)

We therefore have

⟦Γ ⊢ [𝜎↿]𝑟 where (𝜅𝑖 (𝑥𝑖 ) : {[𝜎↿]𝑡𝑖 }, )𝑖 ▷ L⟧
= let(esemΓ,L ( [𝜎↿]𝑟 ));𝛿−1; [𝜋𝑟 , rfix(lsemΓ,L ((𝜅𝑖 (𝑥𝑖 ) : {[𝜎↿]𝑡𝑖 }, )𝑖 ))]
= let(let(esemΓ,L (𝑟 ));𝛿−1;𝜋𝑟 + 𝑆 ′);𝛿−1; [𝜋𝑟 , rfix(rcase(𝐿);𝜋𝑟 + 𝑆 ′)]
= let(esemΓ,L (𝑟 ));𝛿−1; ⟦Γ⟧ ⊗ ⟦L⟧ + rlet(𝑆); [𝜋𝑟 , rfix(rcase(𝐿);𝜋𝑟 + 𝑆 ′)]
= let(esemΓ,L (𝑟 ));𝛿−1; [𝜋𝑟 , rlet(𝑆 ′); rfix(rcase(𝐿);𝜋𝑟 + 𝑆 ′)]
= let(esemΓ,L (𝑟 ));𝛿−1; [𝜋𝑟 , rfix(rlet(𝑆 ′);𝐿)]
= let(esemΓ,L (𝑟 ));𝛿−1; [𝜋𝑟 , rfix(lsemΓ,L ((ℓ𝑖 (𝑥𝑖 ) : {[(𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , )↿] (𝜎 ℓ𝑖 𝑥𝑖 )}, )𝑖 ))]
= ⟦Γ ⊢ 𝑟 where [(𝜅 𝑗 (𝑥 𝑗 ) ↦→ 𝑡 𝑗 , )↿] (𝜎 ℓ𝑖 𝑥𝑖 ), )𝑖 ▷ L⟧

(260)

as desired.

All other cases are analogous to those for expressions, and so omitted. □

Lemma C.7 (where-fusion). The rewrite rules cfg-fuse1 (Eqn. 16) and cfg-fuse2 are sound, where
we define

Γ ⊢ 𝑟 ▷ L, (ℓ𝑖 (𝐴𝑖 ), )𝑖 , 𝜅 (𝐵)

∀𝑖 ∈ 𝐼 .Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼 , 𝜅 (𝐵)
Γ, 𝑦 : 𝐵 ⊢ 𝑠 ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼 , 𝜅 (𝐵), (ℓ ′𝑗 ′ (𝐴′

𝑗 ′ ), ) 𝑗 ′∈𝐼 ′ ,
∀𝑖′ ∈ 𝐼 ′ .Γ, 𝑥 ′𝑖′ : 𝐴

′
𝑖′ ⊢ 𝑡 ′𝑖′ ▷ L, (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗∈𝐼 , 𝜅 (𝐵), (ℓ ′𝑗 ′ (𝐴′

𝑗 ′ ), ) 𝑗 ′∈𝐼 ′
cfg-fuse2

Γ ⊢ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 , 𝜅 (𝑦) : {𝑠 where (ℓ ′𝑖′ (𝑥 ′𝑖′ ) : {𝑡 ′𝑖′ }, )𝑖′∈𝐼 ′ }
≈ 𝑟 where (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, )𝑖∈𝐼 , 𝜅 (𝑦) : {𝑠}, (ℓ ′𝑖′ (𝑥 ′𝑖′ ) : {𝑡 ′𝑖′ }, )𝑖′∈𝐼 ′ ▷ L

(261)
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Proof. We begin with cfg-fuse1. Let R = (ℓ𝑗 (𝐴 𝑗 ), ) 𝑗 , K = (𝜅𝑘 (𝐵𝑘 ), )𝑘 , 𝑆 = (𝜅𝑖 (𝑦𝑖 ) : {𝑠𝑖 }, )𝑖 ,
𝑇 = (ℓ𝑖 (𝑥𝑖 ) : {𝑡𝑖 }, ) 𝑗 , and 𝐷𝑆 = lsemΓ,L,R (𝑆), 𝐷𝑇 = lsemΓ,L(𝑇 ), 𝐷𝐺 = lsemΓ,L(𝑆,𝑇 ) We have that

⟦Γ ⊢ (𝑟 where 𝑆) where 𝑇 ▷ L⟧
= let(let(esemΓ,(L,R) (𝑟 ));𝛿−1; [𝜋𝑟 , rfix(𝐷𝑆 )];𝛼+

⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧);𝛿
−1
; [𝜋𝑟 , rfix(𝐷𝑇 )]

= let(esemΓ,(L,R) (𝑟 )); rlet(𝛿−1; [𝜋𝑟 , rfix(𝐷𝑆 )];𝛼+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧);𝛿

−1
; [𝜋𝑟 , rfix(𝐷𝑇 )]

= let(esemΓ,(L,R) (𝑟 ));𝛿−1; [rlet(𝜋𝑟 ;𝛼+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧), rlet(rfix(𝐷𝑆 );𝛼

+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧)];𝛿

−1
; [𝜋𝑟 , rfix(𝐷𝑇 )]

= let(esemΓ,(L,R) (𝑟 )); [
𝜋𝑟 ;𝛼

+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧ ≫ [𝜋𝑟 , rfix(𝐷𝑇 )]⟦Γ⟧,

rfix(𝐷𝑆 );𝛼+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧ ≫ [𝜋𝑟 , rfix(𝐷𝑇 )]⟦Γ⟧]⟦Γ⟧

= let(esemΓ,(L,R) (𝑟 )); [
𝛼𝑅+⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧ ≫ [𝜋𝑟 , rfix(𝐷𝑇 )]⟦Γ⟧,
rfix(𝐷𝑆 );𝛼+

⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧ ≫ [𝜋𝑟 , rfix(𝐷𝑇 )]⟦Γ⟧]⟦Γ⟧
= let(Γ ⊢ 𝑟 ▷ L,R,K);𝛼R+

⟦L⟧+(⟦𝑅⟧+Σ 𝑗⟦𝐴 𝑗⟧) ≫ [𝜋𝑟 ,
[rfix(𝐷𝑇 ), rfix(𝐷𝑆 );𝛼+

⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧ ≫ [𝜋𝑟 , rfix(𝐷𝑇 )]⟦Γ⟧]⟦Γ⟧]⟦Γ⟧
= let(Γ ⊢ 𝑟 ▷ L,R,K;𝛼R+

⟦L⟧+(⟦𝑅⟧+Σ 𝑗⟦𝐴 𝑗⟧) );𝛿
−1
;

[𝜋𝑟 , [rfix(𝐷𝑇 ), rfix(𝐷𝑆 );𝛼+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧ ≫ [𝜋𝑟 , rfix(𝐷𝑇 )]⟦Γ⟧]⟦Γ⟧]

= let(esemΓ,L(𝑟 ));𝛿−1; [𝜋𝑟 , [rfix(𝐷𝑇 ), rfix(𝐷𝑆 );𝛼+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧ ≫ [𝜋𝑟 , rfix(𝐷𝑇 )]⟦Γ⟧]⟦Γ⟧]

(262)

For this to be equal to ⟦Γ ⊢ 𝑟 where 𝑆,𝑇 ▷ L⟧, it therefore suffices to show that

rfix(𝐷𝐺 ) = [rfix(𝐷𝑇 ), rfix(𝐷𝑆 );𝛼+
⟦L⟧+Σ 𝑗⟦𝐴 𝑗⟧ ≫ [𝜋𝑟 , rfix(𝐷𝑇 )]⟦Γ⟧]⟦Γ⟧ (263)

We note that, by re-association and weakening, we have that

𝐷𝐺 = ⟦Γ⟧ ⊗ 𝛼+
⟦R⟧+⟦K⟧;𝛿

−1
; [𝛿−1Σ ; [⟦Γ, 𝑥𝑖 : 𝐴𝑖 ⊢ 𝑡𝑖 ▷ L,R,K⟧;𝛼+

⟦L⟧+Σ 𝑗⟦𝐶 𝑗⟧, ]𝑖 , 𝐷𝑆 ]

= ⟦Γ⟧ ⊗ 𝛼+
⟦R⟧+⟦K⟧;𝛿

−1
; [𝐷𝑇 ; ⟦L⟧ + (𝛼+

R ; ⟦R ≤ R,K⟧;𝛼+
Σ𝑖⟦𝐶𝑖⟧), 𝐷𝑆 ]

= ⟦Γ⟧ ⊗ 𝛼+
⟦R⟧+⟦K⟧;𝛿

−1
; [𝐷𝑇 ; ⟦L⟧ + (𝜄𝑙,Σ𝑖⟦𝐴𝑖⟧+Σ𝑖⟦𝐵𝑖⟧;𝛼

+
Σ𝑖⟦𝐶𝑖⟧), 𝐷𝑆 ]

= 𝛼
+⟦Γ⟧
R+K ≫ [𝐷𝑇 ≫ ⟦L⟧ +𝑅 (𝜄⟦Γ⟧

𝑙
;𝛼+

Σ𝑖⟦𝐶𝑖⟧), ]⟦Γ⟧

(264)

where𝐶1..𝑘 = 𝐴1..𝑘 and𝐶𝑘+1..𝑛 = 𝐵1..𝑛−𝑘 . We note in particular that ⟦R ≤ R,K⟧ is up to isomorphism

the left injection 𝜄𝑙 : Σ𝑖⟦𝐴𝑖⟧ → Σ𝑖⟦𝐴𝑖⟧ + Σ𝑖⟦𝐵𝑖⟧. We can now derive Equation 263, and hence the

soundness of cfg-fuse1, via the string-diagrams in Figure 38, which are drawn in the co-Kleisli

category inducted by ⟦Γ⟧. cfg-fuse2 then follows by repeated application of cfg-fuse1, as desired. □

C.7 Completeness
Theorem 5.13 (Completeness (Expressions)). We have that, for all pure eff(Γ) = ⊥,

Γ ⊢𝜖 𝑒 ≈ 𝑒′ : 𝐴 ⇐⇒ ⟦Γ ⊢𝜖 𝑒 : 𝐴⟧Th⊗ ( ·) = ⟦Γ ⊢𝜖 𝑒′ : 𝐴⟧Th⊗ ( ·)
In particular, this implies that Th(·) is the initial 𝜆SSA expression model
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⟦R⟧ ⟦K⟧

𝐷𝑇 𝐷𝑆

⟦L⟧

(a) rfix(𝐷𝐺 ), with 𝐷𝐺 drawn as per the right of
Eqn. 264

⟦R⟧ ⟦K⟧

𝐷𝑇

𝐷𝑆

⟦L⟧

(b) Equivalent to 38a by isotopy and associativity
of the codiagonal. We highlight rfix(𝐷𝑇 ), which
is used in the next step.

⟦R⟧ ⟦K⟧

𝐷𝑆

𝐷𝑇

𝐷𝑇

⟦L⟧

(c) [rfix(𝐷𝑇 ), rfix(𝐷𝑆 );𝛼+
⟦L⟧+Σ 𝑗 ⟦𝐴𝑗⟧

≫ [𝜋𝑟 , rfix(𝐷𝑇 )]⟦Γ⟧]⟦Γ⟧.
Equivalent to 38b by duplication of rfix(𝐷𝑇 ).

Fig. 38. String diagrams validating the soundness of cfg-fuse1 (Eqn. 16), drawn in the co-Kleisli category
induced by ⟦Γ⟧

Proof. We begin by showing Th⊗ (Γ) is an 𝜆SSA expression model by validating all the equations

for a distributive Freyd category. These are formalized as follows:

• Th⊗ (Γ) is a category: formalized in Rewrite/Term/Compose/Seq.lean
• Th⊗ (Γ) is a Freyd category: formalized in Rewrite/Term/Compose/Product.lean
• Th⊗ (Γ) has coproducts: formalized in Rewrite/Term/Compose/Sum.lean
• Th⊗ (Γ) is distributive: formalized in Rewrite/Term/Compose/Distrib.lean
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We then prove that the packing of each type constructor is equivalent to its denotational semantics

in Th⊗ (Γ) in Rewrite/Term/Compose/Completeness.lean. Finally, we show that packing and un-

packing are mutual inverses for Γ pure in Term.Eqv.packed_unpacked and Term.Eqv.unpacked_-
packed in Rewrite/Term/Structural/Product.lean, completing the proof of initiality. □

Theorem 5.14 (Completeness (Regions)). We have that, for all pure eff(Γ) = ⊥,
Γ ⊢ 𝑟 ≈ 𝑟 ′ ▷ L ⇐⇒ ⟦Γ ⊢ 𝑟 ▷ L⟧Th( ·,· ) = ⟦Γ ⊢ 𝑟 ′ ▷ L⟧Th( ·,· )

In particular, this implies that Th(·, ·) is the initial 𝜆SSA model.

Proof. We begin by showing Th(Γ, L) is an 𝜆SSA region model by validating all the equations

for a distributive Elgot category. These are formalized as follows:

• Th(Γ, L) is a category: formalized in Rewrite/Region/Compose/Seq.lean
• Th(Γ, L) is a Freyd category: formalized in Rewrite/Region/Compose/Product.lean
• Th(Γ, L) has coproducts: formalized in Rewrite/Region/Compose/Sum.lean
• Th(Γ, L) is distributive: formalized in Rewrite/Region/Compose/Distrib.lean
• Th(Γ, L) is a strong Elgot category: formalized in Rewrite/Region/Compose/Elgot.lean

We then prove that the packing of each type constructor is equivalent to its denotational se-

mantics in Th(Γ, L) in Rewrite/Region/Compose/Completeness.lean. Finally, we show that

packing and unpacking are mutual inverses for Γ pure in Region.Eqv.packed_unpacked and

Region.Eqv.unpacked_packed in Rewrite/Region/Structural.lean, completing the proof of

initiality. □
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